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PREFACE

These gnfovasean sfoppages,

whicfr | own | had no conception of wien | first sof oud,

— bt which, | arm conwliced nodn, will Faghar erease than dirminish &5 ) advance,
— Rave strck ool a fint wihich | am resodved o foffow,

— ang that 5, — not o be n & Rwrre

— but fo go on laldprely writing and publSflng S volumes of my Ufe avery e,
— which, i { am suffered B9 G0 on guielly, and cad maks a folerable bavgain
with my bookseiar, | shall oontinwe fo oo as Mong as f dee,

— LAURENCE STERNE, The Life and Opinlons of
Tristram Shandy, Gentleman [1780)

THIS BOOKLET contains draft material that I'm cleculating to experts in the
field, in hopes that they can help rensove 5 most egroglous ermors belore too
meany other people see it 1 am also, however, posting it on the Internet fos
courgeous and for random readers who doo’t mind the eisk of reading a few
pages that have ool yel reached & very mature state. Beware: This materdal has
not yel been proofread as thosoughly as the manuseripts of Volumes 1, 2, and 3
were at the time of their fimst priotings. And thess carelully-checked wolumes,
alas, were subsequently found to contaln thousands of mistakes.

Given this caveat, I hope that oy erpors this time will not be so mamesoss
and /or obdeusive that you will be discouraged feom reading the materal carmlally.
I «lid tey to make 1he text both intercsting and authoritative, as far as it goes.
But the Aeld ia vast; | canoot hope to have surroumnded it encugh to coreal it
completely, So I bag you to bet e know about any deflclencies that wou discover.

To put the matesial in ecomext, this pre-RBscicle contains Section 7.1.3 of a
long, long chapter on combinatorial algorithms, Chapter T will eventaally Al
al least three volumes [namely Volumes 44, 4B, and 40, assuming that I'm
able to remain healtly. It will begin with a short review of graph theory, with
emphasis on sooee highlights of significant grapbs o the Stanfoed GraphBase,
Froan which T will be drawing many examples. Thon eomes Sectlon 7.1 Zeros
and Chyes, begloning with basic materlal about Boolean operations in Sectlon
T.1.1 and Boolean evaluation in Section 7.1.2. Section T.1.3, which you'me alwout
tor pesad here, applics these ldeas to make somputer programs run fbst. Sectlon
T.1.4 will then discuss the representation of Boolean funetions.

The mext part, 7.2, Is about gencrating all possibilities, and it heging with
Section T.2.1: Generating Basic Combinatorial Patterms, Fascicles for this sectlon
hawve already appearsd on the Web and for o peint. Section 7.2.2 will deal with
backiracking in general. And so it will continoe, if all gees well; an owtline of

il
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iy FREFACE

the entice Chapter T as currently envisaged appears on the taocp webpage that
18 clted on page 1L

This part of The Art of Computer Programpring bas probably been mose fun
tio welte than any other a0 far. Indeed, I've apent mose than 30 years collecting
msaberial for Section 7.1.3; Boally I'm able to assemble these goodies togethes
and segue theough them.

Most of Volume 4 will deal with abstract concepts, and there will be little
of no need bo say much about & computer’s machine language. Volumes 1-3
have aleeady dealt with most of the important ideas about programming at that
lewel. But Section 7.1.3 15 a notable exception: Here we often want to see the
viery pulse of the machine.

Therefore I strongly recomimend that readers become familiar with the ha-
gles of the MMIX computer, explaioed o Volume 1 Fascicle 1, in osder to fully
appreciate the bitwise tricks and technlgues described heee. Cross-relesences
to Sectbons 1.3.17 and 1.3.27 in the present booklet refer 1o that fascicle. I'we
reprinted the basic HMIX opoode-and-timing chart, Table 1.3.1-1, at the end of
this booklet for comvenienece, together with a lise of ASCII codes.

The tople of Boeolean functlons and bit manipulation can of course be inter-
peeted so beoadly that i enpcompasses the entire subject of computor programe-
mung. The real goal of this Racicle 5 1o focus on concopts that appear at the
livweat Lewvols, eoncepis on which we can erect significant superstructuses. And
even these apparently lowly notlons turn out to be surpeisingly rich, with cxplicit
ties to sections 1.2.4, 1.2.5, 1.2.8, 2.3.1, 2.3.3. 2.34.2, 2.3.5 3.1, 3.2.2 4.1, 4.4,
4.5.3, 4.5.4, 4461, 4.6.2, 4.6.3, 4.6.4, 5, 5.2.2, 523, 5.2.5, and 5.3.4 of the Arat
theee volumes. [ steongly beliowe o bullding up & flemn foundation, so 1 lave
discussed Boolean topics much mese thoroughly than [ will be able to do with
msaberial that & newer oF less basie, Section 7.1.3 presented me with an exteeme
embarrasament of riches: After typing the manuseript 1 was astonlshed to dis-
cover that I had come up with 215 cxerclses, even though — belleve it or not — 1
had to eliminate gquite a lot of the interesting material that appears n oy fles.

My notes on combinatorial algorithing have beon accumulating for oeore
than forty years, so [ fear that in several pespects my koowledge ls woelfully
behind the tiowes. Please look, o example, at the ccerclses that M've classed as
resparch problems (rated with dificulty level 46 or higher), namely exercises 61,
TH, 112, 117, 136, 128, 129, 130, and 174; I've also implicitly mentioned or posed
additional unsolved] questions in the answers to exerclses 21, 140, 141, 156, and
165 Are those problems still open? Please inform me i you know of & selutlon
to any of these intelguing questions. And of course I oo solution 1s koown today
but you de make progress on any of them o the Doture, T hope o'l et nwe koo

I urgently need your help alse with espect to soome cserclses that [ made up
as | was prepacing this matesial. [eertaloly doa't like to pecebve credit for things
that have aleeady been published by others, and most of these results ane quibe
matural “frults” that were just walting to be “plucked.” Therefore please tell
e i you know who deserves to be credibted, with respect o the ideas found in
exercises 5, 6, 20, 26, 34, 30, 49, 50, 53, 57, 68(d,e), 59, 60, T2, T8, 80, 81, 82, 83,

HMIX
ASCII



PREFACE ¥

B4, 36, 0, 95, 110, 115, 116, 120, 121, 127, 146, 154, 155, 158, 168, 164, 194, and
190, and for the answers bo exerclacs 17, 18, and 139, Furthermore ['we eredited
excrcizes 45 and 54 to unpublished work of Tom Rokicki and Bill Goaper. Have
either of those results ever appeared o peint, to your konowledge?

Special thanks are due to Guy Steele and Hank Warren for thelr comments
o vy early atbempes at exposition, ag well as to oumereas other eorpespondents
whir have conteibated erwcial eorrections.

I shall happdly pay & Ander's fee of §2.56 for cach error o this dealt when it is
fiest reported Lo me, whether that eeeor be typographical, technical, or historical.
The samee reward holds for items that 1 forget to put o the index, And valuahle
suggestions for improvements to the text are worth 32¢ each. (Furthermore, if
your find & better solutbon to an exerclse, 'l actually reward you with immortal
glosy lnatead of mere mwoney, by publishing wour name in the eventual book:—)

Cross peferences o yet-unwritben material sometimes appear as ‘(6" this
imposaible value s a placeholder for the actual ourobers to be supplied lates.

Happy reading!

Stanford, Califorsia
16 December 2006

D E K.

[Thess techinigues] are instances of general mathematical principies

walting fo be decoversd, IF an sporoprlate sefbing & cragbed.

Such a satting would be & calcwus of Bifmap operations, 5 one can fearn

fo e P opersiions Just as naturaly as arithmetlcs operations on numbers.

— L. J GUIBAS and 1. STOLFI, ACK Transactions on Graphics {1983)

A nice micture of boolean and numerks functions —
& spltable axarciss for blturglcal acodytas.

— R. W, GOSPER {19948}

A note on notatlon. Several formulas in Section 7.1.3 use the notation (eie),
for the median function (aka majority function) that s discussed extensively in
Sectlon T.1.1. Other forroulas wse the notation @ = g, fof the monds Tenetlon
[aka dot-minus oF satueated subteaction), which was defined In Section 1.3.17
Hexadecimal constants are pregeded by a sharp sign: #123 means (123),5. If you
run ackosd other notatioos that may be unfamdliar, please look at the Tndes to
Motations at the end of Volumes 1, 2, or 3, and/or the entres under “Notation™
in the lndex to the present booklet. OF cousqe Volume 4 will some day eontain
ita owm Tndese o Motations.

Foaokicki

Cisgaier

Sdmule

Wrren

Kruth

GUIBAS

STHLF1

GIFEPER

nedation {12
maiann fangtion
majorily fynstsan
nodation & — §
mamus funétion
ted-emine

anbursibed aubdrsction
Hirmmdiscirnul cormbant s
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T.1.3 BITWISE THICKS AND TECHNIQUES 1

Lady Caraline. PaRal that™s such & hack!
Sir Siman. A Rack, Lady Cardline, that
the knowlig ones Hawe warranted Sound.

— GEQRGE COLMARN, Jokn Bufl, Act 3, Scene 1 [1803)

T.1.3. Bitwise Tricks and Technigues

Mow eomes the fun part: We get 1o wse Boolean operations in our programs.
People are more familiar with arithmetie operations like additbon, subirac-
tion, and multiplication than they are with bitwise operations such as “and,”
“pxeluaive-or," and so oo, because arithioetic has & weey long history, But we will
s Lhat Boolean operations on binary numbers desesve to be mouch better known.
Indeed, they're an important eompoenent of every good programoees’s toolkit.
Easrly machine designess provided ullwoerd bitwise opesations in thele eoome-
putess primarily because such instructions could be neleded in a machine's
repeetolte aloneest foe feee. Binary loghe secmed to be potentially useful, although

Boragrmuen, Carolics
Ruvchedala, Samien
COLMAN

bl wine



2 COMBINATORIAL ALGORITHMS (F1A) T.1.3

only a few applications were originally foreseen. For example, the EDSAC come-
puter, completed o 1949, included a “collate” command that essentially per-
formeed the operation z +— 2 + (3 & y), where 2 was the accumualabor, © was
the multiplies register, and  was a specifod word In mwemory; 11 was uaed fos
unpacking data. The Manchester Mark 1 compaters, built at about the same
timee, lncluded mob only bitwise AND, but also OR and XOR. When Alan Turlog
wiote the first programming manual for the Mark [ in 1950, he remarked that
bitwise NOT can be obtained by using XOR (denoted *F") in combination with a
row of 1s. B AL Brooker, who extended Turing's manoal in 1952 when the Mark
IT computer was being designed, remarked fuether that O eould be used “to
round off & number by foecing 1 loto i1s least significant digit pesition.” By this
time the Mark I, which was to beoore the peototype of the Ferrantl Meocury,
had also acquired new instructions for sideways addition and for the posltien of
the most signiflcant 1.

KEeith Tocher published an umasual application of AND and OR in 1954,
which has subsequently been pelnvented frequently (see exerclse 85). And due-
ing the ensuing decades, programmers have gradually discovered that bitwise
operations can be amazingly vseful. Many of these tricks have romaloed paet of
the folklore; the tioe s now dpe o take advantage of what has been learned.

A triek B a elever Wea that can be used onee, while a tecfnigue 5 a teick
that can be uwsed at least twice. We will see in this section that tricks tend to
evolve naturally into techobgues.

Enriched arithmetic. Let's begin by oficially defining bitwise operations on
integers so that, il x = (... raxixe)e, ¥ = (-..patnpo)s, and x = (L. mns)e
in binary notatlon, we have

rhy=1 +—= £ Nk = . for all & = (K (1)
Elw=z = 2&Vik==x, for all k == O [2}
TEy=5 +— ExFEik= Zk, for all & = (kL (31

(It would be tempting to weite ‘ciAy” natead of 28y, and “#vy" Instesd of 2|i; but
when we study optimization problems we'll find it better to peserve the notatbons
Ay and ¢y for min(e. y) and max(x, ), respectively.) Thus, for example,

Bi1l=1, hl1l=148, and S&11=14,

gince § = (0101)g, 11 = {1011}y, 1 = (0001)q, 15 = (1111}, and 14 = (1110}),.
Megative lnbegers are 1o be thought of in this connection as infinite-precislon
numbers in two's complensent notation, baviog infAndtely many 15 at the lefi; fos
example, —5 18 (... 1111011 ). Such infAnite-precision nummbess are a spocial case
aof 2-adie integers, which are discussed o exerelse 4.1-31, and o fact the operatoss
&, |, & make perfect sense when they are applied to ashitrary Z-adie nuiobers.
Mathematicians have never paid much attention to the properties of & and |
as operations on integess. But the thisd operation, &, has a venerable history,
because it describes a winning strategy n the game of nim (see exercises 8-16).
Foe this resson 28y has often been called the “nim sum”™ of the lnbegers @ and .

ETHAD compualer
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T.1.3 BITWISE THICKS AND TECHNIQUES 3

All thees of the basic bitwise operations turn out to have many asolul
peoperties. For example, every eelation between A, OV, amd & that we studied in
Section 7.1.1 is automatically inherited by &, |, and & on integers, since the rela-
tion bolds o every bit position. We might as well recap the main identities heee:

rhy=ykr, c|ly=wlr, cEy=pan (4]
(cheyldzr =xkipks), (z|lp)lz==z|y|z). (rep)Sz=ca(paz); (5
(| ) ez = (xdez) | (y& ), (x&ey)|z=(x|z)&ky| =) (&)
(rEy) b xr=(rh) (i) (7]
& y) | ==, (2| o) &e e = % (8)
[rhyld(z|p) =z ()
=10 2| 0=m=, @l =x; [ETY]
thr=ux, r|r=um, @z =1k (1)
2k-1=mx, E|-1=-1, 2@ —1=35; [12)
e E =1, r|®=-1, rEE=—1; [13)
rhy=2|§ rly=2kj. rEy=FSy=:0§ (14)

The notation 2 o (12), [13), amd (14) stands foe bitwise complementation of &,
namely | ...RqE Eg)g, also written ~or. Notice that (12) and (13) aren't quite
the sarne a8 T.1.1-{10) and 7.1.1-[18); we must now use —1 = [ ... 1111}, instead
of 1= (...0001); in order to make the formulas bitwise correct.

We say that ¢ 5 contadned in g, weltton & © o ¢ 2 @, I the individual
hits of ® and ¢ satisly ep < g foe all & = 00 Thus

rCy <+ rhy=r < r|ly=y +— zhki=0L [15])

O course we needn't use hitwise operations only in eonnection with sach
athes; we can cotnbine them with all the ordinary epecations of arfthometic. For
example, from the relation =+ F = (...1111)2 = —1 we can deduee the formula

—x = I+1, [16)
which tums out bo be extremely important. Beplacing 2 by @ — 1 gives alao

—z =z 1 (17)
and in general we can reduece subtraction to complemsentation and addition:
T—§ = T+w- (18)

We often want to ahill binary aumbers to the left or elght. These operations
are equivalent to ultiplication amd division by powers of 2, with appropeiate
rounding, but it 18 convenient to have apecial notations for them:

wal ko= xahifted left k hita = |_E"‘::_; [1g)
%k = rehifted rght E bits = |_2"".1:_|. [2)

Here & can be any integes, possibly pegative. In particular we have
e [—kl=x%k and |-k ==k, [21)

caumemubative lews
nnmocinkive laes
damtributive lies
absarption lyws
tenm plemendad ion
nedadion: ~~I
nagatice
sabtrstion
additicm

shilk Banary



4 COMBINATORIAL ALGORITHMS (F1A) T.1.3

for every infAnite-preclsion numbher &, Also (2 & y) <€ k= (2 &) & (p < k), et
When bitwise operations are combined with addition, subteaction, mualtl-
plication, and/or shifting, cxtremely intricate pesulls can arise, even when the
fprmlas arme quite short. A taste of the possibilities can be seon, for example,
in Fig. 11. Furthermoee, such formulas do not merely produce pusposeless,
chaotic behavior: A faroous chaln of operations konown as “Gosper’s hack,” Brat
published in 1972, opened people’s eyes to the fct that a large auwmber af usalul
and nontravial finetions can be computed rapldly [see exercise 200, Our goal in
this section s to explore how such efficient constructions might be discovered.

Fig. 11. A small portion of
the patchwork quoilt defined by
the hitwise function f{x, y) =
[z b §) & {(y — 350) = 3})%;
the sgquare ozll in column o
amd row y is painted white oc
black according 2= the wmlue of
(= y) % 12) & 1) =0 o 1.
{[Design by 13, Sleator, 1976;
spp also pxercise 15.)

Packing and unpacking. We studied algorithms for multiple- precision arith-
meetie ln Section 4.3.1, dealing with sitpations whore integerss ase too large bo 81 in
asingle wond of memory or a slugle computor reglster. But the oppeslte situation,
when integers aro slgnifcantly smaller than the capacity of one computer word, 18
actually mnych moso common; O H. Lelumer ealled this “feactbonal precision.” We
can often deal with several integors at enen, by packing them lote a single waord.

For escample, a date @ that consists of & year nwrober 3y, & mooth number s,
and & day nuwroher d, can be represented by using 4 bits for me and 5 bits lor 4t

P = il:l:y-:ﬁ:d:l-l—ﬂt:liﬁa:l'l'rr. [EE:I

We'll see bolow that many operations can be performed dicectly on dates o this
piacked form. For example, @ < ¢ when date 2 precedes date 2'. Bul il neceasary
the Individual eomponents (g, m, d) can readily be unpacked when & Is given:

d = x raod 32, ne = | 2 5) maod 16, y=x3%0 (23]

And these “tood™ operations do not cequiee division, becasse of the important
law
xmod 2" = & (27 -1] [24)

for any integer f1 = 0. We have, for instance, d = ¢ & 31 in (22) and (23).
Such packing of data obviously saves space in memaory, and it alao saves thooe:
We can moee quickly move of copy itens of data from one place to anothor when

imfimabe-precisice
Shmkcr

quilk

paxel paibern
blmcd

whids
Glosper's hack
packicg 4+

um packing 4+
Lehmar

racticns] precmion
fats

kel

divimcnm



T.1.3 BITWISE THICKS AND TECHNIQUES 4

tlaey v b packed togethor, Moreover, compaters fun considerably faster when
they operate on numbers that fit into a cache memory of lirbted slze.

The ultimate packing density s achiowved when we have 1-hit tenes, hecauss
wi can then eram 64 of them loto a single 64-bit word. Suppose, for example,
that we want a tahle of all odd peloee oumbess less than 1024, so that we can
easily decide the primality of a amall integer. No peoblom; only eight 6d-hit
numbers are foguiroed:

Fy = (1110010 100000 100100 101001001 100100 10 (L 001 GO0 0 10 LOLOCHIHL,
Py = (L 10N D00 0000 002001 10000 1000 10800 OO0 10 00 LOCHHIL O,
Py = 1000001 10001 TOCOOL OO0 101 100 OO0 OO0 10100 GO0 00100101,
s = (L0 0L GO, OO0 L OO0 L 100 10100 L0101 100D 00O (L L OO0 L 0L OO,
Fy = (OC 10RO O OO L OO L OO0 100 100 O O 10K CHOFL CVL 1CHCHOOO L CHHOD,
Py = 1100 CHFLCRL OO0 L O CHO RO L OO L O L a0 L T ChOML CMCHL O CHCWN L DL O L RO,
Fy = 100 CCHCCHCHRL COHCHY L CHOCHOOVE D000 10D 1O 0 01 1CRL CHOCHOCCRL O L L0V OO,
Py = (OO GO OO L OO0 0L OO L GO OO0 OO GO L OO0 L 01001 10

To test whethor 28 + 1 18 peime, for O <k < 512, we slmply compute
Plegaa) < (k & 63) (25)

in a fd-hit register, and see if 1he lefimost bit 15 1. For example, the fellowing
MMIX lnstructions will do the job, i register pbase holds the addeess of Py

SR $0,k,3 30— |k/B| (ie., k3 3.

LDOU  $1,phase, 30 31+ Paom) fie, Plage)-

AND $0,k,R3E 30 + k mod 84 {ie, k& *38). [
SLU $1,31,80 31— (%1 & B0) eed 2.

BH $1 ,FRIME Branch to PRIME if =($1) < 0. |

Notleo that the leftmoat bit of & register b8 100 and oaly iF the reglster contents
are negative.
We could equally well pack the bits fem eight to left o each word:

Cp = 100 101 1000000010000 1 101001 10 G101 10100 100101101 101110,
£y = (DO TOCKL O TOR COCHCH T OO0 1 100 DOC0EE 108 (XL Ok 0 LI 1O,
g = 1000 L OCHFL OO O DO OO DOONCI L0 10 O L OO 1O P L OO (DL
g = QOB CRL O L OO L COCHCHO L 0 10 L0000 L0 10000 0RO (L ORI CH
£y = O CHORCRNONL 1CFL OO CHOVL T CHOV L CHOY L OO 0 L 1 e, e L CCMCMCCHEROHON L L CHHCHE,
g = O (WL OO OV CHOV RN CHCRDV R OO0 1o 1 a1 e (e 1 v CCHCMOO 10 00 0
g = OO0 L0 CHOOOO L O DOV CHOMCROCR L R0 1 10 0L 1 sk L CHONOHCR L OO L
e = (L 1000 CFL OO OO L RO L OO OO L 0 L 0RO L0 L L O CHOHCHO L CHONR L O L CHOHHCHE

here @; = PIF. Instead of shifting left as o [28), we now shift rghe,
Qo) (k& 63), [27)
amd look at the righfviost bit of the reault. The last two lnes of (26) heooome

SRAU  $1,81,80  ¥1 .+ 313 80
BOD  $1,PRIME  Hranch to FRIME if §1 is odd. |

[And of course we use gbase instead of pbase.) Either way, the clasale siepe of
Eratosthenes will readily set up the basic table entries P or @ (see cxercise 24).

[28)

cache mumory

prama nueabiar

table lockup by whifting
siwvn of Eraboatbanas



L COMBINATORIAL ALGORITHMS (F1A) T.1.3

Tahble 1
THE BIG-ENDIAN VIEW OF A 32-BYTE MEMORY
ot
i tetra () totra 4 ’
w].lé_r: ] wydi 2 : wyde 4 wydo ’

byt 0 bebe 1 lberbe 2 eyt 3 beyte: 4 byte 5 byte & berte: T

g .. A7 g . .. #E15 |'t:|g...|'tr|1 rtu...l't\“.' |'t\_'|;|...|'h_151 |'h||:|...|'h|7'1 rtq....l'tu.' [ L7 - ]

ot §
tetra 4 tetra 12
wydo & wyde 10 : wyde 12 wyde 14
'h:.rtfu*h:.rmu‘ et 100 ot 11 eyt 12 e 13 eyt 14 ete 16
gy ..ol Gy ...llgg g ...Ggy g .- pn g - -« 8103 G104 - - - Fgp1 8107 - - - g pg Sy - - - Epgy
ot 16

Eetrn 1G tetrm 20
wyde 1f wyde 18 : wyde 20 wyde 21
T byte 16 byee 17T by 180 e 19 byte ™ bye 21 byte 22 hyte 23

- ] " ~ ] " ~ "
A1 - -0 as 3136 - R ey 2144 - dan) @182 .. Eine dEen - .- E1ar 188 .- ETEArTa . - HIA @184 . .- E1E

ovtn 24

’ tetrn 24 totra 24 ’
wyde 24 wyde 26 : wyde 28 wyde 30

Cbyte 24 byte 25 byte26  byee 2T O byte 2 bye®  byte 3 byte 31

. n = -. o = n
A1em .. -Apopdsog - - - 00T 508 - - - Er s dpig - - - By dryg . .- B3 d3g . - B AT - - - BT 24 - - - Ens

Big-endlan and little-endian conventlons, Whenever we pack bits or bybes
imta words, we must decide whether to place them from left to fght or from sight
tix left, The left-to-right convention is called “big-endian.” because the inktial
itoms go lnte the nwst slgnifAcant positions; thus they will bave bigger signifcance
than thelr successors, when numbers are compased. The sight-to-lelt conventlon
ia called “little-endian™; it puts the Brst items wheee Llittle numbers go.

A blig-endian approach seems more natural in many cases, because we'e ac-
customed to reading and writing feoon left to eight. But a Httle-endian placement
hias advantages too, For example, let's consider the pritoe nurber problem agaln;
lot @y, = [2k+1 is prime]. Our table entries {Fy, Fy...., Py} are big-endian, and
wie can fegard thern as the representation of a slngle multiple-peecision integes
tlaat s 512 bits loog:

(PP ... Prlgsa = (o .. .as5 o, [
Sienilarly, our littbe-endian table anteles sepeesent the multipreeiss ntegor
[(Qr.. . QiQujas = [asin ...a@1en)s. (30
The latter integer s mathematically nieer than the former, because 1t s
Ell B =

Z 2kg, = Z 28 (2841 is prime] = {Z 2E[2k41 is prime:} mod 2872 [q1)

el k=il k=il

bag-andian44
litle-andasn4 4
multiple- preisics



T.1.3 BITWISE THICKS AND TECHNIQUES F)

Table 2
THE LITTLE-EXNDIAM VIEW OF A 32BYTE MEMORY
ot 24
i tetra 18 tetem 24 ’
i wyde wyde 28 : wyde 26 wyde 24 ’
“byte 41 byte 3 byt bye™  byse3T  bye36  bye®  byte2d
ED8E - - - OggE BT . - -dgan 8230 . - - A0 AL . . - Hpge AP . . - Brpn A2AE - - - SR BPET - - - B30 G155 - - - B192
ot 16
i tetra 10 tetem 16 ’
wyda 23 wyde 20 : wyde 18 wyde 16 ’
'b:.tf_!i%d-}gu!zz' ot 1 tarte: 0 eyt 19 bt 18 beyte 17 ete 16
e
ot B
i tetrn 12 totra & '
wyde 14 wyde 12 : wyde 1 wydo B ’
Cbyte 15 byte 14 byte1d  byee 12 bywe 11 beyte 10 byte @ bt 8
8137 - - - 01308110 - - -&312 8101 - - - Aand H0a - -. dga G . ..dam a7 . .. Gar g .. drg o GTp . .- Ged
ot 1k
i tetr 4 tetra 0 '
w].IEr: i wydi 4 : wyde 2 wydi 0

byte 7 byte G hyte S Torte: 4 oyt 3 byt 2 e byte: 01

ey .. .58 ﬂm...d.qll' |'h|7...|'h||11 |'I'\_1n...|'t\_121 |'l'\_'||_...|'t:|;.||1 3y . .- 18 gy . -. a8 . ..l

Notheo, however, that we ased (Qr. . Q0o to gob this simple peault, ol
[Chotds . .. Q7 lges. The ather number,

[ty - - Qy)aes = (0gg - . - aydgfyy - - - Bggdg gy - - - T3p5Cs810511 - - - TaquTaaa 2

ia in fact quite weicd, and it has no really nice lormula. (See exerchse 25.)

Endianness has lmportant consequences, beoagse most comnputers allow in-
dividisal bytes of the memory to be addeessed as well as peglster-steod units. MMIX
has a big-cndian architectuee; thembore if reglster = contains the Gd-bit nunkes
*012345678%9abedef, and if we use the commands 'STOU =,0; LDBU y,1' to
stofe x into octabybe location 0 and pead back the byte in location 1, the result
in register ¥ will he #2353, On machines with a lttle-endian aschitecture, the
analogous commands would et ¥ +— ed instead; *23 would be byte 6.

Tables 1 and 2 illusteate the competing “woeld wbews" of big-endian and
littbe-endian aflclonados. The big-endian approach B basteally top=down, with
bit (Fand byte O at the top left; the lttle-endian appreach s basically botbome-up,
with kit  amd bate O at the bottom fight. Because of this differonce, geeat care
8 necessary when transmitting data from one kind of computer bo another, of
whien writing programs that are supposed to give equivalent results in both cases.
O the other hand, our example of the @ tabde for primes shows that we can
peclectly well use a littleendian packing eoovention on a big-endian compates

prrtability 4



a COMBINATORIAL ALGORITHMS (F1A) T.1.3

like MMIE, of wiee versa. The difference s notioeable only when data i3 loaded
and stored in diferent-slzed chunks, oF passed between machines.

Working with the rightmost bits. Big-endian and litle-endian approaches
aren't readily interchangeable o general, because the laws of adthmetic send
slgnals leftward [roon the bits that are “least significant.” Spoe of the most
important bitwise manipulation vechinigues are based on this fact,

Il & is almost any nonsero 2-adie inbeger, we can write (s bits in the form

£ = [e01*10%)y; [32)

in other words,  consists of some arbitrary (but infinite) binary string e, followed
by a0, which is followed by e+ 1 ones, and followed by b seeos, for some o > 0
and b = 0. [The exceptions occur when ¢ = —2°; then @ = 00.) Consequently

£ o= (@10*m%), (3a)
r—1 = (a0d1*01*)s, [34)
-z = (& 10"10M); (35)

and we see that B4+1 = —r = ¢ — 1, o agreeroent witl (06) and [19). With twa
operations we can thorefore compute eelatives of 2 o several uselul ways:

e (2—1) = @ 1°00");  [remove the rightmaest 1) [56)
xh —r = (0P00"107);  [extract the rightmost 1]; (97
x| —r=(1"11"10"); |[smear the rightmest 1 to the lefi]; (58}
& —r = (1"11°00"); [remove and smear it to the left); (301
x| (z—1) = @ 01711%); |smear the rdghtmost 1 to the right); [ 40
& (2—1) = (0F00F11Y ) [extract and smear it to the dght]; [41)

2 & (2—1) = (0700P00Y )y [extract, remove, and smear it to the right].  [42)
And two further operations produce yet another variant:
(z[{z—1))4+11 & = = [ o 0000}z [remove the rightmost run of 1s].  [43)

When ® = 0, five of these formulas produce 0, the other three give —1. [For-
mula (36) I8 due to Peter Wegner, CACM 3 (1060), 322; and (43) is due to
H. Tim Gladwin, CACM 14 (1871), 407-408. See also Heary 5. Warren, Jr.,
CACM 20 [1977), 439441 ]

The gquantity & in these foromilas, which specifies the mamber of tralling seros
in x, s called the raler funetion of @ and wreitten ge, because 1t 18 melated to
the lengths of the tick marks that are often used o lndicate fractions of an iach:
‘T ' I general, o §s the largest integer k such that 2% divides x,
whien x 2 (; and we define g0 = so. The recursence relations

P22 4+1)=0,  pl2z)=plz)+1 (44)
also seeve to defloe ge for nonsero 2. Another handy relation s wortly of note,

ple—y) = ple@y). (45)

rightmuost bita4-4
semearang bika
uxlracling bita
ramoving hiks
rums ol bida
Wagnar

Calachain

Warren

trniling wers
ruber functicm

banary walystsan, e ruber functice



T.1.3 BITWISE THICKS AND TECHNIQUES 9

The elegant formula © & —x in (37) allows us to extract the rightmost 1 bit
viery Bloely, but we often want to ldentify exactly which hit it s, The rules
function can be computed 1o many ways, and the best method often depsends
heavily on the computer that 18 belng used.  For exarplo, a two-lhatruction
sequence due toJ. Dallos doess the job quickly and easily on MHIX[see [42]):

SUBU t,x,1; SADD rho,t,x. [ 46}

[Se cwercise 30 for the case ¥ = 1] We shall discuss here two approaches that
do not rely on exothe commands llke SADD; and later, alter loarning a fow meoee
techobques, we'll conslder a third sy

The At general-purpose method makes use of “magle mask™ constants
that prove to be uselul in many other applicatbons, namely

pg = { . - 101000101 01010101 0100 010101010101 )y = —1 /3,
g = (. 1001 TO01 100 1001 1001 100 100110011 )y = —1,/5, [47)
pg = (... 100001111 00001111 0000111 100001111 ) = —1/17,

and s0 on. In general gy is the infinite 2-adic fraction —1/{27° 4+ 1), because
(274 Vg = (g € 2%) + g = (... 11111)3 = —1. On a computer that has 2%
hit pegisters we don't need nflnite prociabon, of course, a0 we use the truncated
constants » .

pa e = (25 —1)/(2% + 1) foe 0 < k< d. [48)
These constants are familiar from owr study of Boolean evaluation, because they
are the truth tables of the projection functions £y g (see, for example, 7.1.2-(7]).

When ® i a power of 2, we can uwse these masks b compute

p:r:=[.t'!'.:p|;| =|:I]-I—ﬂ:.'i.‘.!:;u=|:I]-|-¢1|.'i.‘&_r.|:g=[|']-|-E["...‘Er.pa=ﬁ:+---, [49)

bocause (27 & py =0] = jg when § = [ ... jajadydy)e- Thus, on a 29.hit computer,
wi can start with p+ 0 and y +— 2 & —x; then st p— p+ 2% W yle g, =0, for
0 < k < d. This procedure gives p = pr when # 3 0. (It also gives p0l =24 — 1,
an anormalous valwe that may peed o be corrected; soe exoreise 300)

For example, the corresponding MMIX peogearn miglt ook 1ike s

md GREG #EEE55E55566655E5 ;ml GREG #3333333333333333;

m? GREG #O0f0£0f0£0E0E0£0f ;m3 GREG WODEEQOEFOOEE00EE ;

wd GREG #0000LE££0000££Ef b GREG WQDOOOODOLEEEEEEE;

WEGD y,x; AND y,x,¥; ANDq,y,m5; I3Z rho,q,32;

AND q,y,md; ADD t,rho,16; CSZ rho,q,t; (50
AND q,y,m3; ADD t,rhe . 8; CSZ rho,q.t;

MND q,y,m2; ADD t,rho,4; C3Z rho,q,t;

MND q,y,ml; ADD t,rhe,2; CS5Z rho,q,t;

WND gq,.y,.m0; ADD t,.rho.1; CSZ rho,q.t;

total thme = 19, O we could replace the last three lines by
ZRO y,y,tho; LDE t,rhotab,y; ADD rho,tho.t (51}

where rhotab polnts to the bogluning of an appropeiate 1289-byte table {only
elght of whose entries are actually wsed ). The total tome would then be g+ L.

Dol

SATHTH

magic mask

maak: A Bit patiarn with Le io kay posilions
Lomedie fraction

trath tablar
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The secom] goneral-purpose approach o the commputation of gr s quibe
diffeeent. Omn a dd-bit machine it starts as before, with ¢ +— & & —z; but then it
slmply sols

p + decods [([a - y) mod 2*') 3 58], (52)
whore o ls a sultable multiplier and decode ls a sultable G4-byte table. The
constant @ = (gea . ..@ag)a must have the property that its 64 substrings

D@03 - . - B5S, BAI0E] .. D57, ..., GEEE .. .00, Sqazeseiagl, -, agDODDD

are distinet. Exerclse 2.3.4.2-23 shows that many such “de Bruijn cvcles" esclst;
for example, wo can use M. H. Martin's constant *03£7847 1bdcadbis, which
ia discussed in exercise 3.2.2-17. The decoding table decade[0]. .. .| decods [63] i

then 00, 01, 56, 012, 57, 49, 28, 03, 61, 58, 42, 50, 38,29, 17, 04,
62,47, 50, 36, 45, 43, 51, 22, 5%, 30,33, 30, 24, 18, 12, 05,
63, 55, 48, 27, 60, 41, 37, 16, 46, 35, 44, 21, 52, 52, 2311, [5a)
54,26, 40, 15, 34, 20, 31, 10, 25, 14, 19, 09, 13, (&, 07, D6.

[This technigue was devised in 1007 by M. Liuter, and independently by C. E.
Leiserson, H. Prokop, and K. H. Randall a few months later (unpublished).
David Seal had used a similar method in 1004, with a larger decoding table]

Working with the leftmost bita. The function Ar = |lgx |, which is dual to
p becausn it bocates the leftmost 1 when 2 = 0, was inteoduced in Eq. 46.3-(6).
It satisfes tho pecurrones

M=0;  A2e)=A2Zr+1)=Az)+1 for x>0k (54)

and it 18 wndefloed when @ < 0. What 5 a good way to compute iE? Onee agaln
MMIX prowides a quick-hat-teicky solution:

FLOTU y,ROUND_DOWN ,x; SUE v,y ,fone; E5R lam, vy, B2 (25

where fone = ¥3FF0000000000000 is the Aoating-point rmepresentation of 1.0
[Total tinee G} This code Aoats &, then extracts the exponent.,

Baut if Heating-polot eooversion 18 not readily avallable, a bloasy peduction
strategy works falely woll on a 29-bit machine. We can start with X + 0 and
i then wosst A — A+ 2% and p— 2 2  Wyke e #0, or k=4 -1,
cowe 1,0 [or until k is reduced to the point wheree a short table can be uwsed to
finish up). The MNIX eode analogous to (50) and [51) 18 now

ANDN q,x,05; SEU =z.x,32; SET y,x; C3NI y.q.z; Z5HE lam,q,32;

ANDK q,y,m%; ZE0 =,y,16; ADD t,lam, 16; CSHZ y,q,=z; CSHZ lam,q,t;
ANDN q,y,n3; 3ZEU =z,y,8; ADD €, ,lam,B; CSNZ v,q,2; CENZ lam,q,t;
LDE t,lamtab,y; ADD lam, lam,t; (56

and the total time 5 g + 1To. In this case table lamtab has 266 enteles, namely
Ax for O = x < 256, Notice that the “conditional set” (C8) and “sero or set”
[Z5) Inatructions have heen used here inatead of branch lnstructions. They tend
Lo save time, even though they ve made the peogram slightly longeor.

da Bruijn cyela
Pelartan
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P WAT
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There appsears bo be oo simple way to extract the lefimost 1 bt that appears
in a register, analogous to the trck by which we exteacted the rightmest 1 Lo [37]).
Foe this purpose we could eompute i +— Ax aod then 1<y, Ifx # 05 bt a bloary
“empearing fight™ method B somewhat shorter and faster:

Sot gy +— &, then 4+ o | (92 2% Tor 0 < k < o )
The leftrost 1 bit of x is thea y — (y 1), |57}

[These non-Aoatingpoint methods have been suggested by H. 5. Warren, Jr]

CHher operations at the left of a registor, ke removing the leftmest run of
1z, are harder yet; see axercise 39, But there 18 a romarkably simple, machine-
imdependent way to determine whether oF oot Az = Ay, glven unsigned integers
x amd g, in spite of the fact that wo can't compute Az or Ay quickly:

Ax = Ay il and only if rEy < ey (58]

[See exercise 40. This elegant relation was discovered by W. C. Lynch in 2006.)
We will use (58] below, to devise another way to comapute Ae.

Sideways addition. Binary s-bit nwmbers ¢ = (a5 ... 21380 )s are olten used
to pepeesent subsots X of the n-element universe {001, ... n — 1}, with k € X
if and anly if 2% € x. The functions Ar and pr then represent the largest and
smallest elensents of X The function

PE = Fu_j 442 4+ 2, [5a)

which Is called the “sideways sum" of “population eount” of 3, also has obwlous
importance o this connection, because it peprescnts the cardinality | X, namely
the number of elements in X, This function, which we considered in L6.3-17],
satisfles the rocurrence

el =0k vi2e) =wixz) and w(2x+1)=wv{z)+1, forx >0 (o)
It also has an interesting connection with the ruler function (ecereise 1.2.5-11),
pr=1+rlr—1}— x; eqquivalently, Zpk = fi — 1. [LEN]

k=1

The Arst textbook on programming, The Preparation of Programs for an
Electronde Digital Compputor by Wilkes, Whealer, and Gill, second edithon | Read-
ing, Masa: Addison-Weslew, 105T], 165, 191-193, presented an interesting sub-
routine for shdeways addition due wo D B, Gillies and J. . P. Miller., Thedr
meethod was devised for the 35-bit numbers of the EDSAC, but it B moadily
converted 1o the following G4-hit procedure for e when 2 = (Zaa .. 28 o

Set y 2 — (23 1) & pg). (Now g = (g - .1y ig)y, where uj = 25, + 25
ety (&g ) + (w23 2) & iy ). (Now w = (v ... vyt e U5 = tigyy + 8.
Set y + (v + (y 3 4)) & pa. (Now y = (wr...witroJass, w05 = tipn + v5.)

Finally v+ ([a - §) mod 2} 5 56, where a = (11111111254 (6a)

The last step cleverly computes y neod 255 = amr4-- - -+ i via multiplication,
uaing the fact that the sum fits comfortably in eight bits. [David Muller had
programmed a similar method for the ILLIAC | machine in 1954.]
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If # s expected to be “sparse.” having at most a few 1 bits, we can use a
faster method [P. Wegner, CACM 3 (1960), 322):

Set e +— 0, gy +— 2. Then while g £ 0,80t v — v+ 1L p+— gyl (w— 1) [63)
A similar approach, using v + y|(v+1), works when x is expected to be “dense”

Bit reversal. For our nect trick, let’s change & = (xas...¢izgle to its lef-
right mireor image, ™ = (zpey ... zea)s. Anybody who has been following the
developments so Far, seeing methods Like (5o), (56), (57), and (G2), will probably
think, “Aha—once again we can divide by 2 and conguee! IT we've aleeady
discowered how 1o reverse 32-bit numbers, we can peverss: G4-bit numbers almost
as fast, hecausea {1-9}” = y"2®. All we have to do s apply the 32-bit method in
pacallel to both halves of the register, then swap the left hall with the sight hall"
Right. For example, wo can feverse an Sbit streing o three easy steps:

{iiven o T o S e o T
ﬂmp bits FgEg Ly TpXgdg ¥ty [ﬁq:l
Swap oyps EyEp gy Ea¥s

ﬂmp I.'Ij'hhlﬂ g Ly T g g BgEg iy

And six such easy steps will revesse 64 bits, Fortunately, each of the swapplog
aperations turms out o be guite simple with the help of the maghe masks o :

pi ()i, =4+ (cfu)€l, sy
pi (2B 2 km, 2+ (elm)E? rep|s
pi (e d) g, e (pljm)Ed, g
pi (e B ips, z+ (k)8 zey|s
poi (2 16) Ry, =24 (whopg) 16, x4+ p)s
x4 (2% 32) | ([x < 32) med 28V,

[Christopher Strachoy foressw some aspoects of this eonstroction in CACM 4
[1961), 146, and a similar fernary method was devised in 1973 by Brueo Badm-
gart (soe cxercisn 40). The mature algorithm (65) was presented by Henry 8.
Warrea, Jr., in Hacker’s Delight | Addison- Wesley, 2002 ), 102.]

But MMIX ia onee agaln able to truvap this gosoral-purpose techobgue with
less teaditional eommands that do the job ooch Bster. Consides

(5

rav GREEG WO102040B10204080; MOA x,x,rev; MIE x,rev,x; [ i)

tloe Arat MOR jnstroction reverses the bates of 2 feom big-endian to little-endian
or vheo versa, while the sepond rewverses e bits within cach byte.

Bit swapplng. Supposse we only want to lnberchange two bits within a reglater,
®; ++ x;, where ¢ > j. What would be a good way to proceed? [Dear reader,
please pause for a moment and selve thls problem in your head, or with pencil
and papeor — without looking at the answer below_)

Let § =i — j. Here 8 one solution (but don't peek until you're ready):

y(red) ke, £ (2827 b r e (2&m)|y|z, where T =227, (67)

Wagnar
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T.1.3 BITWISE THICKS AND TECHNIQUES 13

It uses two shifts amd Ave bitwise Boolean operations, assuming that  and
are glven constants. It 5 like cach of the Arst lnes of (65), except that & new
msask ne 18 nesded because i and 2 doa't acecunt foe all of the hits of .

We can, however, do better, saving one opocation and ooe constant:

v (zered)) &, rezepalyed). (68)

The fArst assignment now puts 5 @ oy inte position §; the second changes = to
®; & (2; @ x;) and x; to x; & (x; & x;), as desired. In general it's often wise to
convert a peoblem of the form “change @ o Flz)" oto a problem of the forom
“change  to ¥ & glx),” since the bit-difference g(x) might be easy to caleulate.

On the other hand, there's a sense in which (67) might be preferable to [68),
because the assignments to 4 and 2 in (Gy) can sometimes be perfoemed slroolia-
negualy. When expressed as a cireuit, (7] has a depth of 4 while (68) has depth 5.

Operation (68) can of course be used to swap several pairs of bits simulta-
peously, when we use a mask 8 that's more general than 29:

i (z@xmd)) i, T eSSy d). (6

Lt wa call this operation a “d-awap," becauso b allows us Lo swap any non-
overlapping pairs of hits that are § places apart. The mask @ has a 1 in the righe-
most position of each pair that's supposed to be swapped. For exampla, (Gg) will
swap the leftroost 25 hits of & 64-bit word with the rghtosest 25 bits, while leav-
ing the 14 middle bits untouched, If we let § = 30 and 8 = 2% — 1 = *15£F88F,

Indeed, there's an astonlshing way to everse 64 bits using S-swaps, namely

gl )&, z+(c&m)El, o3|z

¥+ (28 [z 4)) & *0300c0303030c303, =+ @y [y 4),

¥+ (28 (x 3 8)) & *00c0300c03£0008E, x4+ ¢y (v 4 8), [
g4 (2@ (2% 20)) & *00000FEcOD003EEE, x+ ¢ @ i@ (v < 20),

r o [ 34 | ([ 2 30) mod 2%,

saving two of the bitwise operations in [65) even though (65) looks “optimm.”

*Bit permutation in general. The methods we've just seen can be extended to
obtaln an arbifrory poromtation of the bits in a register. In fact, theee always ox-
iat roasks 8y, ... 8, Ei,., sy ﬁ,;. auely that the fellowing opeeationg teansforn & =
[#gg - - - 2y )y ko any desleed rearcangemseatl 27 = [$gg, - . -8 2y Jo of 85 hits:

£ P gwap of x with mask 8, for k=0, 1,2, 3, 4, &

z + 2*-gwap of  with mask 6, for k = 4, 3, 2, 1, 0. 71}

In genmeral, a pecmutation nfﬁ? bits can be achleved with 2d — 1 such sleps,
using appropriate masks @, fg, where the swap distances are respectively 27,
bl et et el

To prowe this fact, we can use a spectal case of the permutation networks
discowered Independently by A, M. Duguid and J. Le Coree in 1958, based on
earlier work of D. Slepian [see V. E. Benes, Mathematical Theory of Connecting
Networks and Telephone Traffic (New York: Academic Press, 1965), Section 3.3).
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Figuse 12 shows a permutation network P(2a) for 2n eloments constructed [eom

L3
two permstation networks for noelements, whon o= 4. Bach ' connection

hetween two Hoes represents & eroesbar module that elilber loaves the line contents
unaltered or interchanges them, as the data fews feom lelt to fight. Every setting
of the individual crossbars therefore causes P(2n) to produce a permutation of
ita nputs; cooversely, we wish to show that any permutation of the 20 inputs
can be achieved by some setting of the crosshars.

The construction of Fig, 12 is best understood by eomsbdering an example,
Suppose we want to route the inputs (0,1,2,3,4,6,6,7) to (3,2,4,1,6,0,5,7),
respectively. The Aest job is to determine the contents of the lnes just alter the
fest colurmn of eroesbars and just before the last column, sinee we can then wse
a slmilar method to set the crossbars in the Inner Pl4)"'s. Thus, o the network

(2]

e K= N TU S
Fomoe R R
-
mommanm|me
L2 K S B S B S ]
b =R S ]

we want to find permutations abedefgh and ABCDEFGH such that {a b} = {0,1},

e.d} = {23}, ..., {g.k} = {6.7}, {2, c,e.g} = {ACEG} {bdfh} =
{E:D..F,]I}: {n,B} = {3,2}, {c,0} = {41}, ..., {G,H} = {6.T}. Starting at
the bottom, let ws choose b = T, because we don't wish o distucl the sontents
af that line unless necessary. Then the following cholees are forved:

H=T:G=5 e=8 f=4;D=4; C=1;a=1b=0: F=0; E=6; g=06. [73)
If we had ehosen b = 6, the foecing pattesn would have boen similar but peversod,
F= E=(a=b=1;0=1;C=d;e=4 f=0: H=5 G=T: g="T. [74)

Options (73) and (74} can both be completed by choosing either d = 3 (honee
E=3,A=2c=2)ord=2 (hence B=2, A =3, c =3).

In general the forcing pattern will go o eyeles, oo matter what pernmitation
we begin with. To see this, consider the graph on eight vertices {ab, cd, ef, gh,
AB, CD, EF, GH} that has an edge from uv to UV whenever the pair of inputs
conmecbed to we has an element o common with the palr of outputs connected
to TV, Thus, in our example the edges ame ab — EF, ab — CD, ¢d — AB,
cd — AB, &f — CD, of — GH. gh — EF, gh — GH. We have a “double bond"
between cd amd AE, since the inputs connectod bo ¢ and d are exactly the outputs
conmecbed o A and B; subject to this slight bending of the steict deflnition of
a graph, we sec that each vertex |5 adjacent to exactly two other wertbeos, and
livwesease verticrs ane always adjacent 1o uppercase ones. Thereforo the graph

rasrrangasbls networke e perm nelworks
treasbar modale

graph

bapartite graph
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Fig- 12. The inside of & black box #2n) that permutes 2n elements
in all prssible ways, when n > 1. {llustrated for no = 4.}

always conalats of disjolot cyeles of even length, In our example, the cycles am

_EF—gh.__

g ed — AB,

(7]
where the longer cycle corresponds to (73) and (74). If there are & different
cyeles, there will be 2% different ways to specily the behavior of the fiest and last
columns of crosshars.

To epmuplete the network, we can process the oner 4-element permutations
in the same way; and any 2¥-element permustation is achievable in this same
recursive fashion. The resulting ercesbar settings determine the masks 8; and |'§I-
of [71). Bome chodees of erosshars may lead to a mask that is entleely seeo; then
we can ellminate the correaponding stage of the computation.

If the input and outpat aee identical on the botbom lnes of the network, our
constrwctbon shows how 1o ensune that none of the ceossbars touching thoso lines
are active. For example, the 64-bit algorithrn in (71) could be used also with a
G-bit pegister, without needing the fowr esbra bits for any otermediate seawlts.

Of course we can often heat the general procedure of (1] n special cases.
For example, esercise 52 shows that method (1) needs nine swapping steps to
transpose an 8§« 8 matrix, but in et theee swaps sufes:

Civen

(HF O 062 O (M 05 06 OF
TFIT 12 13 14 15 1617
2y 21 E2 33 24055 26 2T
B0 31 22 33 34 35 36 37
A0 41 42 43 44 45 M 47
Gl 51 B2 b3 64 55 56 6T
Gl G G2 63 G4 G5 G GT
THTL 727747576 7Y

T-EWRp
(WP L0 OF2 12 0 B4 O LR
01 171 0% 13 05 15 07 17
20 b E2 3T 24 2436
21 31 X% 33 95 35 T AT
Alr B0 42 52 a4 54 46 56
41 51 4% 03 45 55 4T 67
Gk T G2 T2 G4 T GG TH
61 71 &% T3 85 Th 6T 7T

1d-mwng

OHF 10030 30 (& 14 24 34
01 11 21 31 0% 15 25 35
03 13 =2 32 06 16 26 36
03 13 =3 39 0F 1T 27 47
Al GO @0 70 44 54 64 T4
41 61 61 T1 45 55 66 T8
A2 BF G2 T2 46 86 o To
A3 53 GE TH AT AT 67 77

ZH-swnp
O 10k 200 30 40 50 &0 T0
01 11 21 31 41 51 &1 71
0212 22 32 43 52 &2 72
03 13 23 39 43 53 &3 73
4 34 34 44 04 G4 T4
595 38 An BB GE TH
6 36 36 46 6G GO T
TAT AT AT LT BT 7T

[
[
0 1
ori

cyche im o graph
L poss
masidriz Lramspostion
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The “peefect shufle™ s another bit permutation that arises [Pequently in
practice. If £ = (.. .razizg)2 and y = (... g2inin )2 are any 2-adic integers, we
define & §y (“x 2ip »,” the ripper function of x and y) by interleaving their hits:

rfy = {----Tzhilmi‘n!m:l:l- (7]

This gperation has important applications 1o the representation of 2-dimensbonal
data, becayse a small change in elther 2 or y vsually canses only a small change
in iy (see exercise 86). Notice also that the magic mask constants [47) satisfy

e e = pregy. el
If ¢ appears in the left hall of & reglster and i appears in the eght hall, a perfect
gligffle s the permutation that changes the register contents to x § .

A sequence of d — 1 swapping stepe will perfectly shufle a 2%-hit register: in
face, oxercise 53 shows that there are several ways to achieve this, Oonee agaln,
thesefore, we are able to improve on the (2d— 1 )-step method of (71) and Fig. 12.

Conversely, suppose we're given the shuffled value = = r 1y in a 2%hit
register; 1s there an eficient way to extract the original valise of 37 Suree: IT the
d— 1 swaps that do a perfect shufle are performed in reverso order, theyll undo
the shuffle and recover both & and . But if only i is wanted, we can save half of
the work: Start with y+— 2 & po; then set g+ (y+ (y 2 2 " & e for k=1,

. — 1. For example, when 4 = 3 this procedure goes [ OpaOyaOon o la —
[ g 00y go bz — (000 apeyae e “Divide and conguer™ conguers agal.

Comskder now a neore general peoblem, wheee we want to exteact and coome-
press an arbitrary subset of a register's bits. Suppose we're given a 2%-bit word
# = (#gi_y ... 532y and a mask ¥ = (Yed_y ... Xyxple that has & 1-bits; thus
vy = & The problem is bo assemble the compact aubwond

¥ o= (de—r...intoks = (2, .- 250250 (78)
where §,_y = --- = jy = jo are the indices where y; = 1. For example, if
d =3 and y = (101100610}, we want to transform = = (ysEainy) Tl gl s into
# = (ysiat g )z (The problem of going from x 1y to y, considered above, is the
special case y = po.) We know [eom (71] that g can be found by d-swapplng,
at meost 2d — 1 times; but o this problem the pelevant data always moves 1o the
right, a0 we can spoed things up by dolog afifts inatead of swapa.

Let’s say that a d-shift of @ with mask & s the operatbon

2 — xS ([z2 (22 8)) &8, (4]

which changes bit x; bo rjes if § bas 1 in position §, otherwise it leaves x;
unchanged. Guy Steale discovensd that there always eslst masks 8, &), ... 83,4
s that the general extraction problem ($8) can be solved with a few d-shifts:

Start with x +— z; then do a 2%shift of ¥ with mask 8y,

for k=0, 1, ..., d—1; Anally set i+ x. [#a)

In fact, the koa for Anding appeopriate masks s surpasingly sinple. Every bit
that wanta to mave a total of exactly | = [la—1 .. lila)s places to the right should
be transported in the 2%shifts for which [ = 1.

prrfect ahudfls
Josediiz inkaggarn
imdarlaavieg, s xippar Tpnction, pecd ahufle
Dol irnermicend duts
magas mask
Diwidl mred comquar
exbracl amd comprass
sk
i,

-ahift

Sdmulu
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For example, suppose f = 3 and y = (10110010)2. (We must assume that skeepr-senid- gt e
¥ # 0. Remembering that some 08 need to be shifted in from the left, we can notsbion ¥ 4 Y

set flg = (00011001 )2, & = (00000110)2, & = (11111000}2; then (Bo) maps Chusg
Wemg
(psesmin 2o yodn J2 — (napaimin Sy 2 — (Eapeimingin gz — [ﬂﬂﬂﬂwmu:m]z-ﬁ
Exercise 69 proves that the bits belng cxteactod will never lnbeefore with each Py s " ramdien” exampl

recaraivly

other dueing thelr journey. Furthermore, there's a slick way to compute the
negessary masks 8 dynamically from y, in O{d”) steps (see exercise T0).

A “heepeand-goats™ operation has been sugeeated for computer hardwaee,
extending (78) to produce the gensral unshuffled word

ek = |:ﬂ‘-.-_| e Bl - Wl )e = {1'1',_. sen By Bg By LBy Ij,:':li [84)
bera f._y = - > 45 = fp ane the indics where ¥, = 0. Any permutation of 29
bits is achievable via at most d sheep-and-goats operations (see exercise T3).

Shifting alao allows us to go beyond permutations, to arhitrary mappings of
hits within & segister. Suppose we want b teanaform

= (%gi_y... o)z — ¥ = {II:?"—I-:II.P cos BTl 2, [B2)

where o I8 any of the [2‘]2‘ functions from the set {0,1,.._ 27 — 1} into itaclf.
K. M. Chung and C. K. Wong [IEEE Transactions C-29 (1980), 1020-1032)
discoversd an attractive way to do this in Ofd) steps by wsing cyelie §-shilis,
which are like (7o) exeept that we sot

¥ zafizezed)o(ze(2?—4)) La). (#3)

Their idea is to let & be the number of indices § such that jie =1, for 0 < | < 24,
Then they fnd masks g, By, ..., 84—y with the property that a eyclic 25-shift
aof z with mask fg, dooe successively for O < & < d, will tranaform # Into a
pumber & that containg exactly op coples of bit 2y for each [ Finally the general
permutation procedure (71) can be used to change 2 «— 2¥.

For example, suppose d = 3 and 2% = [(saxizisorseresss l2. Then we have
(0, &1, 00, 08, &4, 08, 00, 07) = (1,2,0,2,0,2,0,1). Using masks fy = (00011100},
8 = (01001001 )2, and 82 = (D0L0D00O0)s, three cyclic 2F-shifts now take r =
[Frraxsrirarori®ole — [(Trrafererararirols — [(ErEiEErsrsraTiala
[EpxgiyLedTyD) Ty le = 2. Then, Ave fawaps: ' — (FuEerge, LaXelar, Jg
[EpEpeed) Lyl BaXg )y (TpEXad  TalelpXply H  (BaXXpd Balylpkyla ¥
(g 2y EaTprg®s s = ¥ we're done! O course any &bit mapping can be
achieved more quickly by beute foree, one bit at a time; the method of Choog
and Weoeng becomes much more impeesaive in a 266-hit register. Even with MMIX'y
fd-bit registors it's peetty good, needing at moat 96 cyeles in the woest case,

To find fy, we use the fct that ¥ e, = 29, and we look at B, = Yoy
and B gq = Teayy B = Dogg = 2%, we can set § = 0 and omit the
cyvelie 1-ghift. But if, say, B, < Eage. we And an even [ with ¢ = (0 Cyclically
shifting the bits {, {+1, ..., 1+¢ [modulo 2¥) for some ¢ will produce new counts
(.- e, ) for which B, = B ., =291 g0 g = 2° - 2+ mad 2
Then we can deal with the bits in even and odd positions soparately, using the
sanme method, untll getting down to 1-kit subwoeds. Exeeclse T4 has the detalls.
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Working with fragmented fields. Instead of extracting bits [Pom varkous
pacts of a woed and gathering themn together, we can ofton manipulate those bits
directly o thele original positicos.

For example, suppose we want o run theough all subsets of & given set I
where (a8 usual) the set s specified by a mask y such thae (k€ U] = (y k) & L
If ¢ C y and & # x, theee's an cagy way Lo caleulate the next largest subset of LT
in lexicographic order, namely the smallest integer ' > # such that ' < yx:

= (r-—x)kx. (84)

In the special case when & = 0 and x # 0, we've already seen in (37) that this for-
mnala produces the Aghtmest bit of 3, which corresponds to the loxleographically
smallest nonempty subset of 5.

Why docs formula (84) work? Imagine adding 1 to the number ¢ | §, which
has 1s wherever y 18 (L A carry will propagate through thoae 1s until it reaches
the rightmost bt position where £ bas a 0 and y has a 1; furthermore all bits
to the right of that position will become sero. Therefore 2° = ((2 | §1+ 1) & x.
But we have (x| §]l+1=(z+F)+1=x+(¥+1)=x—y when x C y. QEI.

Motice further that ' = 0 if and only if x = ¥. So we'll know when we've
found the largest subset. Exercise 79 shows how to go back to x, given 2.

We miglht alsao want to run through all demsents of a sabeabe — for example,
tix fingd all Bit patterns that match a sapecification like =10=1=01, oonsisting of
(s, 15, and #5 (don't-cares). Such a specification can be represented by asterishk
codes @ = (Gn—1...an)a aod bit codes b= (bn_1 ... bo)2, a8 in exercise 7.1.1-3(;
our example corresponds to a = (1001010002, b = (01001001 )z. The problem of
eanuwmerating all subsots of a set 5 the special case where o = y and b= ({0, In
the moee general subeube problem, the successor of a glven bit pattern = Is

2 =(z-(la+b)iLa)+b LEY

Suppose the bits of £ = (2, _; ... %)y have been stitched together from two
subwords © = (x,_y...%g)0 and y = (y,_y-.-Iple. where ¢ + & = n, using
an arhitrary mask y for which vy = & to govern the stitching. For example,
# = [fpragagnraposida iz when & = 8 and 3 = (100000 . We can think of =
as a “scatbered accumlator,” in which alien bits o lurk among fFlendly bita gy,
From this viewpolot the problem of finding successive clements of a aubeube ia
essentially the problom of ecomputing o+ 1 lnaskde & scattered accurulator z,
without changing the value of x. The sheep-and-goats operation (81) would
untangle # aml y; but s expensive, and (85) shows thalt we can solve the
problem withowt it. We can, in fact, compute y+ 3" when ' = (gl_,...1)2
is any value inside a scattered accumulator £, if y and §* both appear in the
positions specified by y: Consider £ = 2 &y and ¢’ = 2 & y. I we form the
sum (£ | i) +t', all carries that occur in & normal addition y + y" will propagate
through the blocks of 1s in §, just as if the scattered bits wore adjacent. Thus

(lz&x)+ (2" | %)) &x (86)
is the sum of y and ', module 2%, scattered according to the mask y.
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Tweaking several bytes at onee. Instead of concentrating on the data in one
fleld within a word, we often want to deal staltaneously with two or more sub-
words, performing caleulations on each of them in parallel. For example, many
applications nesd to process long sequences of bytes, and we can galn speed by
acting on clght bytes at & time; we mlght as well use all 64 bits that our machine
peovides, Genperal multibyte techoiques were ntroduced by Leslie Lamport in
CACK 18 [1975), dT1-475, and subsoequently extended by many programmess.

Suppose Arst that we simply wish to take two sequences of bybes and fAnd
thedr sum, peganding them as coordimabes of vectors, doing arithmetic oeod-
ubp 256 in each byte. Algebralcally speaking, we've given B-byle voctors @ =
(... 2% Jase and @ = (pr. .. ¥ Jases we wanl Lo compute 2 = (27 ... 220 Jase,
where z; = [2_1- + ;) mod 256 for @ < j < 8. Ordinary addition of  to y doesn't
quite work, bocauss we neesd to prevent careles from propagating botwesn bytes.
So we separate out the high-oeder bits and deal with them separately:

s+ (z@y)&h,  whers h = *2080B0B0E0808080;
2 ((zdeh)+ (p&eh)) &2 (&)

The total tioee for MHIX 1o do this is G, plus 3+ 30 i we also count the thoe 1o
load x, load g, and store = By contrast, eight one-byte additions (LDEU, LDBU,
ADDU, and STHU, repeated cight times) would cost 8 = (3 + dv) = 24 + 320,
Parallel subtraction of bytes is just as easy (see exercise 88).

We can also compute bytewlse averages, with #; = [(z; +9;)/2| for each j:

s llzep) =1, where | = #0101010101010101;
2 (e ly)+ 2 [38)
This elegant trick, suggested by H. G. Dietz, I8 based on the well-knewn formula
r+y = (zey)+((z&y) 1) (#g)

for radix-2 addition. (We can implement (88) with four MMIX instructions, not
five, because a single MOR operation will change x @y o ((z@y) &) 3 1.)

Exercises 88-03 and 100-104 develop these ideas further, showing how to do
nulwed-radix arithowetie, &8 well as such things as the addition and subteaction of
viertors whose components are treatod modulo se wheon e needn’t be a power of 2.

In essence, wo can regard the bita, bytes, or other subfields of a register as i
they were elements of an array of independent microprooessoes, acting indepen-
dently on their own subproblems et tightly synchronized, and commounicating
with each cther wia shift Instructions and carey bits. Computer designess lave
been intersted for many years o the developroent of pacallel processoes with a
so-called SIMD architecture, namely a “Single Insteuction steeam with Multiple
Data streams™; oo, for example, 5. H. Ungee, Proc. TRE 46 (10068), 17441750
The increased availlability of 64-bit reglsters has nweant that peegramcoers of
ardinary sequential computers ame now able o get a taste of SIMD processing.
Indeed, computations such as [85), (88), and (8By) are called SWAR methods
“SIMD Within A Register,” a name coined by R. J. Fisher and H. G. Diete [soe
Lecture Notes in Computer Science VA58 (1000, 200-305).
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O course bytes often contaln alphabetic data as well as pumbers, and ooe
aof the most comneon programming tasks 5 to search through a long steing of
characters in order to And the st appearance of some pacticular byte value, For
example, strings are often repeesented as & sequence of ponsero bytes tecminated
by 0. In order to lecate the end of a steing quickly, we need a fast way to
determine whether all eight bytes of a given word © are nongero (because they
uaually are). Several Galely good solutions to this peoblemm were found by Lampost
and others; bt Alan Mycroft discovered o 1987 that three instructions actually
suffce:

b hl(z—1) &S [ggce)

where i and | appear 1o (87) and (88). IT each byte #; Is nonsero, ¢ will be sero;
Bor (2;—1)8e2; will be 27 —1, which is always less than *80 = 27, But if g5 =1,
while its right neighbwes x;_q, ..., 2o [if any) are all noneers, the subtraction
x— 1 will produce *££ in byte §, and ¢ will be nooeern, In Gact, g will be 85 4+ 7.
Caudion: Although the computation o [(goe) plopoiots the rightmost sero
byte of 2, we cannot dedwee the pesition of the leffoeosd zero byte feom the value
of ¢ alone, [See exerclse 94.) In this respect the lttle-endian conventlon peoves
to b prefecalle vo the coreesponding big-endian behavior. An application that
needs to locate the leftmost zero byte can use (go) to skip quickly over nonzeros,
but then it must fall back oo a slower method when the search has been narrowed
down to eight Analists. The following d-opecation femula peoduces a cotapletely
precise test value § = [t:...tjtn:l::ﬁa, i which ¢; = 1!33[::_1 = ﬂ'] for each §:

t o hlersfz|((z|h)—=1)) [gal

The leftmost wero byte of x 8 now x;, where At = 8j + 7.

Incidentally, the single MMIX instruction ‘BDIF £,1,x" solves the sero-lyrbe
problem mmediately by setting each byte t; of ¢ to [r; =0], because 1 = ¢ =
[#=0]. But we are primarily interested here in fairly universal techniques that
don't rely on exobic hardware; NMIX's special features will be discussed lates.

Mow that we koow a st way to find the st O, we can use the same ideas
to search for any desieed byte value, For example, to test if any byte of 2 is the
newline character [ #a), we simply look ke a zero byte In 254 0alatalalalalats.

HAnd these technlques also open up many other dooes. Suppose, for Instance,
that we want to compute 2 = [(#r. .. fife)oss fom r and g, where 25 = x5
when #; = gy but 2; = "' when 2; # ;. |:T]1II.‘I il # = "beaching" &and
i = "belching™, wo'te supposed to dol * +— "beasching".] It"s casy:

tehde(lzay | (lzay|h) -1
o [t 1) — [t T) [g2)
® 4 :5{{15"#*###**#"}&:n],

The fiest atep uscs (ga) to flag the high-order bits in each byte where £ ¥ Wy-
The next step creates a mask that highlights those bytes; the mask s *00 i
#; = y; and *£f otherwise. And the last step, which eould alse be written = +

(2 &) | [“deesnsee™ L m), cots z; + @ or £ + **, depending on the mask.
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Operations (go) and (ga) were originally designed a8 tests for bytes that are
weny; but a cleser ook reveals that we can more wisely regard them as tests fos
bytes that are less than 1. Indeed, if we replace ! by ¢ -1 = (ceccecee)zsa in
either formula, where ¢ is any positive constant < 128, we can use (90) or (ga)
ti see IF & oontaing any bytes that are less than ¢ Furthermoee the comparizon
values ¢ noed not be the same in every bybe position; and with a bit moene work
woir Can alao de bytewlse comnparison in the cases wheee ¢ > 128, Here's an B-step
formula that sets ¢ + 128]x2; < g;] for each byte position § in the test word ¢

t o kb ~{rgfz},  where z=(zr|hk)—(y&h). (93]

[Se ewprcige M) The median operation in this general formula can often be
simplified; for example, (93) reduces to (g1) when g =1, because (xlz) == | =
Onee we've found a nonsero £ in (go) or (g1} or (g3), we might want to
compute g or AL o oeder 1o diseower the indes § of the sghtmest o leftmost
byte that has been flageed. The problem of caleulating o or A I8 now simples
than hefore, sinee | can take on only 256 different values, Indeed, the operation
_ : 2
§ o+ fable[([a- ) mod 2%V} 5 56), whmﬂ=ﬁ, [}
now suffloes to compute §, given an appeopriate 256-hyte table. And the omal-
tiplication here can often be performed faster by dodng thee shift-and-add
operations, “t «— ¢+ (0 T), 0 04 (0 < 14), £+ ¢ + (¢ < 28)," Instead.

Broadword computing. We've now seen more than a dozen ways In which
a computer’s hitwise operations can preduce astonishing results at high specd,
amd the exercises below contain many more such surpeises.

Elwyn Berlekamp has remarked that computes chips containing & Hip-flops
continue to be built with ever larger values of IV, yet in practice only Oflog V) of
those components ane lipping o fopplog at any given oeorment. The surprisiog
affectiveness of bitwise operations suggests that computers of the futuere might
mxake use of this untapped potential by having enhanced memory units that are
able to do efflcient r-bit computations for Galely large values of n. To prepare fos
that day, we ought to have a good nanwe for the concept of manipulating “wide
wiords.” Lyle Ramshaw has suggested the pleasant term broadiserd, ao that we
can speak of n-hit quantities as broadwords of width n.

Mauy of the methods we'se discussed are #-adie, In the sense that they work
correctly with binary numbers that have arbitrary (even infinite) precision. For
example, the operation x & — always extracts 207, the least signifcant 1 bit of
anmy nongeso 2-adie integer 2. But other methods have an inhesently beoadword
nature, such as the methods that use Q{d) steps to perform sideways addition
or bit permutation of 2%-hit words. Broadword computing is the art of dealing
with s-bit woeds, when # ls a parameter that 15 nob extremely sooall,

Some broadword algorithms are of theoretical lnterest only, because they ape
efficient only In an symptotlc senae when o exceeds the slge of the universe. But
athers are eminently practical even whon = 64, Aod o general, a beoadword
mulndset often suggests goos] technbgues.

o prmson of Eyles
bylas. bmabing mlaktive arder al
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O fascinating-but-impractical fact about broadword operations 5 the dis- Fredman
covery by M. L. Fredman and D. E. Willard that (1) broadword steps suffice Willard

Brenlal
to evaluate the function Ax = [lgz| for any nongero n-bit number @, no matter Patirasn
biow big 1 k5. Here 18 thelr remarkable scheme, when n = ¢° and g Is & powes of 2: :{:::.c.lnn
by hde (x| (x| k) —1)), whereh=29""and = (2"—1)/(2¢ - 1) storagn allocation

yo ((la-t)mod 2™ % (n—g))-1, where a= (2" "7 —1}/{2¢" -1

by hde (| ((w| k) — b)), whered=[2r+ts — 1) (2040 —1);

mo— (g 1) — (ta # (g — 1)), m+ m&(m = q); (9a)
z{—[[[!-[r&mj}mndz“]}{n—g:l:l-!;

ta e hde (2] ((2| k) — b))

A (- ([t (29 —lgg — 1)) + (13 3 (29 — 1)}}) mod 27) % (n — g).

[Se cmorelse 106, ) The method Galls to be peactical bocause Bve of these 20 stops
are multipleationsg, so they aren’t peally “bitwise” operations. In fact, we'll peowe
later that multiplication by a constant requires at least (O log n) bitwise steps.

A multiplication-free way to And Az, with ecoly O log log n) bitwise beoad-
word operatioons, was discovered b 1997 by Gerth Brodal, whose method b even
more remarkable than (gs). It is based on a formula analogous to (4a9),

Ar = [Ae=Aedkfg)) + 2[Ae =Xz & )] + A Ae=NAx & ag) ] +---, [06)
and the fact that the relation Ax = Ay is casily tested (sec (58))%

Algorithm B [ Binary logarithm]. This algosithm uses n-hit operations to
compute Ae = |lgz|, assuming that 0 < ¢ < 2™ and n = d - 29,

B1. [Scale down.] Set A — 0. Then set A+ A+ 2% and x + =% 2% if 2 > 27
for [lgn] =k = d.

B2 [Replicate.] (At this point 0 < ¢ < 2:"]; the remalning task is to locrease
A by [lgz|. We will replace x by d copies of itsell, in 2% hit felds.) Set
rix|lz2F) for 0 < k < [Igd].

Ba. |E‘]1m:|gn lesding hi.LE.] Sed g+ 2 & ﬁ-'l::p,:'d_j oo g fran)gse. [See |:.||E:I.]

Bd. [Compare all Aelds.] Set &« k& (v | (g | k) — (& y))). where ke =
[22"—| ___2:"—12:"-1}51.1_

BS5. [Compress bits.] Set ¢+ (¢4 (1< [294F — 28))) mod 2™ for 0 < & < [lgd].

B6. [Finish.] Finally, set A+ A+ (¢t (n—d)). 1

This algorithm is actually competitive with (56) when n = 64 (see exercise 107).
Another surprisingly efficlent broadword algoeithn was diseovesed b 2006
by M. 5. Patesson and the aothor, who considesod the problem of bdentifying

all gecureenees of the pattern 017 in a glven n-hit binary string. This peoblem,
which 5 related to storage allecation, s equivalent 1o computing

g=fkirgl)bire?) blxd) & - &(rar) (a7)
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when & = (En_1...xxo)2 I8 given. For example, when n = 16, r = 3, and
= [1110111101 100111 g, we have g = [(ILHHHHOL00G ). One might expect
intuitively that Q{logr) bitwise operations would be needed. But in fct the
following 20-step computation does the job for all n > v > (k Let 8 = [r/2],
=% 2 mod 2°, h = (271} mod 27, and a = (. (- 175" 2%) mod 2"

g hkrk (iR +1);

L x4 g & P& -2

i 0 ea, e R B (4]
- [ — (1)) | (o — (3 e));

q ke ([ & om) + (225 r) & ~ulm < 1))

Esepcise 111 explaing wly these machinations aee walbd. The method has litthe
or no practical value; there's an easy way to evaluate [g7) in 2[lgr] + 2 stepa,
s (8] B not advantageous wntil ¢ = 512 But (g8) s another indication of the
unexpected power of heoadword methods.

*Lower bounds. Indeed, the existence of so many tricks and technigues males
it natural 1o wonder whether we'we only been sceatehing the suface. Are thoee
many moee ineredibly [ast methods, still walting to be discovered? A few
theoretical resulis are koown by which we can deeive certaln lmitations on what
ia posaible, altbough such studies aee still in thedr infaney.

Let’s say that a Ladie chain = a sequence (2.0, ... 2, ] of 2-adic integers
in which each element #; for £ > 0 i obtalned [eoro its predecessors via bitwise
manipulation. More procisely, we want the steps of the chaln to he defined by
binary operationg

T = Ty P T 00 &9 Egppy 0 Ty %G, ()

where each o; is one of the operators {4+, — &, |.&®,=,C. 2,8, 3,0/, V, €, 3}
and each o 15 a constant. Furthermoee, when the operator o 5 a lelt shilt o
right shift, the amount of shift must ke a positive lobeger constant; opeeatbons
such a8 &y of ooy are not permitted. [Without the latter restriction
i conaldn’t derive meaningful lower bounds, because enery 0-1 valued Tunctlon
of a nonnegative nbeger & would be computable o two steps as “le % ) &1V
for soope constant )

Similarly, a brosdword chain of widil w, also called an w-bit broadword
chain, I8 a sequence (£g,%1,. .., &) of #-bit numbers subject to essentially the
sgamw reslrctions, wheee fu 15 a parameter and all operations are pecformed
meodulo 2", Broadwosd chalns bebawve like 2-adic chains in many ways, but
subdle diferences can arise hecanse of the information bees that eecues at the left
af n-hit computations [see exercise 113).

Baoth types of chainsg compute a function fiz)] = 2. whon we atarl them
out with a given value ¥ = ry. Exercise 114 shows that an mn-bit broadword
chain i3 able to do m essentlally simultaneous evaluations of any lanction that
ia eompatable with an n-bit chaln, Our goal is to study the shortest chains that
are able to evaluate a given function f.

Zemdic chaind 444
barcadwzed chanm4 44+ 4
bt b 4 4

table lookup by shilfting
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Any 2-adic or broadword chain (xg, £1... ., 2 ) has a sequence of “shift sets”
[ S, 55, ..-. 5] and “bounds™ [ By, Bi,. ... B defined as follows: Seart with
Sy = {0} and Bo = 1; then for § = 1, let

Sty U Segi M By Beiy, 20 = Fjs) o Eepis
kil M;Beyiy. iy = e 2 Tai,
8= 1§ Sia and By=4 MBjq. e =206 (10
Sita + G Bjtw» if 2, =20 > &,
Siti) — G Bjtw» i =25 <6

where M; =2 if o; € {4, —} and AM; = 1 otherwise, and these formulas assume
that o; ¢ {<, % }. For example, consider the following T-step chain:

x; 3 B,
=1 {0} 1
y =T{|k—2 {D]‘ 1
g = Iy +2 {D]‘ a2
By =y 1 {1} 3 [10)
By = I +.1‘.'3 {ﬂ,l} ]
g = Iy }d {d.ﬁl} ]
Iy = Iy +.1‘.'E {I:I,l,d.E]- 128

R

Fr=ig %4 {4,4,3:9} 128
[ We encounterns] this chain in exeecise 4.4-9, which proved that these opeeations
will yield ¢ = [x/10] for 0 = x < 160 when performed with S-bit arithmetic. )
To begin a theery of lower bounds, let’s notice fiest that the high-oeder bits
af # = #5 cannot influence any low-ondes bits unless we shift them to the eight.

Lemma A. Given a 2-adic or broadwond chadn, et the boary representation of
x; be (... garaeo)a. Then bit oy can depend on hit zog oaly if g < p+max ;.

Proof. By induction on i we can in fact show that, if B; = 1, bit x;, can depend
on hit w2y, only if g —p € §;. Addition and subtraction, which foree B; = 1,
allow any particular hit of thelr operands 1o afect all bits that le bo the left in
the sum or difference, but not these that He to the dghi. |

Corvollary I. The function ® = 1 capnot be eompited by a 2-adie chain, aor
can any finetion for which at least one hit of fz) deponds on an unboundad
number of hits of 2. |

Corollary W. Ann-Iit fusction f2) can be computed by an n-bit broadword
chain without shifts If and only If = y (modulo 2¢) implies f(x) = [y
(mwodualo 20} for < p < 6

Proof. If there are no shifts we have §; = {0} for all . Thus bit z,, canoot
depend on bit xy, unleas g < p. In other words we must have &, = y, (modulo 27)
whenever o = gy (modulo 27).

Cooversely, all such fuonetions are achilevable by a sufficiently long chaln.
Exercise 110 gives shift-leeo rn-hit chains for the functions

fiplz) = 2°[z mod 2r+! =y, when 0 < p<nand 0 < g < 2FH', [102)

shilk mls
davimem, by 1]
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from which all the relevant functions arise by addition. [H. 5. Warren, Jr., gener-
alized this result to functions of m variables in CACM 20 (1977), 430-441.] 1

Shift aets 5; and bownds By ace important chilefly because of a nndamental
levnmia that i our principal tool for peoving lowor bounds:

Lemma B. Lot Xpg = {28 |27 —27] | 20 € Ve } i an n-bit broadword chaln,
wilary

Vigr = {2 |2 & |2F7" —297°| =0 for all # € 5} [103)
and p = . Then |Xpgr| < By. (Here p and g are integers, possibly negative.)

This lemma states that at most 5 different bit patterns e,y . .. %, can oceur
within flz), when certaln intervals of bits ln # aro constealved to be zeeo.

Proofl The pesult cortainly holds when » = 0 Cilerwise if for exarmple, @ =
*; + %y, we know by iludm:ﬁnu that | X, ;| < B; and | X | < B F1_:H.1-:'u::rmnr-|:~
Vigr = Vogs 1 Voo sinte 8, = 8; |—'5_i- Thus at moat B_J-Bk possibilities foe
(®; + xg) & [2F — 29| arise when there's no carry into position g, and at moat
B;B; when there is a carry, making a grand total of at mest B, = 28,8,
posaibilities albogether. Exerclse 122 considess the othes easesa. ||

We now can prove that the ruler fonetion needs 0 log log 1) steps.

Theorem R. If n = d -2, every n-hit broadword chain that computes pr for
(= & < 2" has more than 1gd steps that are not shifits,

Proof. If there are | nonshift steps, we have |5.| < 2% and B, < 93 -1_ 4 nnly
Lemma B with p =  and g = 0, and suppose |Xg0-| = 2¥ — t. Then there are
values of k < 2% auch that

{25: 2E+:I"1 Ek—:!-i"l :3*_[.1_”:"} ¢ Vigr.

But Vig, excludes at most 2°d of the n possible powers of 25 8o 8 < 27
If { < lgd, Lemma B tells us that 29 — ¢ < B. < 2%°'; hence 29" < ¢ <
2! < . But this is impossible unless o < 2, when the theorem clearly holds. )

The sarme proel works also for the bloary logacitho functioon:

Corollary L. If i = d-24 = 2, pvory ni-bit broadword chain that computes Az
for 0 = ¢ < 27 haz more than lgd steps that are not ahifis. |

By using Lemma B with g = 0 we can derive the stronger lower boond
L logn) for bit peversal, and hooee foe it permutation o general.

Theorem P. If 2 < g < n, evary n-hit hmadword chain that compotes the
g-hit reversal 28 for 0 < 2 < 29 has at least |_i lgy| steps that are not shifts.

Proof. Assume as above that there are | nonshifts. Let k = || and suppose
that | < [lgih +1)|. Then 5, is & set of at most 2' < (A + 1) shift amounts 5.
We shall apply Lemma B with p = g+ F, where p < g and ¢ = 0, thus ing—k+1
casea altogether. The key observation is that =™ & |2F — 29 i independent of
x & | 2P — 277 | whenever there are no indices j and & such thae 0 < §, k < &
and g —1—g— § =g+ &+ & The number of “had” cholees of ¢ for which such
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imalices exlst 1 at neost '5[.& +1)8% < g — hy therefore at least one “good™ cholee
of g yields |Xpqr| = 2f. But then Lemma B leads to a contradiction, because we
obviously cannot have 2% < B, < 2(h—172

Corollary M. Multiplication by cortain constants, modulo 2%, requires 0{logn)
atops fn an w-hit broadword chaln,

Proofl In Hack 167 of the classie memorandom HAKMERM [BM.IT. AL Lab-
aratory, 1972), Richard Schroeppel obserasd that the operations

¢ ((ox) mod 2%) &b, g+ ((e) mod 27) 3 (n— g) [1ong)
compute y = =" whenever n = ¢° and 0 < » < 25 ysing the constants o =
[(Ents — 1) f(20+ — 1), b =291 [ — 1)/(2¥ — 1), and & = (2= — 1) /(291 —1).
[Se psppreiae 123.)

At this point the roader might well be thinking, “Okay, T agree that heoad-
word clhalng sometines have {0 be ssymptotically long. But programmerss needn't
be shackled by such chaing; we can wse other technigues, like conditional branches
or references 1o precomputed tables, which go bevond these restrictions.™

Riglt. Awnd we'se o luck, because broadword theory can also be estended
o more general models of compatation. Coensider, for example, e follow-
ing ldealization of an abatract reduced-instruction-set computer, called a basic
RAM: The machine has n-hit cegisters #. ..., ry, and n-bit memory woreds
{M0),..., M[2™ —1]}. It can perform the instructions

:‘i-l—:l‘_-izl::l‘gl Fi+F; O FE, 1‘{{—1‘:,:}1‘*, i +— &, _

ri + M[r; mod 2™, M|rj mod 2™ + rq, (10
where o 15 any bitwise Boolean operator, and where rg In the shift instruction is
treated as a signed integer In two's complement nodation. The machine 5 also
able to braneh if r; < rj, treating r; and »; as unsigned integers. Its stale is the
eatice contents of all pegisters and memoey, together with a “progran countes”
that polnts bo the cuerent Instrection. ks program beging in a designated state,
which may lnclisde peecomputed tables o memory, and with an n-bit lnput
value x in register ry. This initial state is called @(x, 0), and Q(x, t) denotes the
state alter ¢ instructions have been performed. When the machine stops, # will
contain some n-bit value f(x). Given a function f(x), we want to find a lower
bound on the least ¢ such that ry s equal to f(x) in state Q(z, ¢), for 0 < & < 27,

Theorem R'. Lot ¢ = 275 A basie o-hit RAM with somory paramseter i <
1= reguires at least g lg n—e steps to avaluate the ruler fenction px, asn — oo,

Proof Let n = 22" g0 that m < 27°7'-% | Exercise 124 explains how an
omniscient observor can eonstruct a broadword chain from a cortain class of
inputs #, in such a way that each ¢ causes the AM to take the same branches,
ae the sare shiflt amounts, and refer to the same memory locations. Our earlier
methods can thon e wsed o show that this chain has length 2= F.

A gkeptical reader may still object that Theorem R’ bas oo practical value,
because 1glg o never exceods 6 in the peal world. To this argument theee s no
rebarttal. But the following result is slightly moee relevant:

HAKMEDM

Schriapgpel
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Theorem P'. 4 basic n-bit RAM requires at Jeast ;lrlg_:iu steps o compute the
g-hit reversal 2% for 0 < ¢ < 29 i g < n and

htl B
W1 h—l.ﬁ.l- [104)

Proofl An argument like the peool of Theoretn B appears o exercise 125,

Lemusa B oand Theorems R, P, B, P' and thelr corollanes are due to
A Begdnilk, P. B, Milvessen, and J. 1. Munen, Lecture Nobes o Comp. Sei
1272 (1997), 426439, based on earlier work of Miltessen o Lactire Notes in
Comp. Sef. 10940 (19464, 442-451.

Many unsolved questions remalin [soee exerclaes 126-1300. For example, does
sideways addition requiee O logn) steps o an n-hit broadwosd chain? Can the
parity funetion (pz)mod 2, or the majority funetion (vx) > n/2, be computed
brosdwordwise in O(log logn) steps — or even perhaps in constant time?

maxim, 1 +lgn)] <

Anapplication to directed graphs. Now Lets use some of what we've learned,
by implementing a simple algorithm. Given a digraph on a set af vertioes V), we
wrlte w — o when there's an are from # to v, The reschability problem s to
find all vertices that lke on ofiented paths beginning in a specified set Q@ C W
in other words, we seek the set

R = {v|u—"vfor someu € G}, (107}
whore @ —" o means that there s a soquence of @ aees
o=t — W —F - — i = for s £ = [k [108)

This problem anses frequently in practioe. For example, we encountessd i in
Section 2.3.5 when marking all elements of Lists that are not Ygarbage.”™

If the number of vertices is small, say |V < 64, we may want to approach
the reachahility problem in guite a different way than we did before, by worklog
directly with subsals of vertices. Leb

Sl = {r|u—u} T}
be the set of succesaoms of vertox u, for all & € V. Then the following algorithm
ia almost completely different from Algeeithoe 2.3.5E, yet it solves the same
abstract problem:

Algorithm R (Reochability). Given a directed graph, represented by the

successor sets S[u| in (10g), this algerithm computes the elements B that are

reachable from a given sot ).

R1. [Initialize.] Set & + @ and X + 0. (In the following steps, X is the subset
of vertices u € R for which we've looked at S[u).)

R2. [DoneT] If X = R, the algorithm terminates.

R3. [Examine another vertex.] Let o be an eloment of 8% X, Set X + XU {u},
R+ RUS[u, and return to step RZ. |l

The algeeithm is coreect because (1) every element placed inte B B reachahle;

(ii) every reachable element uj in (108) is present in A, by induction on §; and

(15} termination eventually occurs, because step BE always lncroases | X,
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To implement Algorithm R we will assume that ¥V = {0,1,...,n— 1}, with
fi < 64. The set X s conveniently represented by the integer o X) = 3 {2* |
# & X}, and the same convention works nicely for the other sets ¢, R, and
Slu]. Notice that the bits of 5[0, §[1]. ..., Sln— 1] are essentially the adjaceney
madrin of the given digraph, & explalned o Section T, but in lttle-endian oeder:
The “diagonal” elements, which tell us whether or not u € Su), go from right to
left. For example, if n = 3 and the arcs are {0—0,0—1,1—+0, 20}, we have
5[0] = (01)a and S[1] = S[2] = (001)2, while the adjaceacy matrix is [im).

Step 13 allows us to choose any element of /% X, 80 we use the ruler function
t 4+ plo(f) — o( X)) to choose the smallest. The bitwise operations require no
further teickery when we adapt the algosithm to HMIX:

Program R (Reachability). The input set Q is given in register g, and each
successor st §[u] appears in octabyte Mg[sue + Su). The output set & will
appear in reglster r; other regisbess s, €, t8, v, and x hold Intermsediate reaults

At 1M SET r.q 1 RI Initialize. T — =)},

e SET x=,0 1 = + aifl).

(k) JHF ZF 1 To K.

4 3H SUEU tt,t,1 i . Examinc anpther vertex., tt 4+t — 1.

(153 SADD w,tt,t | u 4 plt) [see (48)]-

i LU s=,u,d | 8 +— Hu.

a7 LDOU & ,suc, s | a8 + ai 5[]}

15 ANDN t&,t,tt | tt +— bl ~tt = 2.

(L] OR x=,x,tt | X +— X U {u}; that is, x + = | 2, since x = o X').
g OB «r,r,s i fi +— L Su); that s, © + 1 | 8, since © = g i),
i1 2H SUED t,r.x Rl+1 R Done? t+1—x=a(f\ X)), since X C A
ig PENZ t,3B R+1 ToeRIEREX. |

The total running time s (g + 9v)|R| + Te. By contrast, exercise 131 imple-
meents Algorithm R owith linked lists; the overall execution tioe then grows o
(35 +4|R| —2|Q|+ 1)p+ (55 + 12| ] - 5|¢} +4)v, whese § =3 __ o |S[u]|. (But
of course that program is also able to handle geapls with millions of vertices. )

Exercise 132 presents ancther instructive algorit hin where hitwise opeeations
work nicely on not-too-large graphs.

Application to data representation. Computers are binary, but (alas?)
the world =n't. We often must find & way o encode noabinary data into O
amd 1a. Oone of the most eommon peoblens of this sort 18 (o choose an efficlent
representation for lbems that can be o exactly theee different states.

Suppose we know that © € {a,be}, and we want to represent x by two
hits #per. We could, e example, map o — 00, & — (0, and ¢ — 1k But thoere
are meany other possibilities — o fact, 4 cholees for a, then 3 cholees for b, and
2 for o, making 24 altegether. Some of 1heste mappings might be much easier 1o
deal with than others, depending on what we want to do with x.

Given two elements &,y € {a, b, e}, we typically want to compute = = x oy,
for gome binary operation ¢ If # = fixy and § = e then 2 = zp50, when

a= filer 2 pe)  and  z= f(E e g i) [110]
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these Boolean functions fi and e of four varables depead oo ¢ and the chosen
representation. We scek a repeosentation that makes f; and [ easy 1o compuate.

Suppose, for exarople, that {a,b,c} = {-1,0, +1} and that ¢ is multiplica-
tioa. IF we declde to use the natural mapplong £ — 2 mod 3, namely

00—+ Ok, +1 i1, —1 —+ 1k, (141}
g that © = ®_ — #;, then the truth tables for f; and [ are sespoetively
S Q0000 w01 Dosobonn anqd Te o Q00010001 « xxies, [112)

[There ape soven “dont-cares” for cased wheso #9%,. = 11 andjor i = 11.)
The methads of Section T.1.2 tell us how to compube 2 and = optimally, oaoeely
n=[mamrlnaw) HZ=(@mew)slzan): (113)

unfortunately the functions f; and f, in (112) are independent, in the sense that
they cannot both be evaluated in fewer than Cf}) + C(f,) = 6 steps.
O the other hand the somewhat less natural mapping scheme

+1 i+ (Hl, 0 — 01, —1 10 [114)
leads to the transformation functions
T Q0L D00 L0k anqd Tr o+ D11 10l e sy, [115)
and three operations now suffice to do the desieod evaluation:
=2V, L=l EW AE (116}

Ia these an easy way Lo discover such impeovementa? Fortunabely we don't
meed Lo tey all 24 possibilities, becadnse many of them are basieally alike. Fos
example, the mapping ® — 2.2 18 eguivalent to ® — 2o, because tho new
representation w2’ = ¥ r, obtained by swapping coordinates makes

ﬂ[.‘l‘.‘:,.‘f‘:.: 1!{1“:-} = .EI =i = fr{-'rh Tnll'-l. !i"":l;
the new transformation functions ff and [ deflned by

flenxwnw) = e on e m). Dlretepnw) = filz 2w m)  (117)
hawe 1he same complexity as f; and .. Similarly we can complement a eeondi-
pate, letting xie! = P : then the transformation functions turn out to be
Flen e, wwe) = RiBL e T o). filon e, wowe) = fifn e fe),  (128)
and again the complesity is essentially unchanged.
Bepeated wse of swapping and for complementation leads (o elght mapplngs

that are equivalont to any given one. 5o the 24 possibilities reduce to only three,
which we shall call elasses I, 1, and II1:

Class 1 Class 11 Class I11

=+ OO 10 10 Oal) 10-CFL 11 00 C4L 260 10 O 10000 10 b0 10 11 00 10001 11
B 01 00 11 1010 00 11 (1 01 00 11 10 10:00 11 01 11 1000 (0 11 01 10 00; {119)
e+ 10011 00 OR1 61 10 R 100 B0 20k 01 00 10 00 10 CEh ) 000 10 160 20 Onk 11 00

maultiplicstion of mgned bita4
sigaec] hike, repmesantatice of
tdem'L-fumas

Z2-cuaba sguivalencs
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To choose a ropresentation we oeed consider only one representative of sach
clasa. For example, f o = +1, b =0, and ¢ = —1, repeesentation [111) helongs
tir class 11, and (114) belongs to elass I Class 111 turns out to have oost 3, Like
clasa I 5o it appears that representation (114) 1s as good as any, with £ coraputed
by (116), for the J-element multiplication problem we've been studying.

Appearances can, however, be deceiving, because we need not map {a, b}
imte wndgue teo-bit codes. Consbder the one-to-many mapplog

+1 —+ [, = 01 or 11, —1 = 1, [120)

where both 01 and 11 are allowed a8 representations of sero. The teuth tables
for f; and [ are now quite different from (112) and [115), becasse all inpats are
legal but some outputs can be arbitrasy:

T Qe lesrdor La{bbsohad amd fr o+ 0101111200001111. [121)

And in fact, this approach needs just two operations, instead of the tlees ln [116):

= B, 5 =2,V i [122)

A moroent’s thought shows that indesd, these operations obvlously yield the
product = x-y when the thees elements {+1,0, —1} are represented a8 in (120).

Suel nemanlgue mapplngs add 36 mose poasibilities to the 24 that se had
hefore. But again, they reduce under H2-cube equivalenes™ 1o a amall nurabes of

eqidvalense elasqes, Fisat these are thies elasses that we call TV, IVa, and 1V,
depending on which element has an amblguous representation:

Clas= 1V, Clﬂj‘_ IV, ﬂlﬂ.ﬁi IV,

=+ O O L 1o ) 0l #1 10 20001 00 11 01 20 (i 100 11 000 O 01 11 00 105
B 100 11 OO CFL O 10 00 100 O O 1 L b)) =1 %1 11 10000 040 10 01 10 005 [223)
e+ 11 10 00 (11 08 L0 O 20 21 O 08 (1 11 0 200 Qe O 1 1 =0 20 1 =1,

[Representation [120) belongs to Class TWVa. Classes TV, and IV: doa't work well
for # = #-.) Then there are thees [urther classes with anly four mapplngs cach:

E‘]af WVa Clasa Wy CLam_i Ve

arr bt H M # 10 11 00 01 01 00 11 16;
o 01 00 11 10 e fF #8010 11 00 01 [124)
¢ 0 11 00 01 M 0 11 10 & i o M.

These classes are a bit of a nuisance, because the indeterminacy in thele truth
tahles cannot be expressed slmply in terms of don't-cares a8 we did in (121). For
example, if we tey

41—+ O o 11, 0, =1+ 10, [125])

which s the Arst mapping in Class WV, theee are binary variables pgrst such that

Jr ++ pO g0 12010 A I 4+ pllgl 1100+ a1k [12fi)

ne-lo-many mapping
dem'L-rauras

2-caba sguivalenss
tom'L-rauras
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Furthermaore, mappings of classes Vo, Ve, and Ve almost never turm out to
be better than the mappings of the other six classes (soe exercise 138). Seill,
representatives of all nine classes st be excamined before we can be suee that
an optimal mapping has boen found.

In practies we often want to pecform several different operations on ternarcy-
valued variables, not just a single operation ke multiplication. For example, we
might want to compute mae(r, y) as well as -y, With representation (120), the
best we can do B8 5 = 2 Ay, 5 = (2 A e )V (20 A (g Vi) ); but the *natural”
meapplng (1i11] now shines, with 55 = & A, 2 = 20V ge. Class I twens out
tio have cost 4; other classes are infertor. To choose Between classes 11, 111, and
IV, in this case, we need to know the relative frequencies of x-y and max(z, i).
And if we add min(z, i) to the mix, classes IT, 111, and IV, compute it with the
respective coats 2, 5, 5; henes (121) looks better yet.

The ternary meax and min operations arise also in other contexts, such as the
three-valued logie developed by Jan Lukasiewles in 1917, [See his Selected Works,
edited by L. Borkowski (1970), 84-83, 153-178.] Consider the logical values
“true," “[Else,” and “maybe” denoted respectively by 1, 0, and =, Lukasiewlicz
defined the three basle operations of conjunction, disjunction, and implication
o these wvalues by apecilying the tables

] I ir
e, e e,
=1 0+ 1 =1
0o oo oo 1 111
.-r{-tn:t. .t{tttl: ".t{ttll- [127)
1{0 = 1 11111 110 = 1
2AY Wy F =g
Foe these opesations the meethods above show that the hinary representation
0 — (HE, & — [, 111 [128)
wiorks well, because we can compute the logheal operations thus:
e Mt = (BAmdenw), mEc Vo = (Evalie v ), (120)

T, = wive = (2, S o) A (8 A g ) AR

Of eoarese 2 mecd Bot b an Boelated ternary value in this discusaion; we often

want to deal with ternary veclors 2 = 2923, .. 2, where each x; s either o, b,
or & Such ternary wectors aro conveniently represonted by two binary vectors

¥y = Eglyp .. By atied Fpo= My Ba oL E [150]

where ®; — 2;r;, &8 above. We could also pack the ternary values into two-bit

flzlds of a single vectoe,
£ = LUENrENED - .. XuiTrr } [131)

that would work fine iF, say, we're doing Eukasiewicz logie with the operations &
and v but not =. Usually, however, the two-vector approach of (130) is better,
because it lets us do bitwise caleulations without shifting and masking.

MmN
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Applications to data structures. Bitwlso operations offer many efficient ways
to represent elements of data and the mlationships between them. For example,
chss-playing programs often use a “hit boaed™ to repeesent the positions of
pieces (soe exercise 143).

In Chapter 3 we shall discuss an bmportant data steacture developed by
Peter van Emde Boas for representing a dynambcally changing subset of integess
between F and N, Insertions, deletions, and other opesations such as “fod the
largest element less than 27 can be dooe in O log bog &) steps with his et hods;
the general idea s to organize the full steuctune recumsively as OV substractuces
for subsets of intervals of size +/N, together with an auxillary structure that
tells which of those intervals are occupied. [See Information Procossing Letters
6 (1077, 80-82; also P. van Emde Boas, R, Kaas, and E. Zijlstra, Math, Svatems
Theory 10 (1077), #0127 Bitwise operations make those computations fast.

Hiesarchical data can sometimes be arranged so that the links between
elements are lmplicit rather than explicit. For example, we studied “heaps”
in Section 523, where i elements of a sequential array lmplicitly have a binaey
tree structure e

AL 0T
ool Bt
;)/CT-.;IH ':_H'(J{I"?' @1007 1@}mﬂ -;pngz.I pop
{3%{9}-3@‘ (1000 100 T (T010;

when, sy, i = 10, (Node numbers are shown heee both in decimal and binary
notation.] Theee s oo need to store pointess In memory to felate node § of &
heap to its parent (which s node § 2% 100 § #£ 1), or to its sibling (which is node
F@ LM # 1), or to ita children (which are nodes § 4 1 and [§ <2 1) + 1 if those
numbers don't exeesd 1), because a slmple caleulation leads directly from 7 to
anmy dealeed nelghbor,

Siroilarly, a sideways heap provides inpplieit links e anotlber useful family
af #i-mode hLuarJ.- tree structures, bypifled by

| o0
ar B 1007 T 1100
F%‘Lz“j 1@’ T o e aue 09
(HEHEHTHE) Inmm.‘hsml1..-«smnu:|':ﬂ111“:m-=11':a

when i = 1) [We sometimes nesd to go beyond n when moving from a node to
its parent, as o the path froon 10 2o 12 to & shown here.) Heaps and sideways
heaps can both be regarded as nodes 1 to w of ffindde binary troe structures:
The beap with n = o0 is rooted at nodde 1 and has no leaves; by eooteast, the
sideways heap with 1 = oo has infnitely many leaves 1, 3, 5, <. ., but oo root(!).

The leaves of a sldeways heap are the odd aumbees, and thelr paronts ane the
add multiples of 2. The grandparents of leawes, sinllarly, are the odd mltiples
af 4; and a0 on. Thus the ruler function gy tells how high node § i above leal Level.

The parcat of node § in the infinite sideways heap 15 easily secn o be pode

(i— k)| (ka1),  where k= j& —j; [134)

=

bat hard
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this gquantity is § rounded to the nearest multiple of 2'+#7. And the children are

j—(k=1) and j+(k=1) (135)
when § 18 even. In general the descendants of node § form a clesed lnterval
[f—2°F 41 .. j+27 —1], [16)

arranged a8 a complote binary tree of 217 nodes. The aneestor of node § at
helght A ls node

Glitah))&—(1ah)=(F=h)|1)<h (137)

when ke = pg. Motice that the symmetric ardor of the nodes, also ealled Inoeder,
ia just the natural osder 1, 2,05, ...

Dow Harel noted these properties in his Ph.D. tleais [T, of Califpenia, Irvine,
1880, and ohserved that the mearesd comrnon ancestor of any two nodes of &
slideways beap can also be easily caleulated. Indesd, I node [ is the nearest
commaon ancestor of nodes & and §, wheee ¢ < §, theee 5 a remarkable identity

pl = maxfpr |i<x<j} = Mik i), (138)

which relates the o and A funetions. (See eseeciso 146.) We can thoeeefoee wse
Fovrrimiala {13?] with b = Al & —i) vo caleulate 1.

Subtle extensions of this approach lead to an asyraptotically efflcient algo-
rithin that Ands aearest common ancestors o angy ofiented forest whose accs
grow dynamically [D. Harel and R. E. Tarjan, SICOMP 13 (1084), 338 355).
Baruch Schieher and Uzl Vishkin [SICOMP 17 (1938), 12531262 subsoquent Ly
diseowersd & much slmpler way o compute Deafesl eommoen ancestors o an
arhitrary [but Axed) oslentod foeest, using an atteactive and instructive blend of
bitwise and algosithmic technigues that we shall conalder next.

Raecall that an ofented foeest with m trees and n veetices s an acyclic
digraph with n — i ares. Theee bs at neest ooe are from each vertes; 1he vertioes
with out-degees zero are the roots of the teecs. We say that « s the parend of
when w — w, and # 15 an eneestor of u when @ —" o, Two vertices have a
common ancestor i and only if they belong to the same teee. Veetes w15 called
the nearest eoorson ancestor of o and o whon we have

w—" zamd o =" 5 il and only w0 =" = [1349]
Sechieber and Vishkin preprocess the given forest, mappiog ibs vertioes nto
a sldeways heap 5 of sige fn by computing three quantities foe each vertox
mir, the rank of v in preorder (1 < o < n);
Av, a node of the sideways heap § (1 < Fv < n);
av, a (1 4+ An)-bit routing code (1 < aw < 20+3=),

If o — © owe have mi > 7o by the definition of proorder. Node o s defined to
be the nearest common ancestor of all sldeways-heap nodes oo such that o ls an
ancestor of vertex w. And we define

ol = E{EF‘H‘”M—F" wr. (140
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Foe example, heee's an orienbed forest with ten vertioes and two toees:

@ @
@r Eﬁu fﬁf}“ [1gd])
EDa ﬁj:-‘bﬂ'? (o

(e

Eaclh node has been labeled with its peeorder rank, from which we can compate
the @ and o codes:

vw= A B & D E F G H I J
mu = 0001 1000 (A0 Q00 1001 0011 0101 0111 1010 0110
Aw = 0100 1000 (A0 (00 1040 0011 0110 0111 1010 0110
et = 0100 10080 0110 Qa00 1040 0111 0110 0101 1010 0110
Motice that, for instance, 34 = 4 = 0100 becauss the preorder canks of the
deseendants of A are {1,2,3.4,5,6, 7} And o = 0101 becauss the ancestoss
of H have @ eodea {AH. AD, G4} = {0111,0100}. One can peove without
difficuley that the mapplng © — Sv satisfes the following key propertics:
i) If ¢ — % In the forest, then #w is & descendant of fr in 5.
ik} If several weetloes have the same value of Je, they form & path o the forest.
FProperty (i) holds beeauss exactly one child « of # has fu = Gv when So £ 7o
MNow let's imagine placing every vertes o of the foeest into node @v of 5:

T R
DI T aea I T
(DTG o I s-ans I e [142]
hoati 011 rec (OLOLY 111} &0 -:jmﬁ}

IF E vertioes map into node §, we can arrange them lnto a path

thy =+ A =k - — g —F Bk, wh.u‘:t'-l‘:,l?1.m=,|31'.'|=---=ﬂ1'-'.l:—l=_ﬂ-- [1'1:'”
These paths are illustrated o (142); for excample, J — & — D s a path in [141),
and “iva—o' appears with node 0110 = 540 = 5.

The preprocessing algorithm also compubes a table 7§ for all nodes § of S,
contalning poloters to the vertioes vy at the tall ends of (143):

4 = O 0010 0011 0000 0101 0110 0111 10000 1000 1060
ri= A A O A A DDA A R

Esercise 149 shows that all four tables =4, Jo, aw, and 7§ can be propared in
CHn) stepa. And onee 1hose tables are ready, they contaln just enough inforna-
tion o identily the meamst comimon ancestor of any two given vertices quickly:

Algorithm V (Nearest commen ancestors). Suppose muv, Gv, av, and vj are
koown for all 1 vertioes o of an oelented loeeat, and for 1 < 7 < 0. A dunsooy
vierbex A 8 also assumed to be peesent, with 7A = 38 = A = 0. This algorithm
computes the nearest common ancestor £ of any given vertloes ¢ and g, returning
#= A if ¢ and y belong to different trees. 'We assume that the values Aj = |1g7|
have been precomputed for 1< § < 5, amd that Al = An.
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V1. [Find common beight.] If 8z < 3y, set b + MGy & —fFr); otherwise set
hio+— Aldx & —fy). (See (138).)

V2. [Find true height.] Set &+ oor & oy & — (1 42 k), then &+ Ak & —k).

V3. [Find fz] Set j « ((Az 3 h) | 1) < h. (Now j = fz, if 2 £ A)

V4. [Find £ and §.] [We now seck the lowest ancestors of ¢ and y in node §.)
If j = A, set & = x; otherwise set [+ Aoz & ([1 4 h) — 1)) and £ =
r(((fx @ 1) | 1) < ). Similarly, if § = By, set § = y; otherwise sot | «
Afoy & ((1 < k) — 1)) and § = r{[{Fp 2 D | 1) <)

V5. [Find z.] Set = + & if m# < xf), otherwisa z — §. |

These artful dodges obviously exploit (137); exercise 152 explaing why they work.

Shdeways heaps can also be used to lmplement an intereating type of pelority
quene that J. Katajaloen and F. Vitale call a “navigation pile," illustrated hope
for n = 10

b .

'l.l lll.-:-___.'—'—g .-__.-?-':'

g
A B A e

| B0 0ET 513 061 | 908 | 170 275 | 58T | 653 | 426 |
Data elements go loto the leal pesitions 1, 3, ..., 25 — 1 of the sideways heap;
they can be many bits wide, amd they can appear in any order. By eontrast, sach
branch position 2, 4, 6, ... cootalns a pointes to its largest descendant, And the
nowel podnt s that thess pointers take up almest oo exctea space — fewer than two
hits por item of data, on average — because only one bit 18 needed for pointers 2,
6, 10, ..., ooly two bits for pednters 4, 12, H), ..., and ooly pj for poloter § in
genecal. [Sew exercise 153 Thus the navigation pile requires veey Little memorey,
amd it behaves nicely with respect 1o cache performance on a typleal compater.

R ST

/.';"G ol R
i ":'-I'.";

. i
- \ Fig. 13. Two views of fve lines
- B . -
= QE"‘:?“ Qr @ in the hyperboli: plane.
™ P
"

=2ells in the hyperbolic plane. Hyperbolie goomelsy suggests an instructive
implicit data structuee that bas a eather different Bavor. The hyperbolic plane ia
a fascinating example of noo-Euclidean geometry that is comvenlently viewed by
peojecting its polats into the interios of & clrcle. Its straight loes then hecoome
circular arcs, which meet the rim at right angles. For example, the lines PP,
G, and RR' in Fig. 13 intersect at points 2, 4, B, and those points form &
trangle. Lines S and QQ are paradlel: They newver touch, but their points
get cloger and closer together. Line QT is also parallel to Q".

prrarity uays
Flakajaicen
Vikala
nawigalion pile
temecha
hyperhels plans

noa-Euclidean geamatry
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We get different views by focusing on different center polnts. For example,
the second view in Fig. 13 puts (0 smack in the conter. Motioe that il a llne passes
through the very center, [t pemalns straight after belng projected; such diameter-
spanuing chosds are the special case of a “clecular aerc” whose radius s inflnive.

Most of Euclid's axioms for plane geometry retnaln valid in the hyperboalic
plane. For exarople, exactly ooe line passes through any two distinet podnts; and
if point A lies on line PP’ there's exactly one line (' such that angle PAQ has
amy given value &, for (0 < @ < 180", But Euclid’s famous Bfth postulate does nod
hold: IF point & s ned on line (0, theee always are exactly bwo lines through O
that are parallel to Q. Furthermore there are many paies of lioes, like RE
and 5Q" in Fig. 13, that are totally digjoint or wlraparallel, in the sense that
their points never become arbitrarly close. [These properties of the hy perbolic
plane wore discoversd by G Saccheri In the early 17008, and made elgoeoas by
N. I. Lobachevsky, J. Bolyai, and C. F. Gauss a century later.]

Quantitatively speaking, when points are projected onto the unit disk |2|< 1,
the are that meets the circle at e® and e~ has center at sccf and radius
tand, The actual distance betwoen two points whose projections are @ and ' s
dz, ') =In(|1 — 22| + |2 — |} — ln(|1 — 27| — |2 — £'|). Thus objects far from
the centor appear dramatically shrunken when we see them near the clrele’s fim.

The sum of the angles of a yperbolle telangle s always less than 180°. For
example, the angles at ., A, and B in Fig. 13 are respectively 907, 457, and 367,
Ten auch F-457-90¢° trangles can be placed together to make a regular pentagon
with 907 angles at each corner. And four such pentagons [t smagly together at
thedr corners, allowing us to tile the entiee hyperbolic plane with eiglt regular
pentagons (see Fig. 14). The edges of these pentagons form an interesting family
of lnes, ewery two of which are clther ulieaparallel or perpendicular; so we hawe
a geld structure analogous 1o the unit squares of the ordinary plane. We call it
the penidagrid, because each cell now has fAve nelghbors instead of four,

There's a nbee way to navigate in the pentagrid using Fibonaoel numbers,
based on idess of Maurice Margenstern [soe F. Herrmann and M. Margenstern,
Theoretical Comp. Sci. 206 (2003), 345-351). Instead of the ordinary Fibonaced

sequence (Fu)b, however, we shall use the negaFibonacs numbers {F_n}, namely
F =1 F 3=—1,F 3=2 F=-3,..., F_,={-1"""F,.  (145)

Exercise 1.2.8-34 Introduced the Fibonace] oumber system, o which every non-
negative lnteger & can be weltten woiguely in the form

e=F, +F. +---+F, wheee Ky = kg 2= - 2 k= 0 [146)

here *f - K" means Y5 > B2 But there's also a sepaFiboniooct namber system,
which suits our purposes botter: Every fnteger &, whether positive, negative, or
gerg, can be wrilten ualijuely o Che form

*=Fg, +Fiz +---+ Fi, where ki == ka == --- == & =< L. [147)

For example, d = 5 —1=F s+ Fgand -2 = —-3+4+1=F_4+ F_y. This
representation can convenicntly be expressed a8 a binary eode o = .. asazag,
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Fig. 1d. The peotagrid,
in which identical pentagons
tile the hyperbolic plyee.

A clrewar regular tling, confined an ail sides
by fnflnidaly small shapes, 18 realy wionderfio.

— M. . EECHER, letter to George Escher {9 Movernber 1958%

standing for N{a) = 3, apF_g, with no two 1a in a row. For example, here are
the negaFilonacel repeesentation codes of all integers between —14 and +15:

=14 = 1001010 —8 = 100000 —-2=1001 4= 10010 10 = 100K
=13 = 11011 =T =100001 —1=10 B = 1000 11 = 1001001
=12 = 101010 —fi = 100100 =1 i = 10001 12 = 1000010
—11 = 101K =5 = 100101 1=1 T = 10100 13 = 100K
=1 = 1010 —4 = 1011 2 =100 & = 10101 14 = 1000

=& = 1N =3 = 10 J=1n 0= 1001010 15 = 1000100

As in the negadecimal systern (soe 4.1-(6) and (7)), we can tell whether = is
negative or oot by seedng i its representation has an even or odd number of diglts.
The predecessor a— and suscessor a4 of any nogaFlbonaced binaey code o
can be computed recursively by using the rules
[al)— = o, (a0D))— =alll, [all))—=ob0l, (ol0)— = (o )01,
(0l + = o),  (oll)+ = all, (el)+ = (o). [148)
(S exercise 167, But ten elegant 2-adic steps do the caleulation dicectly:

¥ ES 0, £+ &y 1), where 2 = [a)s;
x| {wlizal)) [149)
w2 2@ (24 1) 3 2); then w = (o).

W just wse g —1 in the top lne to get the predecesaos, ¢+ 1 Lo got the suecosaos.

nagailscamal epabem
P
magic mask
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And now hese's the polnt: A negaFlbonaced code can b assigned to sach
cell af the pentageid o such a way that the codes of its Bve neighboes are casy 1o
compute. Let"s call the nedghboss «, &, e, w, and o, for “nocth,” “south,” Yeast,”
“west,” and “othes™ I is the code assigned to a given cell, we define

=l a,=add o, =0t e = o (1509
thua e, = e, and also o, = (001), = o, The “other™ direction is trickior:

N dint. Hakl=1;
" | aw—, Fakl=0

For example, 1000, = 101001 and 101001, = L. This mystesious interlopes
lies between morth and east when o ends with 1, but betweon north and sest
whit o cids with (.

If we chogae any cell and label it with eode O, and i we also choose an
orientation s that its nelghbors aee n, &, 8w, and o o clockwise oedee, rules
[150) and (151) will assign consistent labels to every cell of the pentagrid. (See
exorcise 160L) For csearmple. the vicinity of a cell labeled 1000 will loodk Ll this:

[i51)

[152)

The code labels do not, howeser, identify cells unigquely, because infnibely
meany oells pecelve the same label. [Todesd, wo cdearly bave O = 0, = 0 and
lew =1 =1.) To get & unigue ldentifier, wo attach a second coordinate so that
each moll's full name has the form (d, i), where ¢ 15 an ioteger. When ¢ 15 conat ant
and ¢ ranges over all negaFlbonaced eodes, the cells (o, ) form & mose-oe-less
hook-shaped strip whose edges take a 90° turn next to cell (0, ). In general, the
five neighbores of (o, i) are (o ghn = (0m, 5 + dnle)), (0 0)e = (o, w + da o)),
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(e, ) = (ere, 4+ dela)), (o, g)w = (oo, ¥ +dwla)), and (&, ¥} = (o0, g +8a(ax)),
whiere

dnlo) = [e=0], &lo)=—[a=0], &la)=0, flo)=—-|la=1];
signfer, — o, Mo, & o, =0], Hakl=1;
algnfeo, — oy o, & o, =0], Takl=0
[Sez the Hustration below.) Bitwise opoerations now allow us 1o suef the eotiee
hyperbolle plane with ease. On the other hand, we could also lgonoee the g
coordinates as we mowve, thereby wrapplog arcund a “hyperbolic eylindaer™ of

pentagons; the o coordinates deflne an loteresting multigraph on the set of all
negaFibonace] eodes, in which every vertex has degree 5.

falee) = { [153)

[154)

Bitmap graphica. Ii's Tun to welke programs that deal with pletures and shapes,
because they Involve our beft and right beains slltansously. When image data
18 lowvolved, the results can be engrossing even i there are bugs in our eode.

The baeok you are now resding was typeset by soltware that treated each
page as a gigantic matrx of (s and 15, called a “raster” or “bitmap" containing
millions of aquare pleture elements called “pixels.”™ The rasters weee tranamitied
to printing machines, cavslng tiny dots of ink 1o be placed whesever a 1 appeanesd
in the matrlse. Physical properties of lnk and paper caused those amall elustess
of dots to look lke smooth curves; but each plweel’s basic squareness heconees
evident il we cnlarge the Images tenlold, as in the letter *A" shown in Fig. 15(a).

With bitwise operations we can achiowve apeclal effects like “custering,” o
which the black pixels disappear when they ace surrounded oo all abdes:

(a) by Y '~,1 Fig. 15. The letter A,
i o before and after custering.

ey limedir
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This operation, lnteeduced by R, A, Kiesch, L. Cahn, . Ray, and G. E. Usrban
[Proe. Eastern Joint Computer Confl 12 (1957), 221-220], can be expressed as

custer(X) = X&~((XY1E (X 2 1) & (X 1) (XA1)), (155

where "Xl and X &1 stand respectively for the result of shifting the bitmap X
down or up by one row. Let us write

X,=X#l, Xp=X=2l X=Xzl X =Xal [156)

for the 1-pixel shifis of & bitmap X. Thon, for ecaraple, the symbolie exproession
‘Ko & (X5 | X)) evaluates to 1 in those pixel positions whose northern neighbor
ia black, and which also have either a black nelghbor on the sputh side or a white
neighbor to the east. With these abbreviations, (155) takes the form

custer( X ) = X &~ X, & X & X & X)), [155])

which can also be expressed as X & (X, | X, | Xg | XL

Ewvery pixel has four “rock-neighboes.” with which it shares an edge at the
top, loft, eight. or bottom. It also has elght “king-nelghboes™ with which it
shares at loast one corner polot. For example, the king-neighbors that e to the
northeast of all pleels in a bitmap X can be denoted by X o which ls equivalent
ton [ Kyl in pieel algebra. Notioe that we also have Xyg = (Xg)u.

A G x 3 eellulor automaton 8 an areay of pixels that changes dynamically
via a sequence of local transformations, all perfoemed simultaneously: The stabe
of each plxel at time ¢ + 1 depends enticely on its state ab thooe £ and the states
of s king-neighbors at that time. Tl the avtomaton deflies a sequenee of
bitmaps X™, X1, X% .| that lead from any given initial state X", where

x00 = pixdd x xld xPox xl0 xl xlo xlh (158)

and [ & any bitwise Boolean function of nine variables. Fascinating patterns
aften cmerge in this way. For example, alber Martin Gardoer introgduced John
Conway's game of Life to the world in 1970, more compater time was probahly
devoted to studying its implications than te any other coropuatational task durlong
the next sevoral years — although the people paying the computer bills woee
rarely tald! [Seo exercise 167.)

There are 2512 Boolean functicns of nine variables, so theee are 2512 difforent
3 ® 3 cellular automata. Many of them are teivial, but most of them peobahly
hawe such complicated hehavior that they are humanly impossible o understand.
Foetunately there also are many cases that do turn out to be useful in practice
and much essier to justify on economie grounds than the simulation of & game.

For example, algorithms for recognlzing alphabetic charactons, Angerprints,
o almilar patberns often make use of a “thinning” process, which remwoves sxcess
black pixels and peduces cach component of the mage 1o an undeelying skeleton
that ks comparatively simple to analyze. Several authors have proposed cellulas
automata for this problem, beginning with D. Rutovite [J. Roval Stat. Society
A129 (1066), 512-513) who suggeated a 4 x 4 scheme. But parallel algorithmsa
are notorbously subtle, and Haws tended to turn up after various methods had
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Cawsa
Fig. 18. Example Hall
‘ resules of Choe and :‘f:;‘:;""."';!fn '“'.“';"f"
Hall's 3%3 automs= vlhmrb il
‘ aton for thinning Rumenfald

the components of o
bitmap. {*Hollow™
pixels were origi-
nally bladk.)

been published. For cxample, at least two of the black pixels in & compoment Lke
W should be removed, yet & symmetsical scheme will arroneously erase all four.

A satisfactory solution to the thinning problet was Boally Found by Z. Guo
and R. W. Hall [CACM 32 (1939), 350-373, 750, using & 3 » 3 automaton that
imvokes alternate rules on odd and esven steps. Conslder the funetion

F( 2w, B, Eun, B, E, En, Pow, Eo, Xan) = EAG(Zaw, ... Pw, Er, .-, Faz),  [150)
where g = 1 only in the following 37 confligurations surrounding a black pixel:
dnavsrseed il dd AP AFEEsE" T LFEATEYFE

Then we use (158), but with f{Tuw, £u, Tue, Tw, T, Iz, Faw, L3, Te ) replaced by
ita 180° rotation f(Eu, s, Tow, T, T, T, Lum, B, Taw ) 00 even-numbered steps.
The process stops when two consecutive cycles make oo change.

With this mile Guo and Hall proved that the 3 = 3 automaton will peeserye
the connectivity steucture of the meage, o a strong sense that we will discuss
below. Furthormore thelr algoeithm obviously leaves an image jotact if it s
already so thin that it contains oo throe pixels that are king-nelghbors of sach
ather. On the other hand it vsually sucoseds In “removing the meat off the
bomes” of sach black component, as shown 1o Flg, 16, Slightly thinner thinnlog
ia obtalned in certaln cases if we add four additional conflgurations

fTELTEK [160)

tor the 3T lsted above. In elther case the Munction g can be evaluated with a
Boolean chain of length 256, (See excreises 170-172.)

In general, the black pixels of an image can be grouped oto segments or
components that are EHngomise connected, in the sonse that any black plxol can
be meached feom any other pixel of s component by a sequence of king moves
through black pixels, The white pixels also form components, which are rookunise
conmected: Any two white cells of & component afe mnstually reachable via sook
mwvies that touch nothing black. 1" best o use diffesent kinds of connectedness
fior white and black, in oeder to peeserve the topologleal concepts of “inside” and
“putaide” that are Fmiliar from continuous geometry [see A. Rosenfeld, JACM
17T (1970), 146-160). If we imagine that the corner points of a raster are black,
an infAnitely thin black curve can cross between plxels at a coener, but a white
curve cannot. (We could also imagine white cormer points, which would lead to
ronkwise connectivity for black and kingwise conmectivity for white. )
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time = time = 1 time = 3

(a) () ()
Fig. 17. The shrinking of a Cheshire cat

An amusing algorithio for sheinking a pletwre while preserving s connee-
tivity, exeept that lsolated black or white plxels disappear, was proesented by
&, Levialdi in CACM 15 (1972), T-10; an equivalent algoritho, but with black
and white reversed, bad also appeared in T. Beyer's PhoDn theals (MUUT., 1940,
The klea k= to wse a cellular automaton with the slople teansition funetion

F (s Tors Tyems Tups Xy By Taggs Fgs Bup) = (2 A ([ BVl Vi )|V [Bwizg) [162)

at each step. This formula s actually a 222 eule, bt we atill need & 3= 3 window
il woe want to heep track of the cases when a once-pixel component goes away.

For example, the 25 = 30 pictuee of a Cheshice cat in Fig. 17(a) has seven
kingwise black components: the outline of its head, the two earholes, the two
eved, the nose, and the smile. The result after ooe application of [164) 5 shown
in Fig. 17(k): Seven components fensaln, bat there's an Bolated polot in ooe ear,
and the other earhole will become solated after the next step. Heneo Fig. 17(¢)
has only Ave components. After six ateps the cat loses its noso, and even the
smle will he gooe at time 14, Sadly, the last bit of cat will vanish during sbep d6.

At meat M 4+ N — 1 tramsitions will wipe out any W = N pletuce, hecause
tlae lowest visible morthwest-to-southeast diagonal line nwoves relentlessly upwand
each tlme, Exerciaes 176 and 17T prove that different components will neves
mwerge bogether amd interfere with each other.

O couese this cuble-time cellular method lan't the stest way o count of
identily the compononts of a pleture. We can actually do that job “ooline”
while looking at a large lmage one row ab a time, oot bothering to keep all of
tlae presiously scen pows o meemory I we don’t wish to look at 1hem again.

While we're analyzing the components we might as well also secoed the
relationships between them. Let's assume that only Anitely many black pixels
are present.  Then there's an onfloite component of white pixels callsd the
tackground. Black components adjacent to the background constitute the msaln
ofgects of the image. And these objects may o turn have koles, which may serve
as a backgeoumd for another lowel of objects, and so0 on. Thus the conoected
components of any Aolte pleture form & hierarchy — an ofiented teee, roobed at
tlae background. Black components appear at the odd-numbesed levels of this
troee, amd white compoments at the even-numbersd lewvels, alternating betweon
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time = 5 time = 10k time = 3

(d) (e) (£
by repeated application of Levialdi's transbormation.

kingwise and mokwise connectedness, Each compoaent except the background ia
surrounded by 118 parent. Childless components are said to be sgply connested.

For esample, hese ara the Cheahive cat’s components, laheled with digits fios
white pivels and betters for the black onces, and the sorreaponding orieated toee

oo
oo
oo
88
00 LN
oo
a0
D] L
i
i 1 1fiz
A AP (16a)
e e AR
i i 0® 000
Af
AL @@
(e
(e
(e
(el

During the shrinking process of Fig. 17, compononts disappear o the osdes
@. (0.2, @} (all at time 3), G, 0. 0. O, 1. O.

Suppose we want 1o analyze the components of such & picture by reading
e pow ab a time. Alter we've seen foure sows the result-so-far will be

1938050019000008000000 e 00000 2.
a4 Aa00000000 00 00 0 0 o600 [16i3)
a0kt 1 iERIGa 0 0 i 06000 o

and we'll be ready (o scan row Ave. A compacison of mows four and Ave will
tlien show that @ and @ should menge ioto £, but that new components @
and (X should also be launched. Exercise 179 contains full detalls about an
imstructive algorithm that propecly updates the current tree as new mows ane
inpart. Additional information can also he computed on 1he fly: For example, we
could determing the area of each component, the loecations of s st and last
pixels, the smallest eaclosing rectangle, and for s conter of gravity.

muarrou el
simply conswcted
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*Filling. Let's complete our quick tour of caster graphics by coansidesing how
to All regions that are boundad by stralght lines and/or simple curves. Partiou-
larly efficient algorithms are avallable wheon the curves are ballt up from “conle
secthons” — ciecles, ellipses, parabolas, or hyperbolas, as in elassical geomelry.

In keeping with geometrie traditien, we shall adopt Cartesian coordinates
[ 4] 1n the llowing discussion, lnstead of speaking about eows of columns
of pleals: An lncroase of @ will slgoily a mwove to the right, while an lncrease
aof o will mowe upward. More significantly, we will focus on the edges betweon
sguare pixcls, instead of on the plxels themselves, Edges run between integes
points (x,y) and (&, y') of the plane when |z — 2| + [p — 4| = 1. Each pixel
is bounded by the four edges (o, 5) — (2—1,5) — (o—1,y—1) — (@, p—1) —
(%, #). Experience has shown that algosithus for filling contours beoome simples
and faster when we concentrate on the edge tranaitlong betwoen white and black,
instead of on the black pixels of & custerized boundary. (See, for example, the
discussion by B. D. Ackland and N. Weste in IEEE Trans. C-30 (1981}, 41-47.)

Consider a contimous eurve 2(t) = {xit), y(t)) that is traced out as ¢ varles
Froan O o 1. We sssume that the cusve doesn't intersect sell for 0 < ¢ < 1, and
that (0] = #(1). The famous Jordan eurve theorem [C. Jordan, Cours d’analyse
3 (1887), 587-504; 0. Veblen, Trans. Amer. Math. Soc. 6 (1805), 83-08] states
that every such cumve divides the plane inte two reglons, called the inside and
the outside. We can “digitize™ z(t) by forcing it to travel along edges between
pixels; then we obtaln an approscimation in which the lnskde plxels are bhlack and
the outslde pixels are white. This digitization process essentially replaces the
ariginal cumve by the sequence of Integer podnts

round(=(t)) = (|=(6)+ 5], [w(t)+ 3]). for <t < 1. [164)

The cueve can be porturbed alightly, if neceasary, so that =) pevor passes ety
theough the center of a plxel. Then the digitized cueve takes diserete steps aloog
pheel edges as ¢ grows; and & plwel lies nside the digitieation iF and caly IF ita
conter lied inside the original continuous eurve {2t} |0 <8 < 1}

For cxample, the equations #() = 20e0s 2ri and git) = 10sin 2rd define an
ellipse. Ita digitization, round(z(t])), starts at (20,0) when ¢ = 0, then jumps to
(30, 1) when ¢ =2 008 and 1080 2t = (L5, Then it proceeds bo the points (20, ),
(19,2), (19, 3), (19,4), (18,4}, ..., (20, -1), (20,0), a8 ¢ Increases through the
vales 024, 036, 040, 057, 062, (., 076, .002:

[165)

The barizontal edges of such a boundary ame convenlently repeesonted by bit
vectors H(y) for each y; for example, F{10) = .. (000001111110 11311000000. . .
and H(8) = .. 0111 11000000000000111110 . .. in (16g). If the ellipse ia Alled
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with black o obtaln a bitmap B, the H vectors mark transitions betweon black
and white, so we have the symbaolic relation

H = Ba(Bal). [ 16
Conversely, (t's easy to obtaln B when the B wectoss ame given:

Bly) = H(fmux) & Hfonun—1} & --- & Hiy +1)
= H(frin) & Hi{Ymins1 ) B -- S Hly). (167)

Notiee that H (Yo B H (fming i ) S - B H (fhee ) 18 the geeo vector, hecanse sach
bitenag = white at both top and bottom. Netiee fusther that the analogous verdi-
enl edge vectors V{z) are redundant: They satisly the rmulas V' = B@ (B 1)
and B =V (see exercise 36), but we need not bother to keep track of them.
Conie sectlons are easier to deal with than most other curves, because we
can resadily eliminate the parameter §. For escample, the ellipse that led to (165)
can be defined by the equation (2/200* + (/10 = 1, instead of waing sines
and eoslnes. Theselose phxal (2, ¢ ) showld be black if and caly if s center polnt
[£— 3, — 5} lies ingide the ellipse, if and only if (2 — 5 )%/ 4004 (y— 5 )*/100—1 < 0.
In general, every conke section is the sst of polots for which Fie, g) = 0,
when F s an appropelate gquadeatie forra. Thesobore there's a quadeatic foem
Qey) = Fle—f.p—3) = ez Hbey + o’ +de e+ f (168)
that is negative at the integer point (x, y) if and only if pixel (2 g) Les on a
glven side of the digitkzed cusve,
For practical purposes we may assame Lhat the coafcients (a8, .., ) of §

are not-too-large integers. Then we're in luck, bocanse the exact value of Qz, )

ia easy to compute. In fact, as pointod out by M. L. V. Pitteway [Comp. J.
10 (1067), 282-280), there's a nice “threc-pegister algorithm” by which we can
quickly track the boundary points: Let @ and i be integers, and suppose wo've got

the values of @z, w), @-(x, y), and Q iz, y) in thees reglsters (@, Q. (), where
Qofzy) =2ar+by+d  and  Quiry)=br+2oy+te [1fig)
are 26} and %Q. W can then move to any adjacent intoeges polnt, because

Qirtly) = Qlz. )+ Q (. 0)+a,  Qlr,yE1) = Qr, y) 2y fz.u) +e.
Qulrtl,y) = Qulx,y)+2a, Q. y1) = Qulz,y) b,
Qylrt 1, y) = @, (x, y) £k Qy(x.541) = @z u)k2e.  [170)

Furthermare we can divide the contour oo separate pleces, bn each of wlhich (1)
and y(t) are both monotonic. For example, when the ellipse (165) travels from
(20,00 to (0,10), the value of x decreases while i increases; thus we need only
move from (x,5) to (x—1,y) or to (& y+1). If registers (Q, A, 5) respectively
bold (@, Q, —a. @, +¢), a move to (-1, y) simply sets @ + Q—R, R+ R—2a,
and § + 5 — Ik a move to (2, 3+1) 15 just as quick. With care, this idea leads
to a blindingly fast way to discover the coreectly digitized odges of alvnost any
conie curve.

qusdratic orm
Falbsmmuy
e regisler algerithmed-44
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For example, the quadratic form @z, y) for ellipse (16g) is dr® + 16y* —
[4e + L6y + 1595}, when we lobegerize s coeflcients,  We have Q20,00 =
F(19.5, —0.5) = —75 and (21, 0) = +85; therefore pixel (20, 0), whose center ia
(19.5, —(L5), 5 inside the ellipse, but pixel (21,0) iso’t. Let's soom in closer:

—& ai Tah AlA
—i¥@ -—ai 2if¥ AT
-3Th =080 | @n Ll
l17e)
—ain 17
—afi HE
- (21,0}
—-aTi HE

The boundary can be deduced without escarabning £} at very many polots. In
Fact, we don't neod to look at @21, 0), because we know that all edges between
(20,0) and (0, 10) must go either upwards or to the left. First we test Q(20,1)
and find it negative (—7T5); 80 we move up. Alao Q(30, 2) is negative (—43), so
we o up again. Then we test (20, 3), and And it positive (21); so we move lofi.
And so on. Oaly the Q@ values —75, —43, 21, —131, —35, 93, —51, ... actually
meed b be examined, T we've set the theee-segister method up peoporly

Algorithi T [ Theee-register alporithm for condes]. Glven two nteger polonts
(2, 9) and (', §), and an integer quadratic form Q as in (168), this algorithm
decides how to digitize a portion of the conle section defined by Flz, y) = 0,
where Fiz, y) = Q(z+ §, 4+ 4). It creates |=7 — 2| horizonmtal edges and |y — g
vartical edges, which form a path feom [z, g) to (=), §'). We assume that

i} Real-valued poiots (£, ) and (£, 5') exist such that F{£,q) = F(£". ') = 0.
it} The curve travels from (£, ) to (£, %) monotonically in both coordinates.
i) &=+ 5l w=In+il o' =€+ 5] and v = |0 + 3]
v} If we traverse the curve from (£, g) to (£, 57, we see F < 0 on our left.

v)] Mo edge of the integer grid contains two feots of O [see exercise 133).

T1. [Initialize.] If & = 2, go to T11; iy = ¢, go to T If o < 2’ and y < 1,
set  +— Qle+1,p4+1), B+ Qelz+l, y4+1)4a, 5 — Qyle+l, y+1)4e, and
go to T2 If ¢ < &' and y = ¢, sot @ — Q(e+1,y), B+ Qcz+1,4) +a,
8 Qyle+l,y) — ¢, and go to T3, Wz > 2" and y < o', sot @ +
iz, g1} B+ Qelzy+1l) —a, § — Qylz,p4+1) + ¢ and go to T4, If
2> and y > o, set @ Qlz,yh B Qulz,y) —a, 5+ Dylay)— e,
and go to T5.

T2. [Right or up.] If Q < 0, do TO; otherwise do TH. Repeat until intarraptod.

T3. [Down or right.] If @< 0, do TT; etherwise do T9. Repeat until interrupted.
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Td. [Up or left.] If @ < O, do TH; otherwise do T8, Repeat until interrupted.
T5. [Left ar down.| I1Q < 0, do T8; otherwise do TT. Repeat until intarrapted.
Th. [Move up.] Create the odge (=, y) — (=, y+1), thenset y + y+1. Interrupt
to Ti0 if y = ; otherwise set  +— @4+ 5 R+ R+5, 5+ 54 2¢
TT. [Move down.] Create the edge (x,y) — (x,y—1), then set y « y — L
Interrupt to T if iy = ¢'; otherwise set  +— @—8, B+ B—b, 5+ 52
TH. [Move left.] Create the odge [z.4) — [(2—1.p), then set ¢ — @ — L
Inteseupt to T11 il & = 2"; otherwisoset Q — Q—R, B +— B—2a, § +— 5—h
TH. [Move right.] Create the edge [x,5) — (x+1,y), then set ® «— = + L
Ioberrupt to T11 if 2 = #°; otherwiseset  +— Q4 R, B +— B+4+22, § +— S+b
T10. [Finish horizontally.] While & < »', create the edge (z,y) — (2+1, ) and
st & +— r+ 1. While x = 2, create the edge (x,9) — (x—1,y) and set
# 4+ & — 1. Terminate the algorithm,
T11. [Finish vertically] While y < g, create the edge (2, y) — (2. y+1) and
sty + y+ 1. While = ', create the edge [x,v) — (2, y—1) and set
y +— p— 1. Terminate the algorithm. |
Foe example, when this algorithm is invoked with [z, y) = (20,00, (2,3} =
(0,10}, and Q(z,y) = 42¥ + 1™ — 4z — 16y — 1508, it will create the edges
(20,0) — (20,1) — (20,2) — (19,2) — {18,3) — (18,4} — (18,4) —
(18,5) — (17,6) — (17.8) — --- — (5,8) — (5,10}, then make a becline
for (0,10). (See (165) and (171).) Esercian 182 seplains why it works.
Movempent 1o the dght n step T s conveniently implemented by setting
Hig) +— Hly) & (1 & (2o, — ), using the H vectors of (166) and [167).
Movernent to the left ls simdlar, but we set 2 +— 2 — 1 Brst. Step T10 could se

Hiy) + H{y) S ({14 Lnay +1—minfe, 2'))) — (1€ £, —max(e, 2')))); (172)

but one move st a time might be just as good, because |2 — 2| s often susall.
Movernent up of down peeds oo action, because vertical edges are sedundant.

Motice that the algosithm runs somewhat [aster o the special case when
b =k clecles always bolong to this casa, The even msore speclal case of straight
lines, when a = 8§ = ¢ = (), I8 of coursa faster yeb; then we have a simple one-
rapsler algorithm (see exercise 185).

Fig. 18. Pixels change from
white to black and back again,
at the pdpes of digitimed circles.

When many contours are [lled in the samwe lroage, using A vectors, the
pixel values change between black and white whenever we cross an odd nunabes
of edges. Figuee 18 [llustrates a tiling of the hyperbolic plane by equilateral
45°-45%-45" telangles, obtalned by supermposing the results of several nandred
applications of Algerthm T.

circles

Liling
hyperhelas plans
warfill
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Algorithin T applies only to conie curves, But that's not eeally a limitation
in practice, because just aboat every shape we ever need to deaw can be well ap-
peoximated by “plecewise contes™ called quadratic Béler splines or squines. For
example, Fig. 19 shows a typical squine curve with 40 points (25, 2y, - . -, Zag. 24),
where #q0 = 2. The even-numbered points (2o, #2....,z0) le on the curve;
the others, (2. 55,..., zag), ace called “conteal polnts,” becagse they regulate
local bending and flexing. Each section §(xg;. 20541, 2542) begins at point g,
traveling in direetion ;0 — 225, It ends at polot zg40, traveling in direction
Zai4a— 2541, Thus if #3; lies on the straight line feom 2250 Lo 29540, the squine
passes smoothly through polat zg; without changing direction.

Exercise 186 delines S[z,_,-,z,j_,_,, 940 ) precisely, and exercise 18T explaing
how bo digitize any squine curve using Algorithin T. The region inside the
digitized edges can thon be Alled with black pixels.

Incidentally, the task of drmadng lines and curves on a bitmap tueos out
ti be moueh mose Qiffeult than the task of fillfing a digitised contour, hecause
wer want diagonal strokes to bave the same appacent thickness as vertical and
hoetzontal strokes do. An exeellent solution to the line-dreawing problem was
found by John D. Hobly, JACM 36 (1080), 200-220.

*Branchless computation. Modern computers tend to slow down when a
program eoutaing conditbonal branch instrections, because an uncortain Aow
of eonteol can intoefere with peedictive lookahead cigeuitey. Theeefore we'we
o] MMIEs eoaditional-cob lnsteuetions ke CENE in prograrns like [56). Indeod,
the four instruetions ST £,y ,16; ADD t,1lan, 16; CSNZ ¥,q,2; CSNHT lam,q,t"
found in (56) are probably Ester than their throe-instruction eounterpart

EZ g, @+12; EEU y,y,16; ADD lam,lam,16 (193]

when the actual running Hme s measared on oa highly plpelined machine, even
though the rule-of-thumb cost of (173) is only 3v according to Table 1.3.17-1.
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T.1.3 BITWISE THICKS AND TECHNIQUES 44

Bitwise operatlons can help diminsh the oeed for costly branching. Fos
example, if MMIX Jidn't have a CENZ instruction we could write

HNEG m,q; 0OR =m,m,q; ZH m,m,63;

ERD &,¥,16; XOR £,t,y; AND t,t.m; XODR ¥,v,t; [1%4]
ADD £, 1am 16; XEODR ¢,® . lam; AND €,t,m; XOR lam, lam,t;
here the first line creates the mask m = —[¢ #0]. On some computers these eleven

branchless lnsteuctlons would still run faster than the three instroctions o [173).
The inoer loop of a merge sort algorithm peovides an Insteuctive example.
Suppose we want to do the follewing operations sopeabedly:
If ;< gy, 80t 2 + 25 i+ i+ 1, and go to & donie i § = i,
Otherwise set 2 — y;. § + 7+ 1, and go to ydone if § = ji..-
Then set ko k4 1 and go vo zdone Tk=F .
IF we implement them in the “ebyvious” way, fure conditional beanches are in-
vislvid, theee of which are active on each path theough the loop:
1H CMF  t,xi,yj; ENN £,2F Hranch if =; = .

ST xi, zbasae, kk Ty +— Ty

ADD  ii,ii,8 i—i4 1.

BZ ii X Done To r_done if 1 = imex.

LO0 xi,xbase,ii Lioad =y imto register xd.

JHF  3F Juin the other branch.
ZH 3T] vj,zbasae,kk g+ Yy

AD  33,i5.8 i+l

BZ ij,.Y Done To p-done if §J = jmu.

LoD vj,ybase,jj Licad yy into register 33.
3H ADD kk . kk,E k+—Ek+ 1.

FENZ kk,1E Hepeat if & # bngx-

JMP I Dome To zdone. |

[Here 43 = 301 — fo0. )y 5§ = 814 — Jmax). and e = Bk — k0 the facbor of
# 18 needed because x;, gy, and 2, are octabytes.) Those four branches can be
relied ey just oases

1H CMF & ,xi,¥]j e migniz — gy
CEN  vwj,t,xi ¥i + min{zg, yil-
5T0  yj,zbase . kk Zk +— ¥].
AND t,t,8 o Blmy < wyl-
ADD  ii,dii,t i i+ [ ]
LD xi, xbase,ii Lioad T into register xd.
IR t,t,8 XS - T 1
ADD  §3,3i.t i+l wl
LD vj,ybasae,jj Liad yy into register 73.
ADD kk, kk,8 k+—Ek+1.
AND w,id,§5; AND w,u,kk o+ 148§ ki
FPEN u,lB Hepeat if § < imex, § < freae, a0d &S Enex- |

When the loop stops 1o this versbon, we can readily decide whether to ooatinus at
rdone, yodone, o done. These instructions load both x; and gy from memoey
each tlme, but the redundant value will aleeady be present in the cache.
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5 COMBINATORIAL ALGORITHMS (F1A) T.1.3

*Nore applications of MOR and MXOK. Let's Boish off our study of bitwise
msanipulation by taking a look at two operations that are specifically designed fos
fid-bit work. MMIX's Instructbons MOR and HX0RE, which essentially carey out matrix
mnaltiplication on 8 x & Boolean matrices, turn ot to be ecteemely lexible and
powerful, hoth by 1hemselves and in combination with other bitwise operations.

If 2 = [Ep .. ¢y loe 18 an octalyte and a = (ap .. ayag)y 15 & single byte,
the instruction MOR t,x,a sets ¢ + aqy | - - - | gy | @gxy, while MXOR t,x, 2 seta
f o+ agEp @ -- - Sy 5y @ agxy. For example, MOR €,x,2 and MXOR £,x, 2 both set
£ xy; MOR t,x,3 sets ¢+ xy | 2y; and MXOR t,x,3 sots ¢+ 2y & 5.

In general, of course, MOR and MXOR ame functioos of ectabytes. When g =
(i . .- pigo)gse 15 & general octabate, the lnstruction MOR €, x,y prodoeces the
octabyte ¢ whose jth bate ¢; s the result of MOR applied to x and ;.

Suppiose £ = —1 = *SFEEEFELFEFEEEEf. Then MOR £, x, ¥y compabes the
mask ! in which byte I; is "£f whenever y; # 0, while 7 is zero when y; = 0. This
simple special case i3 quite uselul, because it accomplishes in just one Inatructlon
what we previously needed seven operations to achieve in situations like (ga).

We obaerwed o (66) that two MORS will sulffice 1o sevorse the bits of any G4-bit
wiord, and mamy otber oportant bit permutations alao beooose casy when MOR
ia in & computes’s repertolee. Supposs * 8 a permutation of {0,1,... T} that
takes O O, 1+ 1, ..., T+ Tr. Then the octabyte p = (277, 20wl o
correapotids to s pestnutation mateix that makes MOR do oiee tricks: MOR t,%,p
will perinule the byles of x, setting ¢; + %jy. Furthermore, MOR w,p,y will
pergitte e bits of each bavte of g, according to the dnperse permnitation; iL sets
tiy 4 (ay .. omase when g = (a7, .. . aia00s 2.

With a lttle more skullduggesy we can alao expedive further pormtations
such as the perfoct shuffle [$6), which transforms a given octabyte 2 = 238 ¢4y =
[#g) -- - By Eghiag - - - Wi le Into the “zippered™ octabyte

w=zxfy = {Talilal---ilmi‘niﬂlh- [175)

With appropriate permutation matrices p, g, and r, the Intermediate pesults

I= iiﬂii!TIHﬂr!EiﬂmmmwIWFHM}HEPHEEELI‘JHW i =a

EyXaTgTaTe®) Xy Folriablealis b Malh [176)
= (Iravitar ¥oalan Ties Moo Voaias Exr £3) EagTanFas Fog Lo Las - - -

Balrhabel Dt WaTa Xy EaTa ) EpXdy Ja [177)

can be eornpaited quickly via the four Insteuctioos
HOR t,z,p; MOR t,q,t; MOR w,t,r; MOR w,r u; [198)

sop pxercise B, Sothere's a mask m for which ‘PUT oM, m; HUX w, &0’ completes
the perfoct shuflle n just six cpcles altogether. By conteast, the teaditional
mepthod 1o cxerclse 53 requires 30 cycles [Ave S-swapa).

The analogous instrection MXOR s especially uselul when binary linear alge-
bea is iovolved. For example, exercise 1.3.1-37 shows that X0R and MXOR directly
implemsent addition and multiplication in a Anite feld of 2% slements, for & < &
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T.1.3 BITWISE THICKS AND TECHNIQUES a1

The problem of cyelie redundancy cliecking peovides an instructive example
aof another case where MIOR shines. Streams of data ase often accortapanied by
SCRC bytes” in order to detect common types of transmission errors [soe W. W,
Peterson and D. T. Brown, Proc. IRE 49 (1061), 228-235). One popular method,
usged for example in MP3 audio files, s to regard each byte o = (ar .. aueols
as 1 It were the polynomial

afz) = (ay...apag), = apx’ + -+ ayx +ag [179)
When transimittlog 5 bytes g ..o oo, wo then compute the femalbdes
A= {nr,.__n[r]ra[""] + -+ an(z)e® + nu[.t:l}r’“ meod pilx], [180)

where plz) = 28 4+ 2 4 2%+ 1 using polynomial arithmetic mod 2, and append
the coeficionts of 7 as & 16-bit redundaney check,

The usual way 1o compate § 5 to peocess one byte at a time, accoeding to
clasgical methods ke Algosithm 46,10, The basic klea is 1o defne the partial
result F = {om_1 (22" 4 oo 4 o (2)2"™) 2™ mod p(x) so that &, = 0,
and then to use tho pecursion

A = (A yy € 8) & #££00) & ere_Lable|(F. ., 3 8) @ o, [181)

to decrease m by 1 until m = 0. Here erc_toble[a) s a 16-bit table entry that
holds the remainder of afz)z", modulo plx) and mod 2, for 0 < a < 256
[See A. Percx, IEEE Micro 3,3 (June 1983), 40-50.)

Bt of cowrse we'd peefer to process 64 bits at ooce Instead of 8. The solution
i8 to Andd 8 = B matrices A and B such that

alr)r™ = (ad)z) + (eB)(z)x™® [modulo p{r) and 2), (182)

for arhitrary bytes o, considering o to be a 1 % B vector of bits. Then we can
pad the given data bytes gen_i .. . oeeeg with leading zesos so that w = & multiple
aof 8, and use the following efficlent reduction method:

Begin with ¢+ 0, n+— n — 8, amd ¢ + (Ceni7 - .- C0n 266,
While e = 0, st i +— - A, w4+ - B, i +—n — B, [183)
i (Omyr .. 0 )ose B u @ (v % 8) @ (o< 56), and ¢+ o L TEE.

Here ¢ - A and o - B denote matels multiplication via MEDR. The desised OROC
bytes, (te' 4ee¥) mod plr), are then readily obtained from the 64-hit quantity £
and the B-hit quantity ¢ Exegelse 213 oootains foll decadls: the total sunndog
time for f1 bytes comea to only (x4 10ujn/8 + O[1).

The exercises below contain many moee instances whero HOR and MUOR lead
to substantial economies. New tricks undoubdedly remain to be dissovered.

For further reading. The book Hacker's Delight by Heory 5. Waeren, Jr
[Addizon—"Wealey, 2002) discusses bitwise operations o depth, emphasizing the
great varlety of options that are available on eeal-wosld computess that are ot
as ldeal as MMIX.
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52 COMBINATORIAL ALGORITHMS (F1A) T.1.3

EXERCISES
1. [15] What is the net effect of setting z — xhp. vy +—pd(rkm), z — & y?

2. [18] (H. 5. Warren, Jr.} Are any of the following relations walid for all inkegers o
and y? (ijx@psx|y ([{zsky<s|w (i) [z—pl =y

3. [M2F] Fr=(Ta_1...mimols withzeoy =1, let 2% = (£aey ... F1Fn)e. Thus we
have 0, 1M, 2% 3Y = -1,0,1,0,5 2, 1,0, T, 6, ..., if we let 0™ = —1. Prove
that (zep ™ < lg—yl<zdyforall og >0

4. [M15] Let o =2, 2% = —z, 2¥ =+, and 2" = z— 1 denote the complement,
the negative, the sucorsor, and the predecessor of an inhinitesprecision integer £ Then
we have gCF = p¥N = o = o5 = . What are %" and o¥EY

5. [M27] Prove or disprove the following conjectored laws concerning binary shifts:

a) (=l k== {j+k)

b) (=5 k(v k) =z 2+ ) sk =(rkyEi+E) >

8. [M25] Find all integers ¢ and psuch that (al z e y=p % o (b) s & y =y« .

T. [M23] {R. Schrocppel, 1972} Find a fast way to convert the binary number
x = {...rzrTg)s to its negabinary counterpart @ = (.. zizizf)_z, and vice wersa.
Hint: Only two bitwise operations are nesded!

B. [M22] Given a finite sct 5 of nonnegative integers, the “minimal exclisdant” of 3
is defined to be

mex{S)=min{k | &> 0and k¢ 5}.

Let o & 8 denote the set {zy | g € 5} Prove that if £ = mex(¥) and p = mex{T7)
then o &y = mex( (5 & y) U {=z & T)).

B. [M25F] {Mim] Two people play o game with & piles of sticks, where there are o
sticks in pile j. [F @) = -+ = @ = 0 when it is a player’s turn to move, that player
lemes; obtherwize the player reduces one of the piles by any desired amount, throwing
away the removed sticks, and it &= the otber player’'s turn. Prowve that the player to
move can foree a victory if and only if @ & - SBae F 00
10. [AMF] {Conmways field) Continuing exercise & define the operation =@ g of
“mim multiplication™ recursvely by the tormula

rey=mexf(r@ )@ i@yl (ios)|0sicr 02 <y}

Frowe that & and & define a fisld over the set of all nonnegative integers.  Prove also
that if 0 < o, < 27" then o @ p < 2797, and z & 2%° = 2%x, (In particular, this ficld
contains subficlds of sine 22" for all n > 0.) Explain how to compute @ g efficiently.
11. [M25] {H. W. Lenstra, 1978} Find a simple way to characterize all pairs of
positive integers (m,n) for which m & n = mn in Conway's field.

12. [M25] Deviss an algorithm for division in Conway's ficld. Hind: Ifz < 2% then
we have o6& (o8 (x 3 29)) < 22",

1. [MFE |Second-erder nim.) Extend the ganme of exercise 8 by allowing two kinds
of moves: Either a; is reduced bor somee §, a= before; or @y is reduced and ay is replaced
by an arbitrary nonnegative integer, for some § < §. Prove that the player to moovee
can now foree & victory if and only if the pile sises satisty either gz 7 a2 @ --- B ag or
ar Faa B (2aa)E--- B ({k— 2 @ax). For example, when & =4 and (a1, 8z,83,a04) =
{7,5,0,5), the only winning move is to {7, 5.6,3).
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T.1.3 BITWISE THICKS AND TECHNIQUES a3

14. [M30] Suppese each node of a complete, infinite binary toee has been labeled with
Oor 1. Such a labeling &= comveniently represented as a sct 7 = {E,tn.. ty, tna, to . biny £11,
f200,--- }, with one bit £, for every binary string a; the oot is labeled £ the left
subirer labels are Th = {tg,inn,!'m,tmn,...}, amdl the right subtree labels are T =
{t1, t1o, t11.tine.. .- }. Any soch labeling can be osed to transform a Z-adic integer
T ={...x¥zxTalz into the Zadic integer v = (... yzpin)z = Ti=) by seiting go = &,
1 = tzg, B2 = trgm, e, so that T(z) = ¥, (=21 + 1. {In other words, © defines
an infinite path in the hinary tree, and y corresponds to the labels on that path, from
right to left in the bit strings as we procesd from top to bottom of the tree )
A branching function is the mapping =¥ = x & Tz} defined by such a labeling.
For example, if $01 = 1 and all of the other &, are 0, we have 27 = @ Az mod 4 =17].
a) Prove that every branching function is a permotation of the 2-adic integers.
b} For which integers & is = & {z < k) a branching function?
c} Let o+ x7 be a mapping from Z-adic integers into Z-adic integers. Prove that =™
is a branching function if and only if sl y) = sx" @ y" ) for all Zadic = and .
d} Prove that compositions and inverses of branching functions are branching fum-
tions. {Thus the set B of all branching functions is a permutation group.)
r:} A branching function is dalerced if the labels satify £, = tao @i for all o Show
that the set of all balanced branching functions is a subgroup of 5.

15. [M21] J. H. Quick noticed that {{(z+2)&3)—2 = ({z —2) &3] +2 for all z. Find
all constants @ o b such that ({z + e @ b) —a = ({r — a) B &) + 2 i= an identity.

18. [MF1] A function of r is called onéimating if it can be written in the form
(- (irta) @) tad) @)+ | +am) @ bn

for some integer constants @y, by, @z, bz, ..., Gm, e, wikth m = 0.
a) Prove that every animating function i a branching function (see exercise 14).
h} Furthermaore, prove that it &= balanced if and only 3t by & b & --- 6 by, = 0. Hint:
What binary tree labeling corresponds to the animating function {(x &) — 1) o?
c} Let [z] =z {z—1) =27 1. Show that every balanced animating Function
can b writien in the form

sl|zdm]@|zEp] -8 rdpl, P1 P <oy,

for some integers {pi.pz,.--,m}, where [ 2 0, and this representation is unigque.
d} Comersely, show that every such expression defines a balanced animating function.

1T. [AMAE] The resulis of exercise 18 make it pos-
sible to deckde whether or not any two given ani-
mating functions are equal. [s there an algorithm
that decides whether ong given expression is iden-
tically mera, when that expression is constructed
from a finite number of integer variahles ad con-
stani=s w=ing only the hinary operations + and &Y
What if we also allow &7

18. |[M25] The curions pizel pattern shown here
has {z%y & 11) & 1 in row = amd column gy, for
1= o, ¢ < Z56. |s there any simple way to explain
some of its major characteristics mathematically?
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LT COMBINATORIAL ALGORITHMS (F1A) T.1.3

18. [M37] {Palep's rearrongement theorem.) Given three vectors A = {ap,- .. 4251},
B ={hy, ... ban_y), and £ = {rn,. .., 2% 1) of nonnegative numbers, let

E EJ!ItEr.

JSkEr=0

flA,B,.C) =

For example, if n = 2 we bhave f{A, B, ) = agboco +anbeey +asbeez +anbyea +aghor +
ay tytn + apbeoa + - + Gabyog: in general there are il terms, one bor each choice of
3 and & Our goal = to prowve that flA, 8,0 < flA%, B*, %), where A® denotes the
vector A sorted into nonincreasing order, @ 2 oaq 2o 2 oage .

a) Prove the result when all clements of A, B, and O are 05 and 15

b} Show that it is therefore true in general,

c) Similarly, (A, B, 00N = EIE»':EHEM:" aybgopde < AT B O D).
20. [21] {({fosper’s hack )} The following seven operations prodoce a useful fonction y
of r, when r = a positive integer. Explain what this function is and why it is wseful.

w4+ v+ ([{vd=)fu) 3 2).

21. [#2] Copnstruct the reverse of Gosper's hack: Show how to compute © from y.

23. [£81] Implement Gosper's hack efficiently with M4IX code, assuming that @ < 2%,
without using division.

u+:E:—:; v T4

23. |#7] A sequence of mested parentheses can be represented as a binary mumber by
putting a 1 in the position of cach rght parenthesis. For example, (0 (Y corresponids
in this way to (00110102, the number 13, Call such a number a porendhesis trace.

a) What are the smallest and largest parenthesis traces that have exactly m 1s?

b} Suppree T is n parenthesis trivce and p is the next larger parenthesis teace with
the same mrmber of 1s. Show that y can be computed from ¢ with & short chain
of operations analogous to Gosper’s hack.

c} Implement your method on HYIE, assuming that ex < 32

24. [M30] Program 1LEX P instructed MMIX to produce a table of the first ive hondred
prime numbers, using trial division to establish primality. Write an MNIX program that
uses the “sieve of Emtosthenes™ {exercise 4.5.4-8) to build a table of all odd primes
that are less than N, packed into ovtabytes G, Ghy - ooy Qo 85 0 (27). Assame that
N < 7 and that it's a multiple of 128, What is the running time when N = 35847

28. [15] Four volumes sit side by side on a bookshelf, Each of them contains exactly
S0 pages, printed on 250 sheets of paper 0.1 mm thick; esch beek also has a froot and

back cover whose thicknesses are 1 mm sach. A bookworm gnaws its way from page 1
of ¥olume 1 to page 500 of Volume 4. How far does it traneel while doing =0

28. [22] Suppese we want random socess e a table of 12 million items of S-bit data.
We conld pack 12 sich items into one 6d-hit word, thereby ftting the table into 8
megihytes of memory. But random access then seems to regoire division by 12, which
is rather slow; we might therefore prefer to let each fttem ocenpy a foll byte, thus using

1% megabytes altogether.
Show, however, that there's & memory-ciicient approsch that aveids division.

27. |#1] In the notation of Eqs. {323{43), how would you compute {a) (o l0=01%),7
(b} (10 11% 07 (o) {aD0*01%)2? {d) (0°°11%00%)27 (&) (0°°01%00%)27 {f) (0°°115118 )47
2B. [14] What does the operation (o+1) & £ produce?

28. [20] (V. K. Pratt.}) Express the magic mask g of (47) in terms of gegn.
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30. [20] Hx =10, the HMIX instrsctions (48) will set p + 64 {which = a close enough
approximation to oc). What changes to (50) and {51) will prodece the same resule?
31. [#0] A mathematician named [r. L. [ Presume decided to calculate the ruler
function with a simple loop as follows “Set p+ 0; then while 281 =0, 808 g +— p+ 1
and ¥ + z 3 1." He reasoned that, when z is & random integer, the average number
of right. shifts is the average waloe of p, which is 1; and the standard deviation is only
V'3, 0 the loop almost always terminates quickly. Criticize his decision.
32. [20] What is the execution time for g when (52) is programmed for MMIT?
33, |#6] (Leiserson, Prokop, and Handall, 1898, Show that if “53° is replaced by '48°
in [5=], we can use that method o identify both bits of the number y = 42k muickly,
when 84 > § > k = 0. {Altogether (7)) = 2018 cases need to be distinguishesd. )
34. [M25] Let = and y be Z-adic integers. Troe or false: {a) plx & g) = max(er, pyl;
(b} plx | g} = min{px, py); {c)} pr = py T and only Fodp=(z - 1) & (y— 1).
35. |[M26] According to Heitwiesoer's theorem, exercise 4.1-34, every integer 0 has a
unique representation 1 = nt — n~ such that v(nt) 4 w(n~) is minimized. Show that
nt and ™ can be caleulated quickly with bitwise operations. Hind: Prove the identity
[z i)k (o @ i) 3 1) =0
36. |#0] Given x = {Za3...T1T0)z, suggest efficient ways to calculate the guantities
i} 22 =z ... 552 ), where sf =2, - B o Sxo for 05 k<
i) o = (xth ..oV 2l )2, where ¥ =2 A - Az A for 0 < k < B4
AT, [14] What changes to {55} and (58 will make A0 come put —17
38. [17] How long does the keftmost-bit-cxtraction procedure {57) take when imple-
mented on MHITY
38. |#0] Formula {43) shows how to remerre the rightmost run of 1 hits from a given
number . How wonld you remove the l=ffmest run of 1 bitsY
40. [21] Prowve {58), and find a simple way to decide if Ar < Ay, given 7 and y 2> (.
41. [ME25] What are the generating functions of the integer sequences {a) pn, (h] An,
and {c] vn?
42, [M2f] fn=2% +..- + 2% withe; > --- > & > 0, express the sum Y020 vk
in terms of the exponents 24, ..., 2.
4%. [#0] How sparse should = be, to make (83) faster than (8=) on HEIXY
44. [25] (E. Freed, 1883 What's a fast way o evaluate the weighted bit sum % jr?
45. [20] (T Hokicki, 18089.) Explain how to test if 2« y", without reversing = and .
46. [22] Method (098] u=es six operations to interchange two bits ©; + 1; of a Tegister.
Show that this interchange can actoally be done with only three MHIE instroctions.
47. [14] Can the general Sswap (Bp) also be done with a2 method like (87)7?
4B. [M21] How many different foswaps are possible in an nabit register? (Whenn = 4,
a S-swap can transform 1234 into 1234, 1243, 1324, 1432, 2134, 2143, 3214, 3421, 4231.)
48, [MF0] Let s(n) denote the fowest $swaps that suffice to reverse an n-bit number.
a) Prove that s(n) > [logy w] when n is odd, s{in) > [lgy dn/2] when n is even.
b} Evluate sin) when n= 3%, 2. 3™, (3™ + 1),/2, and (3™ — 1)/2.
c) What are s(32) and #{64)7 Hint: Show that &{5n + 2] < sin) + 2.
80, [MFY] Contiowing exercise 48, prove that sin) = logy n + O log log m).
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L1 COMBINATORIAL ALGORITHMS (F1A) T.1.3

51. [#8] Letcbe aconstant, 0 < ¢ < 2% Find all sequences of masks (#g, 81, ..., #a_1, ruversal

Ba_a,... .0, 00} such that the general permutation scheme {71) takes = — =™, where tyehie 'i!:h}:"d““]‘iﬂ

the bit permutation = is defined by either {a) jor = j&c; or (b) jo={j + 2} mad 2%, ﬁ:::fluﬂ:_ )

[The masks shonkd satisby #x C g e and O C pg k. 5o that (71] corresponds to Fig. 12, Lrnrs oo

see {48). MNotice that reversal, 27 = o™, & the special case £ = 2° — 1 of part {a), while Ghart TL"E";‘:LT‘. -
part {b) corresponds to the cyclic right shift =7 = {3 &) + (= < (2% - )] Fc‘l:'-"".?” o
52, [22] Find hexadocimal constants {8, &y, 8, 83, th, 85, 0, 8, 82,8 8y} that cause atrie mmaltiglicatian

{71} to produce the follewing important §4-bit permotations, based on the binary Baolean matriz mubliplestion
representation § = (fsjsfajafiuinle: {(a) fr = Uedsjafafan )z {b) 57 = (Faiedjsiedada; -

(e} jm = (fujojajajajz)e: (d) jx = (jnjijziajajsl. [Case (a) & called 2 “perfect shuf- —

fle™ hecause it takes (zgy. .. FoTmrm oo miEp)z inde {Teyra - . ToEiEazEg)z; case (b Clemepin. nabwerk: Bor rouliog
transposes an B « & matrix of bitss case (o], similarly, transposes a 16 x4 matric and bbby bk

. . . N _ _ sbuffla nutwork for rouliog
case (d) arises in connection with "East Fourier transformes,” see exercise 48,414 beramding. Funetions

53. [M25] The permutations in exercise 52 are said to be "indoced by a permotation animating funions
of index digits,” becanss we obtain jr by permuting the binary digits of 3. Suppose

7 = (fd—1)w - - . fugfoe)s, where o is a permotation of {0,1,...,d — 1}. Prove that if

1 has § oycles, the 2*-bit permutation = — 7 can be obtained with only f — £ swaps.

In particular, show that this observation speeds up all four cases of coercise 52,

54, [=28] (R. W. Greper, 1985.) If an m « m bit matrix is stored in the rightmost
m” hits of a register, show that it can be transposed by doing (3%(m — 1} )-swaps for
0= k< [lgm]. Write out the methed in detail wheno m = 7.

55. [#] Suppose an nxn bit matrix is stored in the rightmost n® bits of an n®-hit reg-
ister. FProve that 18q4+ 2 bitwise operations sufhoe to multiply two such matrices, when

n = 29 the matrix multiplication can be cither Beelean {like B0R) or mend 2 {like MEOR).
56. |%f] Suggest a way to transpose a T = 9 bit matrix in a §4-bit register.

57. [22] Prove that any permutation of 2% clements can be realized with the network

[ 24) of Fig. 12 by some setting in which at most 4/(2d— 1) of the crosshars are active.
5B. [M27] The first d columns of crombar modules in the permutation network (2%
perform a loswap, then a Zswap, ..., and finally & 2 swap, when the wires of the
netwark are stretched into borimental lines 2= shown here for d = 3. Iy

Let W = 2% These N lines, together with the Wd? crosshars, If : T— T- 1y
form & se-called “Chnega router.” The purpose of this exercise is : 1 “" iﬁ
to study the sct i of all permutations @ sach that we can obtain 4 & " dp
[y, Lo, ... (N — 12) 2= cutputs on the right of an Omega rogter 54— * fig
when the inputs at the left are {0,1,__., N — 1). - il ﬁ

a) Prove that |02 = 2%%% (Thos 1g|0] = Md/2 ~ L g N1}
b} Prove that a permutation @ of 0,1, .., & — 1} belongs to 0 if and cnly if
imod2° = jmod 2* and ip k= jo®k implies Qg = i (%)

forall0<i,j< N andall 0 < & < d.
c) Simplify condition {«) to the follpwing, for all 0 <8, 5 < N
Alip @ i) < plidhj) implies = 3.
d} Let 7 be the set of all permutations ¢ of {0,1, ..., & — 1} such that afi & j) =
it i) for all d and §. (This is the st of branching functions considersd in exer-

cise 14, module 2%; =0 it has 2%~ members, 277 of which are the animating
functions modulo 3"] Provwe that i = 42 i and only if 7 £ 2 for all 7 £ T
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e} Suppose ¢ and ¥ are permutations of 11 that operate on different elements; that
is, joo F §F implies jor =, for 0 < 3 < N, Prove that gp £ 18
5. [M3F] Giwen 0 < a < b < N = 2, how many Omega-routable permutations
operate only on the interwml [a. .67 {Thos we want to count the number of 40 € 5 such
that jy # j implies a < § < & Exercise 58{n) is the special case a =0, b= N — 1.}
a0. [AME28] Given a random permutation of {0,1,...,2n—1}, let poi be the proba-
hility that there are 2° ways to sed the crosbars in the first and last columns of the
permuotation network {230} when realizing this permutation. [n other words, pei is the
probiahility that the asociated graph has & cycles (see (75)). What is the generating
function %7, o P 2®? What are the mean and variance of 247
8l. [46] Is it NP-hard to decide whether 2 given permuotation is realizable with at
least one mask & = 0, using the recursive method of Fige 12 as implemented in (7157
82, [28] Let & = 2% We can obvicusly represent a permotation & of {0,1,..., 5 -1}
by storing a table of & oumbeers, d bits cach. With this representation we have instant
access to y = ow, given 3; but it takes () steps to find = = pr~ when g is given,
Show that, with the same amount of memory, we can represent an arbitrary
permutation in such a way that zr and gr— are both computable in ({d) steps.
63. [14] For what iotegers w, x, », and z does the sipper function satisfy {i) ofp =
wia? () (xfu) ez = (=223 [2/2) v [2/2))? (60) (wic)&lplz) = (whpli(zda)?
84. [2?] Find a “simple” expression for the sipper-ofssums (r + 2" (v + 3}, as a
functionof z=zjiyand 2' =" ¢'.
85. [M15] The binary polynomial alr) = wp +wzr + -+ tpor ™" {mod 2) can be
represented by the integer & = {gq—1 ... wiuglz. IF w(z) and vz} comrespond to integers
u and v in this way, what polynomial corresponds to u § 2Y
8. [M26] Suppree the polynomial u{zr) has been represented as an n-hit inkeger o as
in exercise 65, and bet v =ueb (u 8) & (u - 28) & (u < 538) B - - - for some inkeger 4.
a) What's a simple way to describe the pobroomial ofz)?
b} Supprose nois large, and the bits of u have been packed inke 64-bit words. How
would you compute v when § = 1, using bitwise operations in @4-bit registers?
c) Consider the same question as (b), but when 4 = 84.
d} Consider the same question as (b), but when § = 3.
e} Consider the same question as (b), but when 4 = 87.
a7. [MI1] If wiz) is a polynomial of degree < n, represented as in exercise 85, discuss
the computation of v{z] = w{z)* mpd (=% + 2™ + 1], when 0 < m < n and both m
and n are add. Hind: This problem has an ioteresting conoection with perbect shutfling.
88. [#0] What three MHIX instroctions implement the d-shift operation, {79)7

80. [25] Prove that method {Bo) always extracts the proper bits when the masks d)
have been set up properly: We never clobber any of the orocial bits ;.

TO. [§1] (Guoy L. Stecle Jr., 1884.) What's a goed way to compute the masks i, 6,
.-y gy that are needed in the geoeral compression procedure {80), given y # 07

T1. [17] Explain how to reverse the procedure of (80), going from the compadct value
U= [Yr—1...Wpnlz toa number 2 = (2g3... 220}z that has 25, = @ for 0 < Qi < r.

T2 [18] Simplify the expression (ofy) - e, when =, y< ar ™!, (See Egs. (78) and (81).)
T3. [£2] Prove that d sheep-and-goats steps will implement any 29:bit permutation.
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Td. [#8] Given coonts (g, €1....,0d_q ) for the Chong-Wong precedore, explain why
an appropriate cyclic 1-shift can always produce new counts {ch, 21, .. che_, ) for which
Fley =¥ ey, thus allowing the recursion to proceed.
T8. [58] The methed of Chung and Wong replicates bit | of a register exactly o
times, but it produces results in scrambled order. For example, the case (o, ... ,07) =
{1,2,0.2,0,2,0,1) ilhestrated in the text produces (reremizszezariralz:. In some
applications this can be a disadwantage; we might prefer to have the bits retain their
ariginal order, namely (ZrrersTyTamiminon in that eample.

Prove that the permutation network 2%} of Fig. 12 can be modified to achiew
this goal, gven any sequence of counts {co, 1, ... 650y ), if we replace the - 227
croessbar medules in the right-hand half by general 2 %2 mopping modudes. (A crosshar
module with inputs {a,b) produces either {o b) or (b a) as output; 8 mapping module
can also produce (o, a) or (B, b))
TE. [{7] A mopping refword is analogous to a sorting network or o permotation
netwaork, bat it uses 2 = 2 mapping mesdules instead of comparators or crosbas, and it
is supposcd to be ahle to ootput all n™ posible mappings of its n inputs. Fxercise 75,
in conjunction with Fig. 12, shows that a mapping network for no = 29 exists with only
Ad—2 levels of delay, and with n,."ﬂ mindules on sach lewel; furthermore, this constroction

needs general 2 = 2 mapping modoles (instead of simple crosshars) in only d of those
levels.

To within €{n), what is the smallest number Gn) of modules that are sufficient
to implement a general n-element mapping network’

TT. [%6] (K. W. Floyd and ¥. B Pratt.] [Design an algorithm that tests whether
or not & given standard nenctwork is a sorting network, as defined in the excrcises
of Zection 5.3.4. When the given network has r comparator modules, your algorithm
should e O] hitwise operations on words of length 27

TH. [M27] | Testing disjointness.) Supprse the binary numbers =, x32, -.., Tm each
represcnt sets in a universe of n — E elements, se that each 3y is bess than 2k I H.
Cuick (a student)] decided to test whether the sets are disjoint by testing the condition

Ty | Tz v | T = [IL + rz + ---+.1.'m:|:mn|:'|2".
Prove or disprove: (Juick’s test is walid if and only if & 2> lg(m — 1).
TR, [#0] Hx # 0 and © C 3, what is an casy way to determine the largest integer
x < x such that o, T ¥ (Thus {x)' = ('), = =z, in connection with {84).)
0. [#0] Suggest a fast way to find all maximal proper subsets of & sct. More preciscly,
given x with ey = m, we want to find all @ C y such that er =m — 1.
E&l. [21] Find aformuls for “scattered difference,™ to go with the “scattered sum™ (88).
&3, [21] Is it casy to shift o scattered accumulator to the left by 1, for example to
change (yTaTaphTepoTiZn)z to (preaTaymTa 0rira ¥
B3. [28] Continuing exercise 82, find a way to shift a scattered 2%-bit accumulator to
the righd by 1, given z and ¥, in £{d) steps.
4. |#5] Given n-bit nombers 2 = {zp—1 - . 2az0)z a0d ¥ = {¥a-1-.. X1 Xolz, explain
how to calculate the “stretched™ quantities =z — ¥ = {(Zp—1j—y . - - Ty Z0—y 2 and
2= X = [ Bin-1px - - - ey 0y |7, Whitre

j—x=max{k | k< jand yx =1}, joyxy=minfk | k> jand yg =1}
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weletk 3j o =0 ye=0Tor 0 < £ < j,and gy =0if yp =0 form > k> j. For
example, if n = 11 and x = {(P1101110M010)z, then = — ¥ = (zazazszezazszanz 2z
and z — x = ((zg2sza2eTs 20 Te e 2131 J2-
&8, [22] (K. . Tocher, 1854.) Imagine that you have o vindnge 1950s computer
with a drum memary for storing data, and that yoo need o do some computations
with a 32 x 32 x 32 array afi, j, k], whose subscripts are 5-bit integers in the range
0= i, 5, k< 32, Unfortunately your machine has only & very small high-speed memary:
You can access only 128 consecotive elements of the array in fast memory at any time.
Since your application wually morres from ali, 7, &] to a neighboring position ali’, j°, &,
where i —i'|+ i — '] + [k — &'| = 1, you have decided to allocate the armay so that, if
i = (iaigizivia)a, § = (jjsjairols, and k = (kakakaki kn}e, the arvay entry ali, j. ] is
stored in dum locataon |:1'.1J..|1-.1h_f]ﬁkﬂ:l‘gk1j:l‘|hjul‘n.:|g- Hy interleaving the bits in
thi= way, a small change to 1, j, or k& will cosse only a small change in the address
[¥iscuss implementation of this addressing function: {a) How does it change when
i, j,or k& changes by £17 {b) How would you handle & random acoess to ali, j, %], given
i, j, and k7 {c} How would you detect a “page faolt” {namely, the condition that a
new segment of 128 clements must be swapped into fast memory from the drum}?
Bf. [M25] An armay of 27 = 29 « 27 clements is to be allecated by putting afi, 3, k]
into & lpcation whese hits are the p+ ¢ + r bits of (i, §, &), permoted in some Eashion.
furthermare, this array is b be stored in an external memory using pages of size 29,
{Exercise 85 considers the case p = ¢ = r = 5 and 5 = 7.) What allocation strategy
af this kind minimizes the number of times that ali, §, & is on a different page from
alil, §°, k'], sumemed over all i, j, &, &, §*, and k' soch that [i —i'| +|j — 7|+ [k — &'| = 17
&T. |#0] Suppose each byte of a G4-hit word © contains an ASC code that represents
cither a letter, a digit, or a space. What three bitwise operations will coovert all the
lowercase letters to uppercase?
BE. %] Given v = {zr...To)zme and y = {yr ... yn)ze, compute = = {27 ... 20)aza,
where z; = {x; — yy) mod 256 for 0 € j < & (See the addition operation in (87).)
BR. |25] Givenz ={zm...71Tol)s and y = {331 ... yapols, compute 2 = {Za1 ... 31304,
where z; = | xgfyi| for 0= § < 32, assuming that no yy is zeno.
B0. [20] The bytewise avernging rule (88) always rounds downward when =; + gy is
add. Make it Jess binsed by rounding to the nearest odd integer in such coases
Bl. [%4] {Alpha channels.) Hecipe (BR) is a goeod way to compute bytewise averages,
but applications to computer graphics often require a more general blending of B<bit
valoes. {iiven three octabytes @ = {(zv. . Tolese, ¥ = (Ur. .. golzse, @ = {o7...80)2za,
show that bitwise operations allow os to compute 2 = {27 ... 20)2z8. where each byte 24
is a good approximation to ({255 —ap iz oy ) 256, mithoud doing any multiplication,
Implement your method with MMIT instructions.
B2, [#f] What bappens if the second line of (88) is changed fo 'z« (x| ) — 2™
B3 [18] What basic formula for subbraction i analegous to formula {8g) for addition?
Bd. |.!'I'] Lot ¢ = [:|:-|- .. .Ilzu]g“ and ¢ = [b.-.- .i;i‘n':lg“ in {B.'l} Lan ¢ be nonmeno
when xy is nonmera? Can ¢ be zers when oy is zero!
BE. [52] What's a hitwise way to tell if all bytes of 1 = (7. .. 2 70)22 are distingt?
BiE. [21] Explain {gg), and find a similar formuola thst seés test Bags £ — 128[x; <yl

B7. [2] Leslie Lamport’s paper in 1975 presented the following “problem taken from
an actual compiler eptimization algorithm™: Given octabytes © = (Tr. .. zn)ms and y =
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{g7-..un)mme, compute ¢ = (b7 .. .En)ase and 7 = (27 ... 20)aze =0 that &; # 0 if and only
ifoy #0, 0y # '**, and 2y # yy; and 2y = (=5 = 07 gy {my # "¢ Amy F T oay))

BE. [#0] Given ¥ = {Tr...To)ms and y = {fr .. - Yo lase, compute = = (3r... =0
and w = {wr...wn)zma, where 7y = max{z;, g and wy = min{z;, ;) ford < < &

8@, [28] Find bexadecimal constants @, b, o, d, & such that the six bitwise operntions
te {{[{pkb) +c) [pad ke
will compurte the Hags ¢ = {fr ... fifo)me<7 from any bytes x = {x7...71%0) 224, where

fo=lm="0], fis[m#F"], i=[n<'A], i=[n>"'2'], i=[z2"al],
.rl-=:I_1E{II:|I‘II'1F:_..1JEI].'|, .I’-=:1'uEIHE]: f?=[I1-E{":',’-’,'}’,*?'H.

y+xiha,

100, [25] Suppose © = (T - Tizplie and g = {gs - - pepn e are dinaryecoded dee.
imal numbers, where 0 < x5 < 10 for each j. Explain bow to compote their sum
u = {t5 - .. w1t he and difference v = {mis . . vgvp e, wheee 0 < wg vy < 10 and

(uig. ..otk = ({Tes ... =izoh + (pes . - - yapo e ) mod 1077,
|:-E|:... .E‘|1.I|:|]|_|1 = [[1'15 . I|1‘|:|:|||:| - [HLE mah':ha} e :|.|:|:mI

withouat bothering to do any radix conversion.

101, [£2] I'wo octabytes @ and p contain amounts of time, represented in five fields
that respectively signify days (3 bytes), bours {1 byte), mingtes {1 byte), seconds
{1 byte), and milliseconds {2 bytes). Can you add and subfract them quickly, without
converting from this mixed-radix representation to binary and hack again?

102, [£5] Discuss rowtines for the addition amd subtraction of polynomials modulo 5,
when {a) 18 4-bit cocfficients or () 21 3-bit coeficients are packed into a G4-hit word.

103, [£#2] Sometimes it"s comvenient to represent small numbers in wnary notation, so
that 0, 1, 2, &, ..., & appear respectively as (0)z, {1z, (1102, {101z, ..., 2% — 1 inside
the compuoter. Then max and min are easily implemented as | and &

Supprse the bytes of © = {x7. . To)aze are such unary numbers, while the bytoes
of g = {wr.--yolase are all gither 0 or 1. Explain how to "add” ¢ to = or “subbrect™
from T, giving u = |:-H'|' . l.l.n':lg“ and v = [I.lir.. .Hu}uu where

mindf tgiz ) _ and u = grasiliniz £ 1-y) _

gy =2

104, [£2] Use bitwise operations to check the wlidity of a date represented in “year-
month-day™ fickds {y, m, d) as in (22). You should compute a walue & that is zero if and
onby if 1900 < g < 2100, 1 < m < 12, and 1 < d < mozdoy{m), where month m has
at most mar_dey{m) duys. Can it be done in fewer than 30 operations?

105, [50] Given © = {=v..-To)zsa and gy = (yr-.. ¢ )zma, dscuss bitwise operations
that will sort the bytes into order, so that & < yp < -+ < o7 € yr afferwards.

106, [27] Explain the Fredman -Willard procedure {gs5).  Also show that a simple
modification of their method will compute 24 without doing any left shifts.

107, [22] Implement Algorithm B on BM4IX when d = 4, and compare it with (58],
L08. [25] Adapt Algorithm B to cases where n does oot have the form d - 2%,
108, [5] Ewvaloate pr for nebit oumbers = in Olog log n) broadword steps.
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F 110, [50] Suppose mo= 27 and 0 < ¥ < n. Show how to compote 14 @ in Ofe) sxbracl the moat wignificant hie
; 5 ; - patiern

'hr_n.u.d.md_lt.np:, using only shift commaands that shift I1l1' nrn‘n.ﬂnnt wmaHank. _['lngct-]":r et daain
with Algorithm B we can therefore extract the most significant bit of an n-hit number I:-u'l:-.l:lﬁuun:l chain, atrog
in LF lngnj such steps. Domecdic: chuinm

[l“E e ':I . .J raticnal 2-adic sumbera
111. [5%] Explain the 017 pattern recognizer, {g8). rugular languags

ahiifkn

112, [46] Can all occurrences of the pattern 170 be identified in (1) broadwsord steps? R

113. [23] A strong broadword chaoin is a broadword chain of a specified width n that
is alen a Z-adic chain, for all n-hit choices of T, For example, the 2-bit hroadvord
chain [In..I:|:| with 77 = xp + 1 is not strong becasme T = I:'ll:lg mitkes ©; = I:'l'[l]g.
But {zp.T1,-..,74) & a strong breadword chain that computes {zo + 1) mod 4 for all
Do difeesct ) =5 ], se=ga e ], 7a =22 & 1, and x4 = o & 2a.

Given a browdword chain (xg, 21, .. ., 2 ) of width n, construct a strong broad woerd
chain {x. =}, ..., 25} of the same width, such that v = Ofr) and (g, 2y, .. .,2) B2
subsequence of (r. =}, ... =]

114. [18] Suppose {To,T1,..-.,Tc) is & strong broadword chain of width n that com-
putes the valoe f{z) = zr whenever an m-bit number © = xp is given. Constroct a
broadword chain {(Xg, X1, ..., X ) of width mn that computes X, = (f(60. .. f{Em]ize
for any given mn-bit valwe Xp = (£ .. Eqlan, where 02 £, .. fn < 3%

P 115, [%f] Given a 2-mdic integer = {.. . FzmiT0)a, we might want o compute § =
{...panpels = fiz) from = by meming out all blocks of consecutive 1s that {a) are
not immediately followed by two Os; or (b) are fellewed by an odd number of Os
before the next hlock of 1s begins; or (e} contain an odd oumber of 1s. For exame-
ple, i = & {...01110111001101000110)z then y i= () {... 000001 11000001000110);
(b} { ... 0000011 10000000001 10)z; {c) { ... BODNOBOONOL 100000110}z, {Infinitely many
(= are assumed to appear at the right of zp. 'Thus, in case {a) we have

Wi =25 A{[By1Afy_a) V {Zy1 AR 2 AR ) V (T aAZp_a By a ATy —a) Ve )

for all j, where zp =0 for k& < 0.} Find 2-adi; chains for g in each case,

116. [HM3] Supprse £ = (.. Tamznlz and p = {...penpels = flz), where p is
computahle by a Z-adic chain having oo shift operations. Let L be the set of all binary
strings such that y; = [x; ... 7z € L), and assume that all constants 1used in the chain
are rational Zapdic oumbers. Prove that L is & regular language. What langoages L
correspand to the functions in exercise 115(a) and 115{b}?

117, [HM46] Continwing exercise 116, is there any simple way to characterize the reg-
ular languages L that arise in shifi-free 2-adic chains? (The language L= 0°(10°10%}*
dives not seem f0 correspond to any such chain.)

118. [#] According to Lemma A, we cannot compute the function x 3% 1 for all n-
kit numbers = by using only additions, subtractions, and bitwise Boodean operations
{no shifts or branches). Show, however, that ©{n) such operations are necessary and
suthicient if we Include alse the “monos™ operator y = 2 in oor reperéoine.

118, [5#] Ewaluate the fonction fpy{x) in {102) with four broadword steps.

k120, [M25] There are 2™ functions that take n-bit numbers (zy,...,2x) ioto an
n-bit nomber fixy,...,2a). How many of them can be implemented with addition,
subtraction, multiplication, and non-shift bitwise Hoolean operations {modula 2™)7

P 121, [M25] By exercise 3.1-4, 2 function from [, . 27} inte itself is eventually periodic.
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a) Prove that if f is any m=bit brosdword fonction that can be implemented withbot
shift Instrictions, the lengths of its periods are alwayrs powers of 2.

b} However, for every p between 1 and n, there’s an n-bit broadword chain of length 3
that has a period of length p.

122. |[M25] Complees the proof of Lemma B

123. [M25] Let ay be the constant 1+ 29 4+ 290 4 .. & ale-14 = (37— 1) /(2% — 1).
Using {104}, show that there are inhinitely many ¢ such that the operation of multiplying
by &y, modulo 27, requires (3 logg) steps in any n-bit broadword chain with n = ¢°.

124. [M55] Compleee the proof of Theorem Y by defining an nebit broadword chain
[zn,T1,-- -, op) and sets (L, 0 .. D) soch that, for 0 < £ < F) all inputs = © £ Lead
to an essentially similar state Qx, £], in the follvwing sense: {i) The corrent instroction
in £}z, ) does not depend on x. {ii} If register v3 has a known value in 64z, &), it holds
xy¢ for some definite index j° < £ {iii) If memory location M[z] has been changed, it
holds x_» for some definite index 2 < £ [The walues of §° and 2% depend on j, 2,
and £, but not on x.) Furthermore L] 2 n/2%' -1 and the program cannot guarantee
that ry = pr when £ < f. Hinf Lemma B implies that a limitted number of shift
amiumnts and memory sddreses need to be considered when £ is small.

125. [M5F] Prove Theorem 1. Hind: Lemmn B remains troe if we replace ‘= 0° by
‘=g, in {10%), for any values o

126. [My8] Does the operation of extracting the most significant bit, 2%, require
{log g n} steps in an n-bit basic RAM? (See exercise 110.)

127. [59] Prowe that if there's a way to carry out sideways addition of n=bit numbers
in ({log logn} broadword steps, then erery symmetric function of a number's n bits
can also be done in (¥log logn) broadword steps.

126. [MY§F] Does sidewnys addition require (Ilogn) broadword steps?
1208, [MY§] Can the parity function {pr)mod 2 be computed in (1) broadword
steps?!
130. [MY5F] s there an n-bit constant a such that the function (a4 ) mod 2% requires
1log n) m-bit hrondword steps’
131. [2%] Write nn MMIX program for Algorithm B when the graph is represented by
are lists. Vertex nodes have at least two fields, called LINK and ABES, and arc nodes have
TIF and HEXT helds, as explained in Section 7. [nitially all LINK fields are zero, except
in the given set of vertices §), which is represented as a cireolar list. Your program
should change that circular list so that it represeots the st B of all reschachle vertioes.
132. [M27] A cligue in a graph is a set of mutually adjacent vertices; a clique is
marimad if it's not contaimed In any other. The purpose of this exercise s to discuoss
an algorithm due o J. K. K. Moody and |. Hoellis, which provides a convenient way
to find every maximal clique of & not<tooslarge graph, using hitwise operations.
Suppose (3 is a graph with n vertices V = {0,1,...,n — 1}. Let gy = 5{2% |
u— v or u = v} be row v of G's reflexive adjacency matrix, and let &, = T{2* |
u#F v} =2"—-1-72% FEvery subset [f € V is representable as an n-bit inbeger
alllf} =37, oy 2% for example, & = (V) v). We alsn define the bitwise intersection
il = K (ue U7 g 8.

Oim

For example, if m= 5 we have 7({0, 2}) = m & 8 & o2 & & & b

perasd lingth
maultiplyimg
brcadwizrd chain
wxbracling tha most @gniBoant bab
basic LAM

siclirmuga seddition
symmatric Tanition
parity Tumcisan
eirtular list

graph slgaritbaned
i ling a4

graph represaniakicm
anl repressnkakicn
msxwimal

Fellzcecly

ol

il jesmney makrix



T.1.3 BITWISE THICKS AND TECHNIQUES 63

a) Prove that £ is a clique i and only if 7{L7) = o).
b} Show that if #{[f] = [T then T i= a clique
c} For 1 < & < n, consider the 2* bitwise intersections

O = {HE%E{.I:'HE!'.-'TP-":S._} | Hg{ﬂ,]:...,k—l}},

and Ik -f:: b the maximal elements of O Prove that & is a maximal clique if
and only if (L) £ CF,
d} Explain how to compute OF from O _,, starting with OF = 2% - 1.
k 133%. [59] Given a graph (&, how can the algorithm of exercise 132 be used to find
{#] all maximal independent sets of vertices? {b) all minimal vertex covers {scts that
hit ewvery edge}?
134. [15] Nine classes of mappings for ternary valees appear in (119), (123), and {134).
To which cluss does the representation (128) bedong, fa =0 b=, c=17
135. [£#8] Lulmsiewics included a few operations besides (127) in his three-valued logic:
 [negation) interchanges 0 with 1 but leaves » unchanged: ¢z {possibility) is defined
as =T =+ ¥; or {necessity) is defioed as -9 and 3 &y (equivalence) is defined as
[z =yl Ay =-1). Explain bow to perform these operations using representation {128).
136. [£9] Suggest two-bit encodings for binary operations on the set {a, b, ¢} that are
detined by the bollowing “multiplication tables™:

a b ¢ ] o b
{a) (hnc); {h) (ﬂbaj; {c) (maﬂj-
oo bac @ h e

137. [&1] Show that the operation in exercise 136(c) is simpler with padked wectors
like {151) than with the unpacked form {130).

138. [&{] Find an example of three-state-to-two-bit encoding where class Y, is best.
1368, [25] If = and p are signed bits 0, 4+1, or —1, what 2-bit encoding is good for
cabeulating their sum [z 2:]a = 7 + y, where 2 and 2o are also required to be signed
hit=? [This is a “half adder” for balanced ternary numbers.)

140. [27] Design an economical full adder for balanced ternary numbers: Show bow
to compute signed bits w and v such that 3Ju+ v =r+y+2 when x,p.z € {0,+1, -1}
k141, [59] The flom pumbers (O D .. = (1,23, 4,6,8,11, 15,14, 18 26, ..} are
defined for mo = 3 by letting Ue be the smallest integer > - that has 2 undgue
representation U, = U + L bor 0 < 7 < & < n. Show that a million Ulam nombers
can b computed rapidly with the belp of bitwise technigues.

142, [53] A subcobe such as «10s1=0]1 can be represented by asterisk opdes 0010000
and bit codes 0101001, as in (85); but many cther encodings are also possible. What
representation scheme for subcubes works best, bor finding prime implicants by the
consensus-hased algorithm of exwercise 7.1.1-317

145, [#7] Let x be a B4-hit number that represents an 8 « 8 chesshoard, with a 1 bit
in every position where a knight is present. Find a formula for the §4-bit number £z}
that bhaz a 1 in every pogition reachable in omse move by o knight of . For example,
the white knights at the start of a game correspond o = = *42; then f{z] = ¥ 251800,

144. [18] What node i the sibling of node j in a sidewnys heap? {See {134).)
145. [17] Interpret (137) when b s bess than the height of 5.
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F L46. [M25] Prove Eq. (138), which relates the g amd A functions. i
147, [M25] What valoes of 7o, Ar, av, and 5§ occur in Algorithm ¥ when the forest is S R
a} the empty digraph with vertices {vy, ..., v} and no ars? minimuen alamunt in eubareay
b} the oriented path vy — --- = vg =+ ¥ ::':‘:L:::‘::::_“m
14B. [M21] When preprocessing for Algorithm V. is it possible o have Jzy —* nawigation pile
Hge —* Bz 3* g —* Jr in 8§ when 53 — 23 % 5 — A and yr —+ 10 — A TE:L":J:IPJ"""
in the forest? (If =o, two diferent trees are “entangled” in 5.) phi

nagaFibonacs

k148, [53] Design a preprocessing protedore for Algorithm Y. Fibgnsce mumber gyaism

k150, [£5] Given an amray of elements Ay, o, Ay, the mnge minimem guery problem FE"E-"""‘:_
is to determine kb{i, §) such that Agjey) = min{A, ..., A} for any given indices § and § :_;,_m_:::_'_;_'::_

with | =i < j < n. Prowe that Algorithm V' will solve this problem, after Oin) steps of
preprocessing on the array A have prepared the oecessary tables (7, 7, o, 7). Hint: Con-
sider the binary search tree constructed from the sequence of keys (p(1), P20, -, pn)],
where p is a permutation of {1,2,.. ., n} such that Agy < Agizy € -+ S Agia)-
151, [22] Conversely, show that aoy algorithm for range minimum queries can be ased
to find nearest common ancestors, with esseotially the same efficiency.
152, [M21] Prove that Algorithm Y is correck.

F 15%. [M25] The pointers in a navigation pile ke {1.44) can be packed into a binary
string such as

o1 aloft oalojoof1]o 10 ofolo ololo o o

al & |& B fia] 2z fia N T

At what bit position {from the left) does the pointer for node § end?

154. [80] The gray lines in Fig. 14 show how ench pentagon is composed of ten
triangles. What decomposition of the hyperbolic plane is defined by those grage lines
alpne, without the black pentagon edges?

b 155, [M21] Prove that {zg) mod 1 = (o}, ., when o bs the negaFibonacei code for x.

156. [#1] Design algorithms (a) to convert a given integer @ to its negaFibonacci
code o, and (b} to convert a given negaFibonaeci code o to 2 = Nia).
157. [M21] Explain the recursion (148} for negalFibonacei predecessor amd successor.
158, |.ﬂ-:|'.!'-|ﬂ Let & = @ ... o be the hinary code for f"[n:l[l:l = G o1 + -+ @z
in the standard Fibonacci mamber system (148). Develop methods analogons to {(148)
and {14g)} for incrementing and decrementing such codewords

150, [M5§] Exercime 7 shows that it's easy to comert between the negabinary and
hinary number systems. Discuss conversion between negalfibonacei modewords and the
ordinary Fibonseci codes in exercise 158,

180, [M25] Prowe that {(150) and (151) yield consistent code labels for the pentagrid.

181. [#1] The cells of n cheshoard can be colored black and white, so that neighboring
cells have different colors. [hees the peotagrid alse have this property?

162, [AMAT] Explain how to draw the pentagrd. Fig. 14, What circles are prosent?
183, [HMI] Devise a way to navigate through the triangles in the tiling of Fig. 18
184. [59] The criginal definition of custerization in 1957 was not {157 but

cu:tnr'[.l”] =X & i‘ul:-xuw B Ky e XNyp Be X o Ko o Xow £ X & .I:.g:l.

Why is {157) prefermble?
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185, [&1] {E. A Kimsch.) Discuss the computation of the 523 cellular antomaton with
X = e X)) = X g (| ) ) XY

1g6. [M25] Let fiM,N) be the maximuom number of black pixels in an M = N

hitmap X for which X = custer(X). Prove that f{M, N) = ";MN’ + M+ M

187, [&§] {Lif=) If the bitmap X represents an armay of cells that are either dead {0
or alive {1}, the Boolean function

.Ir[l':lw.---,L---:Ir.n:l = |3“~: Ernw T+ Tw+Tue +Tw +§I—In+15w+15+15k{4|

can lead to astonishing life histories when it governs a cellular automaton as in (158).
a) Find a way to evaluate f with a Boolean chain of 26 steps or less.

b} Let I;:!:' denote Tow j of X at time & Show that .Iit 1 can I:||: evalaated in
ak mum:- 23 broadword steps, as a function of the th‘l‘:ﬂ TOWE ..Il.'_1 ]-,, ..!.'_E :', and
Xih-

188, [&%] To keep an image finite, we might insist that a 3 * 3 cellular automaton
treats o A =N bitmap as a derws, wrapping around seamlesly between top and bottom
and between left and right. The task of simaolating its actions cHiciently with bitwise
operations is somewhat tricky: We want to minimize references to memory, yet sach
new pixel value depend= on old values that e on all sides. Forthermore the shifting of
hit= between neighboring words tonds to be awkward, taxing the capacity of a register.
Show that souch diffwulties can be surmounted by maintaining an array of nehit
words A ford < < Mand0 < k< AN = [Nin—2)]. fj# M and & # 0, word A
should contain the pixels of row § and columns (& — 13n — 2) through E(n — 21+ 1,
inclusive; the other words Ay and A provide auxilinry buffer space. {Motice that
some hits of the raster nppear twice |
186, [22] Clontinuing the previous two exercises, what happens o the Cheshire cat of
Fig. 17[a) when it is subjected to the vicissitudes of Life, in o 28 » 31 toros?
TO. [£4] What result does the Goe-Hall thinning automaton produce when given a
solid black rectangle of M rows and N columns? How long does it take?
1TL. [%{] Fimd a Boolean chain of length < 25 to evaloate the local thinning function
9l Trw . T, Tue, Tw, TR, Tpw . T5, Ter ) of {150, with or without the extrs cases in {1fo].
172, [M25] Prove or disprove: If a pattern contains three black pixels that are king-
neighbors of epch other, the Gue-Hall procedore extended by (180} will reduee it
unless mone of those pixels can be removed without destroying the connectiviby.
1T3. |[M50] Haster images often need to be cleaned op if they contain nodsy data. For
example, accidental specks of black or white may well spodl the results when a thinning
algorithm is wmed for optical charscter recognition.
Say that a bitmap X is closed if every white pizel &= part of a 2 = 2 square of
white pixels, and apen if every black pixel is part of a 2 = 2 square of black pizels. Lt

a

X% = LY Y2 Xand Yischeed}; X°=|{Y|¥ C X and Y is open}.

A bitmap is called clean if it equals X" for some X. We might, for example, have
X = X0 = e X =
In gereral X7 is “darker” than X, while X* is *lighter”: X” 2 X 2 X",

a) Prove that (X757 = X9 Hind: X C ¥ implies X" C YY" and X~ C ¥*.
b} Show that XY can be comprtod with one step of a 3 © 3 cellolar automaton.
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174, [MYF] (M. Minsky and 5. Papert.] 15 there a three-dimensional shrinking algo-
rithm that preserves connectivity, analogous to {18137
17T5. [15] How many rookwise connected black components does the Cheshire cat have?
176, [M2{] Let (7 bethe graph whose vertices are the black pixels of a given hitmap X,
with #— % when o and » are a king move apart. Lot (7' be the corresponding graph
after the shrinking transformation {161) has been applied. The purpose of this cxercise
is tor show that the number of connected components of 7 &= the number of components
of {7 minus the nomber of =olated vertios of
Let Ny = {05,5), (i~1,}s (i—1, 3+1), {5, 7+1)} be pixel (i, ) together with it
narth and for east neighbors. For each v 2 O et S{o) = {v" £ 67 | ¢ £ ALL
a) Prove that (v is empty if and ooly if © is i=olated in G
by fu—uwin i, v € Su), and v' £ S{v), prove that « — o' in G
c) Foreach o €07 Jet S'(v') = Jw e & | o' & Nl Is 8'(v") always nonempty ¥
dj fu'—o' in &, e 5 {u'), and v & 8 (v, prove that u—" o in
e} Hence there's a one-to-one correspondence begtween the nonotrivial components
of (7 and the components of &

17T, |M2%] Contimving exercise 178, prove an analogoos resolt for the white pixels.

1TB. [50] I X man M =M bitmap,

let X bhe the M o« (2W + 1) bitmap

XX | (X = 1)) Show that the

kingwizse connocted components of

X * are also rookwise connected, and

that bitmap X * has the same “sur-

roundedness tree” (1682) as X,

178. [4f] Design an algorithm that constructs the surroundedoess tree of & given

M = N bitmap, scanning the image one row at a time as disoussed in the text. {See

{162} and {183).)

180. [M2]] Digitize the hyperbola ° = 2% + 13 by hand, for 0 <y < 7.

181. [HM20] Explain bow to subdivide a general conic {188) with rational cocfficients

inka monotonic parts =0 that Algorithm T applies.

182, [MF1] Why does the threecregister method {Algorithm T) digitize correcthy?

183. [M2§] {G. Rote) Explain why Algorithm T might fail if condition {v) is false.

184, [M2%] Find a quadratic form Q'(x, 1) so that, when Algerithm T is applied to

(=" p'), {=, y), and &, it prodwces exactly the same cdges as it deoes from (=, y), (=, 1],

and &}, but in the reverse onder.

185. [52] Design an algorithm that properly digitizes a straight line from {£, 5} to

(£, "), when £, 5, £, and 5 are rational numbers, by simplibring Algorithm T

186, [HM22] Given thres complex numbers {20, 21, 72}, consider the corne traced ot by
B = {1 =8 2+ 21 — Edn + 82, for 0<t< 1.

a) What is the approximate behavior of Bi(t) when ¢ is near 0 or 17

b} Let S(z,21,22) = {88 |0 < £ < 1}, Prove that all points of 5[z, 21, 22] lie
an or inside the triangle whose vertices are 2g, 29, and 2.

c} Troe or false? S(w + (2o, 0+, w + 02 = w + {520, 21, 22).

d} Prove that 5{zo, 21, 2z) is part of a straight line i and only if 20, 71, and =2 ae
oollineinr; otherwise it is part of a parabod.
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e} Prove that if 0 < & < 1, we have the recurrenace L
riknks
Slza, 21,22} = 820, (1-F)z0 + 821, BIE)) L S[ B, (1-F)z1 + 023, 22). el
shuchim of gray
18T, [M2§] Contimving exercise 186, show how to digitize 5020, 20, 22) using the three- gray livale
register method {Algorithm T). For hest results, the digitimations of ${zq, 2:, 20) and ek
5{za, 71, 2] should produce the same edges, bot in reverse order. parity patbarn
188, [25] Civen a @4 x M hitmap, what's a good way (a) to transpose it, or (k) to perfect, parity pattern +
- o ; . ’ 2 -1 maktrx, el mlun |||.1.1'an-
rotate it by 807, using operations on G4-bit nombers? Baulimn muakrix, s sla bikmag
180. [25] Hitmap images can often be viewed conveniently using pizels that ane shade=s :::JF::::'I paTity patturn
of gray instead of just black or white. Such gray levels typically are B:bit valoes that Fihonase polynamink
range from 0 (black) o 255 (white); notice that the black fwhite convention is tradition- polyncmisl mpmaindgr mod 3

ally remersed with respect to the 1<bit case. An m ® n bitmap whese resplution is GO0
dot= per inch correspords nicely to the {m8) = (n/8) grayscale image with 75 pixels
per inch that is ohéained by mapping each & » B subarray of 1-bit pixels into the gray
level |265{1 — k/64)"'" + 1|, where v = 1.3 and k i= the nomber of 1s in the subarray.
©Write an HHII routine that converts a given m = n array BITMAP into the corre-
sponding (m/E] % (n/8) image GRAYMAP, assuming that m = Em’ and n = G4n".
180, [2%] A porily pattern of length moand width nis an m © n matrix of Os and 1s
with the property that each element is the sum of its neighbors, maod 2. For example,

1no 01110
11 g?hh nlinlo 110 10101
oo, 11017 11011, 11, and 11011
11 olnl nlinlo o1l 10101
ool 01110
are parity patterns of sizges 3 € 2, 4 x4, 35 5, 5 = 3, and 5 = A
a} If the binary vectors o, ag, ..., @m are the rows of 2 parity pattern, show that

gy ... g A0 all be computed from the top row @ by using bitwise operations.
Thus at mast one m = 7 parity pattern can begin with amy given hit vector.

b} Troe or Ealse: The sum {mod 2} of two m % n parity patterns &= a parity pattern.

c) A parity pattern is called perfect if it contains no all-zero row o column. For
ewamiple, three of the matrices abore are pertect, bt the 3= 2 and 3 = 5 cxamples
are not. Show that every m = n parity pattern contains a perfect parity pattern
as a submatrix. Furthermore, all such submatrices have the same ske, m' = n',
where m™ + 1 is a divisor of m 4+ 1 and n' + 1 is a divisor n < 1.

d} There's a perfect parity pattern whese first row is 0011, bot there is no such
pattern beginning with 010140, [s there a simple way to decide whether & given
hinary vector is the top row of a perfect parity pattern® m—1

e} Prove that there's o unique perfect parity pattern that begins with 10 0.

181, [M5F] A wroparound poridy poffern is analogoes to the parity patterns of exer-
cise 190, cxeept that the lefbmost and rightmaost clements of each row are also neighbors.

a) Find a simple relation between the parity patéern of width nthat begins with o
and the wraparound parity pattern of width 2n + 2 that begins with Qoo ke

b} The Fibonacsi pelynomials Fy{z) are defined by the recurrence

.Ful:':] =1}, 1+ I:'J::I =1, and J"j+1l:':::| = :f-}{:] + £y _1-[.':] bow 5 2= 1.

Show that there's a simple relation between the wraparound parity patterns that
begin with 10...0 {M—1 zeros) and the Fibonacei polynomials mesdulo =™ + 1.
Hint: Consider Fy(z™" + 1+ 1), and do arithmetic mod 2 as well as mod =™+ 1.
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c) If @ is the binary string a; ... aq, et folzd =mx+ - + o™, Show that
fiapafy (T) = (falz)+ falz ™" NFiz ™" +1+2) mod (z* + 1) and mod 2,

when & = M+ 2 and oy is row § of & width-n parity pattern that begins with o
d} Comssquently we can compute oy from o in only ©{n® log 5} steps. Hinfs: Soo ex-
ercise 4.6.3-30; and use the identity Fnpolr) = Frizl izl + Fnod=i Faiz),
which generalizes Eq. 1.2.8-{6).
182, [HMI8] The shortest parity pattern that begins with a given string can be quite
long; for example, it turns out that the perfect pattern of width 120 wheae first row is
10...0 has length 36,028, 787,018 863 906(!). The purpose of this exercise is to consider
how to calculate the interesting function

clql = 1+ max{ m | there exists & perfect parity pattern of length m and width g—1},

whose initial values {1,3,4,6, 5,24, 8,12, 28) for 1 < g < 8 are easy to compute by hand.

a) Characterize ofg) algebraically, using the Fibonaco polynomials of exercise 191,

b} Explain how to calculate cig) if we know a nomber 8 such that ofg) divides A,
and if we also koow the prime factors of AL

el Prove that o{ 21 = 3- 27" when e > 0. Hint: Feely) has a simple form, maod 2.

d} Prove that when g is odd and not & multiple of 3, o) & a divisor of 2** - 1,
where ¢ is the order of 2 modulo . Hind: Foe_{y) has a simple form, mad 2.

e} What happens when g is an odd multiple of 37

) Finally, explain how to handle the case when q is even.

188, [M21] If o perfect m x n parity pattern cxists
when m and n are odd, show that there's also a perfect
[Pm+1)3%({2n+1) parity pattern. {[ntricate frsctals arise
when this ohsermtion is applied repeatedly; for example,
the 5 = 5§ pattern in exercise 190 leads to Fig. 20.)

184, (%] Find all n < 383 for which there exists a
porfect nox nparity pattern with B<fold symmetry, such

i

as the example in Fig. 30, Hint: The diagonal elements Fig. 20. A perfoct

of all suwch patterns must be zero. 383 = 383 parity pattern.
185, [HM25] Let A be a hinary matriz having rows

g, -.., e 0Of leogth mo Explain how to use bitwise operations to compute the

rank m — r of A over the binary ficld {0, 1}, and to find linzarly independent binary
wveckors ty, ..o, 8 of length m such that &4 =0 0 for 1 < § < r. Hind: See the
“trinngularization” algorithm for oull spaces, Algorithm 4.6.2M.

186. [21] (K. Thompson, 1892.) Integers in the range 0 < x < 2 can be encoded as
a string of up to six bytes (o) = o ooy in the following way: fz < 2% set i+ 1 and
oy — x. Dtherwise et 2 = {25 ... Tozoles; 5ot d — [(Ax)/5], @0 +— 22 =284z, and
oy =2 dxpop for 2 < § < | Motice that oofx) contains a zero byte if and only if £ = 0L

a) What are the encodings of #2, #5323 *Tha7 and # 101417

b} Ifx < =", prove that afz) < nl:'r"a in lewicographic arder.

c) Suppree n sequence of values M@ 1% hae been encoded as a byte string
a{r " alr™) . a(z'™), and let oy be the kth byte in that string. Show that
it's easy to determine the wloe ™ from which g tame, by looking at a bew of
the neighboring bytes if necessary.
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187. [£2] The Universal Charmcter Set (U03], also keown as Unicode, is a standard
mapping of characters o integer codeprints © in the moge 0 < © < 2 42" An
encoding called UTTF-16 represents such integers as one or two wydes #ix) = #; or
Alx) = f1 B, in the following way: If x < 2'% then 8(x) = 1; otherwise

A = FdBi0 + /2" and fz = *dedd + {y mod 2'"), where y =z — 2'°.
Answer questions {a), (b), and () of eeercise 196 for this encoding.

* 18R, [2f] Unicode characters are often represented as strings of bytes using a scheme
called UTI:8, which is the encoding of exercise 1896 restrictod to inbegers in the range
0% r< 22742 MNotioe that UTF-8 efficiently preserves the standard ASCIH character
sct (the codepoints with © < 279, and that it is quite different from UTF-16.

Let @y be the first byte of a UTF-E string (). Show that there are rensonably
smitll integer constants a, &, and ¢ such that only Bour bitwise operations

a3 ({o 20 &c)) &3

suffice to determine the number § — 1 of bytes bebween oq amd the end of o).
k180, [59] A person might try to encode ®a as "cOBa or ¥el808z or *LO0B3ANER in
LITF:E, because the obwions decoding algorithm prodoces the same result in each coase.
Hint such unnecessarily long forms are illegal, becamse they could lead to security holes.
Suppeess o and oz are bytes such that qp > Y80 and *80 < az < “ci. Find
a branchless way to decide whether & and @z are the first twn bytes of at least one
legitimate LI'TF-E string «(x].
200. [#7] Intecpret the contents of register $3 after the following three MMIT instroc-
tioms have boen executed: MOR 1,80, &#54; MIOR £2 80, &34; SUBD 3 82 %1,
201. 5] Suppose = (315 - . To%0 e bas sixteen bexadecimal digits. What one HHIX
instruction will change each nonmero digit to £, while leaving zeres untowched?
202, &1 What two instroctions will change an octabyte's nonzero wydes to #££££7
203, [£2] Suppose we want to coovert a tetrabyrte © = (37 .. Tizn e to the octabyte
¥ = {gr.--wpnlzsa, where gy is the ASCI code for the hexadecimal digit x5, For
example, if ¥ = ¥1¥dabed, y should represent the Bcharacter string " 1334abod".
What clever choices of fve constants 2, b, ¢, d, and e will make the following HEIX
instructions o the job"

MK t,x.a; SLUs.t.4; TOBEt.s,t; AMD £,.t.b;
ADD t,.t.c; MOR s.d.t; ADD t.t,e; AOD y.t.s.
* 24, [52] What are the amazing constants p, q, r, m that achieve a perfect shuffle
with just six MMIX commands? (See (175)1{1781.)
P 205, [£2] How would you perfectly wnshuffle on MMIX, going from o in (175} back to =7
206. [#] The perfect shuffle (175) is spmetimes called an “putshuffle,” by comparison
with the “inshuffle” that takes z = yir = {gaiza - p@igeze)z the owtshuffe

preserves the leftmost and rightmcet bits of z, but the inshufile has no fixed points.
Can an inshoffte be performed as efficiently as an ootshufie?

207, [22] Use MOR to perform a 3-way perfect shuffe or “triple zip," taking {Tas . .. 20z
to [T21TazTeaTm - . - ToFm Tl :gg:l:“:tnh, as well as the imverse of this shotie.

B, (53] What's a fast way for BMIX to transpose an 8 » 8 Boolean matrix?
F 208, [£1] Is the suffix parity operation 2 of exercise 36 casy to compute with MEORY
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210. [£2] A puzmle: Register x cootains a number 8 +&, where 0 < j, & < 8. Hegisters trath Lukl
aand b contnin arbitrary octabytes (ar - aa0)zss and (b . bybg)zse. Find & sequence ’“T‘::"“I'.Fm;“'];:"hi‘.ﬁ:’“
of four MMIX irstructions that will put a; & by into register x. e iy "
* 211. [M25] The truth table of a Boolean function f{zy,...,zs) is essentially a 84-bit gﬁm
numhber bermuriih bossa
F=flo,n 00,000, .. f1,1,0,1,1,0)6(1,1.1,1, ]z'l.:l:lg. E'r'l': ¥ On and T
Show that two MOR instructions will convert f to the truth table of £, the least monotone Diwasibalivy by 3

Hoolean function that is greater than or equal to f at each point.
212. [M5E] Suppose a = (@ay .- . aiag)s represents the polynomial

afz) = (a3 ... @100)z = e + -+ mx + ag.
[Fiscuss using HI0R o compute the product oz} = a(x)b(z), modulo =™ and mod 2.
P 21%. [HM25] lmplement the CRC procedure {185) on MMIX

P 214, (A28 (R, W. Gesper)) Find a short, branchless HMIT compuatation that com-
putes the inverse of any given 8 « 8§ matrix X of s and 1s, modube 2, if det X is odd.

F 215, [21] What's a quick way for BMIX to test if a G4-bit mumber is a multiple of 37
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SECTION 7.1.3

1. These operations interchange the bits of © and g in positions where m is 1. (In
particular, if m = —1, the step 'y + g & {r & m)' becomes just 'y +— g6 o', and the
three assignments will swap = + y without needing an auxilinry register. H. 5, Warren,
Jr., has lpcated this trick in vintage-1981 [HM programming course notes.)

2. All three hold when o amd y are nonnegative, or if we regard © and 3 as “onsigned
Zepdic integers” in which < 1 <2 < -+ = =3 < =2 < —1. Hut if negative integers
are less than nonnegative integers, (i) fails if and only i » < 0 and g < 0; (i) and {iii)
fail if and only if =@y < 0, namely, it and only i < Dand g2 0 or = 2 0 and g << 00

3. Mote that 1 — y = [z y) — HE & p) {see exercise 33). By removing bits commaon
to r and y at the left, we may asume that o1 = 1 and yn_y = 0. Then 2(# & g) <
Alzy) -2 = (& w)— (zou)™ - 1.

4 o — 24+ 1=yx by (216). Hence z¥C = pNOIF — (JNOONF _ MNP _ P

5. {a) Disprook: Let o ={.._zpzizplz. Then digit { of z @ & is o[l = k). So digit
I of the left-hand side &= g [l = k][I — &2 j], while digit { of the right-hand side is
Ti—j—i[l = i + E]. These expresions agree if 7 > 0 or & < 0. But if 7 < 0 < &, they
differ when | = max(0,7 + k) and 3y ;& = L.

{We do, however, have (z < 5) < & C =< {§ + k) in all cases.)
{b) Proof: Digit { in all theee formulas is o [0 2 — 5] o[l = k).

G. Since & y > 0 if and only if £ 2 0, we most have o 2 0 if and ooly it g > 0.
Obvipusly = = y is always a solution. The solutions with © > y are (a) 2 = —1 and
y=—-2orWrrry=0f(blz=2and y=1, 00 2% > —y = —x = 0.

T. Set '+ {x+ fio) &b fio, where jip is the constant in {47). Then 2’ = {.. . zmxixola,
since {x e —fo = (... SareEioh e — (... 10000 = { ... .0op0os)s — (.. ca0ol: = 3.

[This &= Hack 128 in HAKMEM; see answer 30 helow.  An alternative formaula,
x' + (pn—=z)Ppa, has also been suggested by [ P Agrawal, [EEE Trans, C-29 {1980],
1032-1035. The results are correct maodulo 2% for all n, but overflow or onderflow can
ooour. For example, teo’s complement binary numbers in an n-hit register range from
—2#=1 gp 2*1 — 1, inclusive, but negabinary numbers range from —3(2" — 1) to
(2" — 1} when n is even. In general the formula = +— (x4 u) & p cooverts from
hinary notation to the general number system with binary basis (27— 1™ discussed
in exercise 4.1-30{c], when g = [ ... mzmuma)a.]

B. First, zéfiy ¢ (g Uz T). Becond, suppose that 0 < & < oéy, and let xehy =
[ela’dz, & = {nla")z, where o, o', and o' are strings of Os and 1s with |2'| = [a"].
Assume by symmetry that = = (518" and y = {70+ )z, where |a| = [3] = |v|. Then
iy = {30" )z is less than z. Hence by £ 5, and & = (kByidy € Sy [See R P
Sprague, Tahoke Math. J. 41 (1838], 438-144; P. M. Grundy, Euercka 2 {1930), 6-£]

8. The Sprague—Linmdy theorem in the previous exercise shows that teo piles of @
and y sticks are equivalent in play to a single pile of xéy sticks. (There is & oonnegative
integer k< =&y if and only if there edther is & noonegative d < = with idy < sy or
a nonnegative § < y with o < =& p.) S0 the & piles are equimlent to a single pile
of size a) &+ g [See C. L. Bouton, Annals of Math. (2] 3 (18011802, 35-349.)
10. For clarity and brevity we shall write simply zy for s @y and z 4+ for =&y, in
parts {i] through (iv) of this onswer oniy.

{ii Clearly 0y =0 and =+ y = v+ 7 and zy = y=. Also ly =y, by induction on .
(i) fx#z" amd p # ¢ then sy +xp' + ="y + £y # 0, because the definition of
iy says that ry' + o'y + 'y’ < zy when 2" < z and ' < p. In particular, if = # 0 and
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1y # 0 then zy # 0. Another consequence is that, if # = mex{5)] and g = mex(7} for
arbitrary finite sets 5 and T, we hawve oy = mex{zj +iy +if [i € &, 7 e TH
(i) Consequently, by induction on the (ordinary) sum of =, , and z, {z+ ¥z is

mex{{z+y)z + (& +yde+(F +y), {z+u)d H{z+y e+ (z+y)s
| I'IE.':'{::, “Ey'{],r, o< :’{z]-,

which is mex{rz" + 'z + 2'2" + pz, zz + g2’ + ¥z + '} = 2 + yz. In particular,
there’s & cancellation lew: [f zz = yz then (z+plz=0,sox=yor 2 =0

{iv) By a similar induction, (zy)z = mex{{zy)z’ + (z=y' + 'y + =29 Wz + 2"}
mex{ (xy)z' + (zy")z + {=y)e' + -} = mex{x{pz’) + =y'z) + =(y) + o0}
mexf(x += )" +y'z + ¢ 2) + 2 (p2)} = ={p=).

(I IE0 < z,y < 22" we shall prove that x &y < 2%, 22" & p = 22, and
29" @ 23" = 1297, By the distributive law (i} it suffices to consider the case z = 2%
and y =" b 0< o b <2 leta=24+a and b=27 + &', where 0 < a' < 2 and
0= & < 2% then x = 22" @ 2" and y = 22 @ 2%, by induction on n.

If p < n—1and g < n—1 we've already proved that o2y < 2277 p< g=n—1,
then @ 2% < 2% honce s 2y < 3. Andifp=g=n-lLwehaw z@y =
237 2 @ 2" @ 2 = (327") @ 2, where 2 < 22" Thus x @ y < 2%° in all cnses.

By the cancellation law, the nonnegative integers less than 227 forme a subbicld.
Hence in the formuala

@y = mex{2y @ ydy) [0S <202y <y}

we can choose ' for each ' to exclode all oumbers between 277" and 277 (y' + 1) - 1
but 27"y is never excluded.

Finally in 27" @ 27" = mex{2?"{z' @y ) bix’ @) | 0 < 2", ¢ < 2}, choosing
' = i will exclude all numbers up to and incloding 2% — 1, sine s = gy
implies that (xp)@ {xdy) =0, henee 2 = y. Choosing 2" = p'# 1 excludes nombers
from 3% o iﬂr — 1, since {z@z)fiz = (y@y)dy implies that = y or 2 = e 1, and
since the maost significant bit of @& ¢ i= the same as that of z. This same observation
shows that 322" is not excluded. QED.

Consider, for example, the subficld {0,1,. .., 15}. By the distributive law we can
reduce sEy toasumof o &1, o@2, oEd, and,."m &8 Wehave 282 =1,284 =E
4% 4 = ik and muoltiplication by & can be done by multiplying first by 2 and then by 4
ar wice versa, becapse B =284 Thus 2R E=12, 4@ 8=11, 8@ 8= 13.

In geneeal, for n = 0, ket n =2 + r where 0 < r < 3™ There is a 2™« g™+
matrix §ly such that multiplication by 2 &= equiwlent to applying Qa to blodks of
2™*! bits and working mod 2. For example, § = ﬂ;}, and [ ... TaTaEsTizole @2 =
{- .. paayzpnn)z, where o = 1, o = @1 6 To, T = Za, Y3 = Ta & Tz, P = Ty, oo
The matrices are formed recursively as follows: Let Qo = Hp = (1) and

G 0 2
regr = {: !':-]m) ( 0 .-.Q ): iy = (i:: j:-.m) = Lgm=i_g,

where ), is replicated enough times to make 2™ rows and columns. For example,

1011 1101
_|orro| B Gh 0y _Jl1o11)
@=11000] “"q’{u ql)‘ 1100) " H=
0100 Loon
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It register x holds any fd-bit number, and £ 1 < 3 < 7, the MMIT instrpction HU0R 5000
will compute § = x & of, given the bexadecimal matrix constants

g, = clR0BI200c080302,
gy = bUSOBO4OOLOBOB0Y,
g, = G0b0cOA00A0LOCtE, F

[For further infprmation, see J. H. Conway, (n Numbers and Games (1878}, Chapter &,
where it i= shown that these definitions actually yield an algebraically clossd field ower
the ordinal numbers.)

1L Let = 2% + ...+ 2% witha, > - > a1 > Dand n = 2% 4+ ... + 2 with
by = oo B 200 Then m&n=mn if and only i (a. | --- (@& (b | - | &) =0.

12. Fr=2"a+bwhere 0 < a,b < 2%, let o' = r @ {z & a). Then
=2 @al @b (2 wa)dadh) = T ' GamalBhE (add)) < 27

To nim-divide by » we can therefore nim-divide by =" and multiply by e [This algo-
rithm i= dwe to H. W. Lenstra, Jro; see Séminaire de Théorie des Nombres | Lniversité
de Bordeaux, 1977-1978), exposé 11, exercise 5.]

13. Hax&® - Pee = oy Bagds-- -E[[h— ?}Elm,] =, every move breaks this condition;
wecan't have (a@ o) @{b@yi={a® o) & {b@ y') when a # b unlss (7, ¢) = (=)

Comersely, iF gz & - -- @ ae 7 0 we can redoce some g with § 2 T to make this
sum were; then @) can be set to a3 & - (K — 2) @ ax). Hazd---Gae =0 and
ap #Fayep Bk — 2 @), we simply reduce gy if it is ton large. Otherwise there's a
3 2 % such that equality will cocor if (§ — 21 & ay is replaced by an appropriate smaller
valoe [(j — 2@ al} & (i —2) @ (a; &al)), for some 2 <4 < j and 0 < a} < a;, because
of the definition of nim multiplication; henee both of the desired equalities are achieved
by setting a; + a) and ay + egéba; $ay. [This game was introdoced in Winning Ways
by Berlekamp, Comeay, and Guy, at the end of Chapter 14]

14. {a) Fach y = {...pathtnlz = 7 determines © = {...Tarzo)z uniguely, since
To = yo B¢ and |32 = |=/2]|T=a.

{b} When & = 0, it is a branching function with labels th0s = @ for |§ = k- 1,
and £, = 0 for |a| < & But when & < 0, the mapping is nob & permutation; in fact, it
sends inhinitely many Zadic integers into 0.

[The case & = 1 is particolarly interesting: Then =7 takes nonnegative integers
into nonnegative integers of even parity, negative iotegers into nonnegative integers of
add parity, and —1/% — —1. Furthermore | =%/2| is “Gray hinary code,” 7.2.1.1-(g).]

{c] ¥ plz kB y) = & we have Tzl = Ty) and =z = p + 2% {module 2*4'). Hence
ArT @&y = plrdy e T & T = & Conversely, if piz” &y" ) = k whenever y =
r+2* we obtain a suitable bit labeling by letting &, = {27 3% |a]) mod 2 when o= (o).

{d} This statement follows immediately from (a) and (). For f we always have
plr @ y) = plzt'Byl') = plx¥d g¥), then oz @ y) = plzt@yl') = plzl'Vis V). And
if 27 = 1 for all x, p{zVE ') = plr & ) B equivalent to @z &yl = plzTE 57

We can also construct the labelings explicitly: IF W = UV, note that when a, b, £
{D: 1]' we have H‘r. = {.-r..h".l, I-F.,b = Ll'ui".;.ln.l: il “"m = Lrub.: b"..lul.-_l, where ﬂ.‘l = ﬂ.ﬁul
H = b#ng, & = o e, amd 50 on; hence w = wiliv, wa = wg $ War, Was = tigs
ectc. The labeling T imverse to L is obtained by swapping left and right subtrees of all
nades labeled 1; thus & = o, 8y = wae, bas = Harie, obe.

{e} The explicit constrsctions in {d) demonstrate that the balance condition is
preserved by compositions and ioverses, because {0, 17 = {0, 1} at each level.

= 0ddb2c 1880402010, g, = bOETOAALLOSOB0L0,
= cB8d3d2cc080A020, g, = debSocSBddObOc0a0.
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Nofes: Heodrik Lenstra observes that branching functions can profitably be viewed
as the isometries (distance-preserving permotations) of the Zadic integers, when we
use the bormocla lj?"[‘Eﬂ to define the “distance” between Z-adic integers & and .
Moreover, the branching functions mod 2* turn out to be the Sylow Z-subgroup of the
group of all permutations of {0,1,...,2% "}, namely the onique {up o isomorphism)
subgroup that has maximum even onder among all subgroops of that group. They also
are equivalent to the automorphisms of the complete binary tree with 2 leaves.

15. Equivalently, (z+2a)éb = (x&b)+2as so we might as well find all b and ¢ such that
{zesh) + o= {z+ciekh. By (Bg), the latter is equivalent to (zéi b c) + 2z bl ke) =
[z & o b) + 2z & ), =0 the condition b & ¢ = 0 & necesary and sufficient. Thus the
condition ({o < 1) & b) = 0 is necesary and sufficient for the ariginal problem.

16. {a) f plxeby) = & we have £ = g+ 2* (modulo 25 hbence s +a=y+a+ 25
and [z +a) @ {y+al) =k And @ (8 b) & (y b)) is obvieusly k.

(b} The hinted labeling, call it (), has 1s on the path corresponding to o, and
(= elsrwheres thus it is balanced. The general animating funetion can be written

il S el T et T o where gg = by 0o 8 by

go it is balanced if and only i e =00

[Incidentally, the set & = {P0)} U] PR PIE+2") | & 2> 0and 2° = &} provides
an interesting dans for all possible balanced labelings: A labeling &= balanced i and
anly if it is P {g | g & @} for some ¢} C 5. This exclusive or is well defined even
though &) might be infinite, because only finitely many 1= appear at ecach node.]

{£} The function P{c) in (k) has this form, becanse 29 = z & |z @ o). Its
inverse, £ = {(zd )+ 1) de, is 2 [z @ E] = 28 Furthermore we have
PPl = g Pleley | P ] = o 2] | oBd ], becanse [zdy] = TEyT ] for any
branching function 27 Similacly zFEIPEPE) = pb ) ede] @ |z @d ¥ 6 | o FESET
ctc. After discarding equal terms we obtain the desired form. The resolting nnmbsers
ry are unique because they are the only valees of © at which the function changes sign.

{d} We hawe, for example, =8 |z ®a] & |od b & |oEe] = Pl LA L
a = i, K = .ﬁ"‘:“'!:': and & = br'i"r.l"ib':'_

[The theory of animating fumctions was developed by J. H. Conway in Chapter 13
of his book (n Nombers and CGames (1878), inspired by previoos work of O . Welter
in Indagationes Math. 14 {1952), 304-314; 16 {1954}, 1684-200.)
17T, [Solution by M. Slanins.) Such equations are decidable even 5 we alse allow opera-
tions such as they, £, 241, o231, 27, and 2°F and even if we allow Boolean combina-
tions of statements and quantitications over integer variables, by translating them into
formulas of second-order monadic logic with one soccessor (515). Each 2-adic variable
T =1{...Tzr1%0)z corresponds to an 515 sct varinble X, where § € X means z; = 1:

==F becomes Yiie £ = td X);
z=xky bocomes Wite T & (fe X ate Y
z=2" bhecomes YiHice e (e X avals<t=ad X))
z=r+y becomes ICWHDREC A (E€ £ < (fEX) (LY & (b2C))
A B O s (e X eV e )] )
An identity such as = & {—=z) = 2*° is equivalent to the tramslation of

YEXYYYE{integer(X) A D=x+y A z=xky) = z=2),
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where integer({ X} stands for 3tvs(s > ¢t = (s € X ¢ £ X)). We can include rational
2-pdic constants 2= well; for example, 2 = po Is equivalent 0 0 € £ AYEE E £ =
£+ 1 ¢ &), But of course we cannot include arbitrary (uncompuotable) constants.

4. . Bixhi proved that all formulas of 515 are decidahble, in Logie, Methodology,
and Philesophy of Science: Proceedings {Stanford, 19600, 1-11. I we restrict attention
to pquations, one can show in fact that exponential time sofbees.

U the other hand M. Hamborg has shown that the problem would be unsolvable
if pz, Ax, or 1 < x were added to the repertoire; multiplication could then be encoded.

Incidentally, mamy nontrivial identities exist, even if we use only the operations
&y and @+ 1. For example, . P Welter notioed in 1952 that

Heglp+ 1+ &{z+1) = {[{z+ )@y + &)+ 1

18. M course row x is eotirely blank when 7 s a multiple of 64, The fine details
of this image are apparently “chaotic™ and complbex, but there is o Bicly casy way to
understand what happens near the points where the straight lines x = 847 interssct
the hyperbolas zy = 2"k, for integers §,k 2 1 that aren’t too large.

[ndeed, when = and y are integers, the valoe of £y % 11 is odd if and only if
/2% mod 1 > L. Ths, if o= B + & and ry = 2" [k + £) we have
=y [IEH-\."FE+£’ 2xr—4*
al? T anmn
and this quantity bas o known relation to é when, say, 4 is close to a small integer.
[See 2. A, Pickover and A. Lakhtakia, J. Mecreational Mach, 21 {1988), 166-108.)

18. {a) When n = 1, fid, 5,0) has the same valoe under all arrangements ecxcept
when ag # aq, bs 7 6, and op # 12 and then it cannot exceed 1. For larger values of n
we argue by induction, assuming that n = 3 in order to avoid cumbersome notation. Let
Ag = l[-l!l.u: '!1:'!2:'!1}: Ay = {-ﬂ.q:-ﬂ.:.,ll‘,ll'r}: - - - p o= fﬂq.ﬁ:ﬂl,f_‘r}. Then f["i:jj'c:l =
¥ rekgizn Fldy, B, O) €30 oo F1A7, 85, C7) by induction. Thus we can assume
that @p 2 an > @g 7 @3, Gq 7 0z 2 48 2 @7, -, 04 2 O 2 op 2 oo We can also
sort the subvectors AL = (ag, @y, 24,05}, A = oz, 03,08, a37), ..., £ = {o2.03,08,07]
in a similar way. Finally, we can sort A = {0g, @y, 2. a7}, A} = [#2,03,04,83), .-,
Y = (e, €3, 04, 21}, hecause in each term agbeer the number of subscripts {5, & {} with
leading bit= 01, 10, and 11 must satisfy sp1 = sip = 5110 (module 2). And these three
sorting operations beave A, B, O fully sorted, by exercise 53418,

{b} Suppase A = A*, B = B*, and € = C*_ Then we have a; = T2 ' ou[f € 4],
where oy = @y —ay4n 2 0 and we sct @ze = 0; similar formulas bold for dye and e Lot
Ay denote the vector [n.p[.;u]: . .,ﬂ-{g-_”} when p is o permuotation of {0,1,.._,2% -1}
Then by part {n) we have

f{"'i[_p]:'”‘[f] t-'r:r:ll:l = EJE*Er:u Eﬁ_ u,m n:lﬂuar‘rpr_j':] E t”q{t] Eu][r[t] E El
< ¥ msaice Do .o oefueli SE[k < u[l< 0] = £(4, B,0).

[This proof s dwe to Hardy, Littlewood, amd Pélys, Inegualities (1834), {1005
{c] The same proof technique extends to amy number of vectors. [H. B AL O
Paley, Proc. London Math. Soc. (2) 34 (1932), 203278, Theorem 15

20. The given steps compute the least integer i greater than © such that w»y = e,
They're useful for generating all combinations of n objects, taken m at a time (that =
all m-slement subsets of an n-element set, with elements represented by 1 bits).

[This tidbit = Hack 175 in HAKMEM, Massachusetts Institute of Techoology
Artificial Intelligence Laboratory Memo Mo, 239 (20 Febroary 1972) ]

&y
——mwmdl = 105G H}ymﬂdl—{[l‘+ﬂ'ﬁ— mj mied 1,
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21 Seti+y+lLu—tdyp otk re—v—{ok —v)lfiut+l) Fy=2"-

1 is
the first m-combination, these cight operations set © to zero. (The fact that =z = F{§)
does not seem to yield any shorter scheme.)
23, Sideways addition avodds the division: SUBU t,x,1; ANDH o.x.t; S&D0D k.t.x;
ADCY v,x,uw; KOR t,w,x; ADDU k. k,2; EBU £,t.k; ADDU y,.v.t. But we can sctually
save a step by jodiciously using the constant mone = —1: SUBU £,x,1; I0R n,t,x;
AODA wox,u; SAOD k,t,y; ANDH y,y,u; SLU t.mome,k; ORN y.7.t.
23, {a) {0...00.. 1)y =2 — 1 and {D101.._01)g = {2*™ — 1}/3.

{b) This solution wses the Zadic constant wg = {... 0101010 = —1/&

v
1,."r¢-|-1-

[f & = {27m — 1}/3, the operations produce a strange result becanse o = 23m+1 —

{c] I0R ¢,z m0; SUEUn.t,1; XOEo,t,u; ORw,x,n; SAOD y.u,n0; ADDU w,v,1;
AMCH £ ,w,w; SRU y,t,y; ADDA §.w,7. [This exercise was inspired by Jarg Arndt.]
24. It's expedient to "prime the pump®™ by initializing the array to the state that it
should have after all multiples of 4, 5, 7, and 11 have been sieved out. We can combine
3 with 11 and 5 with 7, as suggmsted by E. Wada:

ti-ro@ips, we (E-1)@E rez|u, weretl, ypeewt

LiC Data Segmant
ghase GREG @ ;B IS 3584 ;n GREG N ;one GREG 1

[f} DCTA #B16d120a84bdcbla Lo {little-endian
LOGc Q+H/16
qtop GHEG @ FEod of the §) table

Init DCTA #5240340245240245 | #4008010020040080 Multiples of 3 or 11 in [128.. 255
BETA #8d421084210842108 | 204081020408 10204 Multiples of 5 or 7
t IS $266 ;x33 IS 80 [;x3E IS ¥1 ;j IS &4

Loc #1080
Maim LOOU x33,Indt; LDOU xd6, Imits@
L4 j.gbase.B; SUB j.j.qtop Propare to scd G-
i NOR t,x33, x3%; AKNDN t,t,x3B
STOU t,gtop,] [nitialime 64 sieve hits.

L0 ,x33,2; BERU x3% x33.31; OR x33,x33 tPrepare for the next 4 valoes.
Sl t,xd5 &; SAU x3E x3E,259; OB x3E xldE t
ADD j.j.B; FBEN §.1B Repeat until reaching geop. |

Then we cast out nonprimes p°, p° + 2p, ..., for p=13, 17, ..., ontil §° > N:

p IS $0 ;pp I8 $1 ;m I8 $2 ;om I8 %3 ;g IS5 44 ;s IS &6

Lool q,qbasa,0; LDA pp,gbasae,®

SET p,13; NEQ m,13+13 n; SBU g,q.8 Begin with p = 13.
if SRmm,i m + |{p® — N)2].
H fSfR mn.m,3; LOOU s,gtop,on

AND t,m . #3f; GSLD t,omnm.t

AMDN s,s.t; ETOU s,gtop,mm Lero out a bit.

ADD m,m,p; PFBEN m,IB Adwnee by p bits.

SR q.q,1; PBNZ q,3F Move to next potential prime.
H Lo q.pp.0; INCL pp.8 emd in annther batch

Ok p.p.#7f; FBNZ q,3F of potential primes.

ADD p.p.2; JHP FB Skip past 1Z8 nonprimes.
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H SR g.qg.1
i ADD p,p.2; PEEY g.ZB Sctop o+ p+ 2 until p is prime.
ML m,p;p; 5@ o,m,n; PFHEN m,1B Hepeat until pl =80

The running time, 1172+ 5166w, is of course muach less than the time needed for steps
P18 of Program 1.3.7P, npamely 100373 + 6415430 (improved to 100804 + 2153510
in exercise 1.3.2-14). [See P. Pritchard, Science of Computer Programming @ (1887),
17-35, for several instructive variations. [n practice, a program like thi=s one tends
to slow down dramatically when the sicve is too hig for the computer’s cache. Hetter
results are obdained by working with a segmeented sieve, which contains bits for numbsers
between Ny + B8 and Ny + {k + 14, &= suggested by L. J. Lander ard T, R. Parkin,
Math Comp. 21 (1947), 483-488; C. Bays and R. H. Hudson, BI'T 17 (1977), 121-127.
Here My can be quite large, but § is limited by the ceche sime: caloulations are done
separately for £ =1, 1, ... . Segmented sieves have become highly developed:; see, for
example, ‘T. R. Nicely, Math, Comp. 88 {1998), 13111315, and the references cited
there. The author wsed such a program in 2008 to discover an unsually large gap of
length 1370 between A18032645930712127 and the next larger prime. )

25. [1—1+1"5+1+]+1"5+1+] =EE:|mm.:thr:wnrr:1nmrﬂ'lu:lpu.Er::2 S0 of
Violume 1 or 1489 of Violume 4. (Unless the books have been placed in little-endian
fashion om the bookshelf; then the arswer would be 10 mm. | This classic brain-teaser
can be fund in Sam Loyd’s Cyclopedia (Mew York: 1914), pages 327 and 383

28. We conld multiply by *aa ._ab instead of dividing by 12 {see exercise 1.3.1°-17); but
multiplication is slow ton. Instead we can 1=e a scheme that is neither big-eodian mor
little-endian but transposed: Put item k into octabyte &{k mod 227}, where it &= shifted
left by 5[&/2™|. Since & < 12000000, the amount of shift s alweys less than G0
The HHIX code to put item & inbo register 1 is ARD 0.k, [#£4£££] ; SLU $0,$0,3;
LOM $1,basa, $0; SRU $0 0k, B0; 4ADOD $0,80,80; SAU $1 .41, $0; AND £1 81 . #1F.
[This solution uses & large megabytes (2°% bytes). Any convenient scheme for
converting item mumbers to octabyte addresses and =hife amounts will work, a= long as
the same method is used consistently. Of course, just “LDEU $1,base, k* woald be faster. ]

27, [a) {{z—1) & 2] + x. [This exercise is based on an idea of Luther Woodrom, who
noticed that ({z—1) |z} + 1 =k —x) + x|
(b} (y+ x|y, where y = {z—1) & .
lede) (y®z)+x) &y, (yE ) +x) @y, and ({p@ =) + 2} &y, where y = z—1.
[F) o®ial; albernatively, y&(y+1), where y = 2| {z—1). [The mamber (0%01°11%);
looks simpler, but it apparently requires five operations: {{p+ & g — 1.]
2B. A 1 bit indicates »'s rightmost 0 (for example, (100001102 — (00010073); —1 ~ 0.

B0, pe = e B (egr 9 250 [soe STO 6 {1974), 125]. This relation bolds also for
the constants pg e of {48), when 0 < & < d, if we start with pg g = 27" — 1 {There is,
however, no easy way to go from g 60 e, unless we use the “zip™ operation; see (77).)

30. Append ‘€52 tho,x, 84 ta (5o), thereby adding 1o to its execotion time. For {51,
we simply need to make sure that rhetod)] = &

31. In the tirst place, his code loops forever when @ = . But even after that bag is
patched, his assumption that r i= a random integer is highly questionable.  In most
applications when we want to compuate gr for a nonrero Gd-bit number =, 8 more
reamonable assumption would be that each of the outcomes {0,1,..., 63} is equally
likely. The average and standard deviation then become 3125 and == 18.5.
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G32. HEGU y.x; AND y.x.y; MULY y.debruijn,y; SRU y.y.68; LDE rho,decode,. 7" has
estimated cost u + ldw, altbough multiplication by a power of 2 might well be faster
than a typical multiplication. Add 1v for the correction in answer 3

33: In fact, an exhaostive caloulation shows that exactly BITZT suitahle constants @
yield a “perbect hash function™ for this problem, S0E70 of which also identify the power-
ofstwo cases y = ; 00918 of those also distinguish the case y = 0. The multiplier
FEb2IA0AcEII Y v undquely best, in the sense that it doeso™t oeed o ceber to table
entrics above decode [32400] when g is known €0 be a valid input.
34. Identities (a) and (b] are obviously troe, also when zy = 00 Proof of {c]: [f g0 = py
we hawe cither r = y = 0 or © = &10® and y = 510%; hence * @&y = (o @ J01F =
(z—11{y—1). If pz = py = kwe have (z&y) mod 2572 £ [{z-1)&{y—1)} mod 2542,
38. Let fix) = o & 3z, Clearly f(22) = 2f{x), and fldr + 1} = 4fiz)} + 2. We also
have f{dr — 1) =4f(=) + 2, by exercise 34{c}. The hinted identity follows.
Giwvnn,stu+—nFl,vi—utn ¢+ Hﬂ;‘ll.l,n"'{— |.|E|:!,lu1|:| n- o ud i
Clearly w = [n/2| and v = [3n/2), 50 n™ —n~ =v —u =n. And this is Heitwicsner's
representation, because n”™ | has po consecutive 1s. [H. Prodinger, Integers 0 (2000],
paper af, 14 pp. Incidentally we also have f{—x) = fix)]
36. {i) The commands @ +— oé{z1), 7 + oB(za ), @+ ohizgd], © + ob(o8),
Tz 16), £ 5 &z 32) change o to 2%, (i) ¥ ={(z+ 10 k2l - L
{See exercises 66, T, and 117 for applications of % see also exercise 208.)
3T. Inmert ‘052 v,x, half” after the FLOTU in {55], where hald = # 3£ a000 0000000000 ;
note that (58] says "SB° {not ‘SRAU"). No change is needed to (58], i laméab[0] = —1.
38. ‘SB0 t.x,0; DB y.x.t; BRU t.y.2; OR y.y.tp BRD t.y.4; DR y.y.®; -l
5BV t,y,32; MRy,.y.t; BB y,y.1; CHPU t,x,0; ADDY wy,y.t" tmkes 15w,

38. {Sclution by H. 5. Warren, Jr.] Let o{z) denote the result of smearing = to the
right, ms in the first line of {57). Compute z & of(z 3 1) & 2).
40. Supprese A = Ay = k. fx =y =0, (58) certainly holds, regardless of how we
dehine AD. (Mherwise @ = {lajz and y = {1z, for some binary strings o and 8 with
|| = |#] = k; and z < 2% < & y. On the other hand if Ax < Ay = &, we have
TEYy > ¥ oy And H. 5 Warren, Jr., notes that Az < Ag if and only if z < & 1.
4L (a) Bl (en)a" = 05, 21— 2% = 2/(1 - 2) - EZa 2" /(14 2"). The
[richlet generating function is simpler: 0 (pn)/n® = {(2)/(2* - 1}

(b} Loz, fAmda™ = T2, #/{(1 - 2). )

5 =1 (-]

(e} Enzaform)e™ = Foamg 2 fl{1 — 2h(1 +2%)) = Foi=a # (=), where pe(z) =
(T4 z4-4 22N = 22" (The “magic masks" of {47) correspond to ge{2).)

[See Automatic Sequences by J.-F. Allpuche and J. Shallit {3003), Chapter 3, for
further information aboot the functions g and e, which they denote by w2 and s2.]

42 2 e+ 22 b (e + 20— 20277, by induction on v, [, B, Kouth,
Proc. IFIP Congress {1871}, 1, 18-27. The fractal aspects of this sum are illestrated
in Figs. 3.1 and 3.2 of the book by Allouche and Shallit |
43. The straightforward implementation of {#s), 'SET ou,0; SET y,x; BZ y,Dona;
18 ADD = e, 1; SUBD t,y,1; AND y,y.t; PENZ y,1B" costs [51—-1.|.-'.':]r.l; it hemts the
implementation of (B2) when er < 4, ties when ex = 4, and loses when vx = 4

But wre can save dv from the implementation of (6z) if we replace the final
multiplication-and-shift by ‘g +— v+ {g =B, v +— ¢ + (v 3 16), vy + ¢ + (g 5 32),
v gde T£20 [OF course, MHIE's single instruction 'SAMD mu,x, 0" 3 moch betier. |
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44. Let this sum be 'z, If we can solve the problem for 2%:hit numbers, we can HMIX

solve it for 27 .bit numbers, becanse J.-'[I][E"'I+ ') = e g e L2 Therefore ﬁ,l";;' sahidtion
a solotion analogous to (fz2) suggests itself, on a G4-bit machine SAOOU
dADDL
Sek 2+ {x 2% 1) & o and g+~ x — 2. RADDOL
Set 2+ {{z+ (23 2)) & ) + (0 &e fin) > 1) and y & (&) + (v > B dep).  WADDU
Set 2+ [E{: (2 2 4)) & ) + (o de fi) 2 2) and = (g + [y 2 4)) de oo ramcomined data structure
Finally &' +— {{{Az) mod 2*') % 56) + ({({ By} mod 2% 5 65) < 3), binury mreh Lo
where A = (11111111224 and B = {1 234567 Jzne. E::';‘:"“ b
Huot another approach i= better on MMIX, which has sideways addition built in: :I::L';.L
SADD nu2,x,mi SADD t,x,m2 SADD no®,t,nn?  SADD t,x,mb B
SADD t,x,ml 44000 no¥, t ,no2 SADD t.x,md Sl t,t.B CHOD
ZADDV mud, t,on2  SADD t,x,nd 1GADD0 no2, t,no2  ADD mul.oud.c | balsnimd tarnary matstion

[In genesal, vz = ¥, ez & ). See Dr. Dobb's Journal 8,4 {April 1883}, 24-37.)

4%. Let o = (x — g) & (v — =); test if d & p # 4. [Hokicki found that this idea can be
used with node addresses to near-randomize binary search trees or Cartesian troes as
if they were treaps, without needing an additional random Ypriority key” in each node.
See L8 Patent AR7IIE (12 February 2002) ]

dff. 540D t.x.m; KEOR y,x.m; CEDD x.t,y) the mask m is “(1€<i] 1€€]}. (In general,
these instructions complement the bits specified by @ if those bits have odd parity)
AT. y{z i ki 2 (s wd, o (chm)|y| =, where T =8 | {0 4).
4B. Given 4, there are a5 = [[125 Flinsq4) 41 different Sswaps, incloding the identity

n=1

permutation. {See exercise 4.5.3-32.) Bumming over § gives 14507 {#5— 1) altogether.

48. {a) Theset 5 = {ardi + - +amdm | {ar,....8m} T {—1,0,+1}} for displacements
diy ..oy fim mast contain {n—1,n—3,..., 1—n}, because the kth bit muost be exchanged
with the {n + 1 — 2k)th bit for 1 < & < n. Henee 8] 2 n. And & contains at most 3™
numbers, at most 2 3™ of which are odd.

(b} Clearly s{mn) < s{m] + s{n}, becazme we can reverse mficlds of n bits ench.
Thos s(3™) < m and #{2-3™) < m + 1. Furthermore the reversal of 3™ hits uses
anly d-swaps with even walues of 4; the corresponding (42 )-swaps prove that we have
s({3™ £ 1),/2) < m. These upper boonds match the lower bounds of {a) wheo m > 0.

{c] The string cafdfpzw with [a| = (3] = ¥ = @] = |w| = n can be changed to
wzplFan with a (3In + L-swap followed by an {n + 1}-swap. Then s{n) further swaps
reverse all. Hemee #{32) < s{6) + 2 = 4, and #s(64) < 5. Agnin, eqoality holds by (a).

Incidentally, s(63) = 4 hecanse s{T) = #[8)] = 2. The lower bpund in {a} turns cut
to be the exact valoe of sin) for 1 < n < 22, except that s(16) = 4.

50. Express n = £y -..f180)3 in balanced ternary notation. Let ng = {te .. o4z and
£,=3n1+!J_|,lnt-]1m:. n,_;—E_r:n,a.nd.?S,—n_r_L =11J—t_1 b 1 EJEm Lt
Eng = {0} ard Ejp = E; U (4 — B for 02 5 < m. (This, for example, £ = {0t}
and £z = {08, £1,80 — fa}.)

Assume by induction on j that f-swaps for § = &, ..., & have changed the n-
bit word o .. .0y to s ..oy, where each subword oy has length ng + 2 for some
e & Ey. If j < m, & dj-swap within each subword will preserve this assumption. 1§
Jj=m, each oy has |ae| < m + 1, becanse £ € E; implies |z < j. Therefore 2% swaps
for |lgm| 2 k > 0 will reverse them all, (Note that a 2%-swap on a subword of size £,
where 2% < £ < 2% redoces it 6o three subwords of siees ¢ — 25, 2500 — ¢ ¢ — 2%
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51. {a) If o = {oa—1 .. .00}z, we must have B = ca—apiga—r. But ford < k< d—1
we can take ¥y = cp g e B Wi, where g Is anpg mask C ud .

{b) Let €d, ¢} be the set of all such mask sequences. Clearky 81, ) = {c}. When
d = 1 we will have, recursively,

aid,c) = {{f, ..., 003,001, 04-2,...,0) |8, =0 _, f0_,, &, =& _, 18 _, ],

by “ripping together” two sequences (8, .. & 5 8 o 85 4., 8 E B{d—1,2) and
[H;ll - :H:—:I:#;—EHH-:—Jl . 'frl:} £ Ei{d - ]:'Tlr] for some l'F'Fl"""PT'-“"" '['"1 '[-'"1 'E.Il amd 'E“'

When ¢ is odd, the bigraph corresponding to {75) has only one cycle; so (8, 8,
&, &") i= gither {pan, 0, [ef2], lef2|) or {0, pao, lef2], [/ 2]). But when e is even, the
bigraph has 7°" double bonds; so d; = @ s any mask © pgp, and & = & = /2.
[Incidentally, Ig |[B(d, )| = 25 '(d — 1) — 52, (2% — 1)(2* " — 2" " — o mod 2]

In hoth cases we can therefore let j.._g == Ein = I} and omit the seoond half
af {71) entirely. £ course in case (b)) we would do the orclic shift directly, instead of
using {71} at all. Bot exercise 58 proves that many other useful permutations, sech as
sedective reversal followed by cyclic shift, can also be handled by {71} with & = 0 for
all k. The ineerses of those permuotations can be handled with 8 =0 for 0 < & < d—1.

52. The following solutions minke E-J = 0l whemrver poasible.  We shall express the
# masks in terms of the p's, for example by writing pe & pa s instead of stating the
requested bexadecimal form * BESEEEEE; the p form is shoréer and more instroctive.

{n) 8 = pg & pax and b = [piesy & pe—) & pa x for 0 < & < 5 thy = iy. (Here
-y = 0. Toget the "other” perbect shoffe, (Tipmes . ..ILInIuI:E};t, let thy = pian kp;.]
b} By =8y = By = oo e gz B = B = B = pag et = = 0 = paa b g
dy =y =0. [See J. Lenfant, [EEE Trans, C=27 (187E), 637847, for a general theory. |
e} o = pan deopa By o= e Koo B = 0y o= e e o= 0y = g ko
o= pgpdepz h =g by h=th g th=he&dh: =0

(d) e = pasdopiz_s for 0 BB 0 =8 far DS k< 2ty =0 =0

53, We can write o as a prodoct of 4 — ¢ transpositions, {ue ). .. (uwd—swi—t) [see
exercime 5.2.2-1). The permutation indoced by a single transpesition {uv) on the index
digits, when u < v, corresponds to a {2 — 2%swap with mask pg . d fle. We should
da such a swap for (uye ) first, ..., {8g—1va_1]) last.

In particular, the perfect shuffle in a 2%-bit register corresponds to the cass where
= {0l ... {d — 1}) & a cne-cyele; 5o it can be achieved by doing such (2% — 2%-swaps
for {u,w) = (0,1}, ..., (d— 1}. For example, when d = 3 the two-step procedure is
12345078 — 13245TEE — 15303T4E. [Guy Steele suggest= an alternative {d — 1)-step
procedure: We can do s 2 -swap with mask gy g b fig ford—1 > k> 0. When d = 3
his method takes 12345678 — 12563478 — 152683748 |

The matrix transposition in exercise 52{b) corresponds to d = 8 and (o, v) = (0, 3],
{1,4), {2,5). These operations are the T-=wap, d-semp, and 38-swap steps for 8 < 8
matrix transposition illustrated in the text; they can be done in any order.

For exercise 52c), use d = 6 and {u, v) = (0, 2), {1,3}, (i, 4], (1,5). Exercise 52(d)
is an camy as 52(b), with (u,) = {0,5), (1,4}, (2,3).

Sd. Transpasition amounts to reversing the bits of the minor diagonals. Soccessive
clements of those diagonals are m — 1 apart in the register. Simueltaneous reversal of

all diagonals corresponds to simultaneous reversal of sobwords of siss 1, ..., m, which
can be done with 2swaps for 0 < & < [lgm] {becanse such transposition is casy
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when m is a power of 2, as illustrated in the text). Here's the procedure for m = 7:

Clivom
LU e i
TF1L 12 13 14 15 I
A XY 2 Y 3 ER M
s 1 s e b B A S e
Ak 41 42 43 44 45 46
OlF 01 52 53 04 55 5
dilk Gl F2 63 G =5 Gh

[~ewrag:
o0 10 KE 12 04 14 (6
01 11 06 13 05 156 25
20 A0 92 ¥ 24 18 26
21 41 2F 23 43 46 45
200 B0 42 34 449 36 45
41 01 61 53 63 o6 65
G0 52 62 54 64 56 GG

12-swnp
(W0 100 200 30b Ok 19 24
(11 21 3 05 16 26
02 12 22 22 e 16 26
0 13 23 32 43 33 63
400 50 60 34 44 54 64
41 51 61 35 43 56 G0
42 52 G2 38 46 o6 66

H-awap
(Wb 10 B0 30 40 50 &0
01 11 21 31 41 51 6l
02 1% 3 32 4% 52 62
5 13 Ed 33 42 53 6d
04 14 24 34 44 54 64
05 15 25 40 45 55 G0
06 16 26 36 46 56 66

81

55. Given x and y, first set o+ x| {2 ) and y +— y|{pe2*) for 2d < & < 3d. Then
st 1 (22 — 2% eswap of @ with mask poepe & iy and g — (22 2 mmp of i
with mask padsedfiare for 0 < k < 4 Finally set z +— zdy, then either = +— 2] (232"
or =4z @z 5 2% for 2d < k < 3d, and 2 + 2 & {2V — 1). [The idea is to form two
T K MK T oArTEys Xo= fzmn---T:n—:]qn—l.:.[n.—l:u}n and y = [rmn"'y[u—ﬂ:u—:l]l:n—l.].:ln
with Type = Bg and Mg = ﬁ_ﬂ,: then transpose ooordinates so thak Tye = T and
Yige = bue; now xle y does all n? bitwise moltiplications at once. 'This method is doe to
V. R. Pratt and L. J. Stockmeyer, J. Computer and System Sci. 12 (1876), 210214

58. Use [71) with #o = i = 0, # = *0010201122113231 , #; = ¥ 0080040008006,
fiy = *0000009T008100a2 , #; = *O000000000000F 16, fs = *000M000003195c26, i, =
*O00A0cef 000080 1a, § = TO03atdbEO01E00E, By = FO00103080c0diE0e, and
* 00200320332X3333 .

57. The two choloes for each oyele when d = 1 bave complementary settings. 3o we
ran choose a setting in which at least half of the orosbars are inactive, excepd in the
middle colomn. {3ee exercise 5.3.4-55 for more about permutation networks. )

58. {a) Every different setting of the crosshars gives a different permutation, becanse
there is exactly one path from input lioe i to output lioe § for all 0 < 4,5 < N (A net-
work with that property is called a “banyan ] The onique such path carries input i
on line i, , &) = {(i 3 &) < &) + (j mod 2%) after & swapping steps have been made.

{b) We have i, i, &) = W5, . &) f and ooly if § mod 2% = j mod 2* and ig 5k =
34 %k so («) is necessary. And it is also sufficient, becasse a mapping ¢ that sat-
ishies {«) can alweys be routed in such n way that jyp appears on bline | = [[jg, 5, E)
after k steps: If & = 1, jip will appear on line [, 5, & — 1), which is one of the inpuats
to I Condition (=) says that we can route it to | without conflict, even if { is [ig, i, ).

[In IEEE Transctions C=24 (1875), 1145-1155, Duncan Lawrie proved that condi-
tinn (=) is necessary and sufficient for an arbitrary mopping o of theset 0,1, , N -1}
inta itself, when the crossbar modules are allowed to be general 2 @ 2 mapping madules
as in exercise 63, Furthermore the mapping @ might be only partially specthed, with
g = = [“wild card® or “don't-care” ) for some valoes of 5. The proof that appears in
the previous paragraph actually demorstrates Lawrie's more general theorem. ]

{c} i mod 2* = j md 2° 3F and only if & < pli @ §); 1 3 k= § 5% k if and only if
E = Ai e j); and i = jg if and only if i = j, when ¢ is a permutation.

{d} Al i < plick 5} for all i and § if and only if Mined jre) < fivdgin) =
oli s §) for all § and j, becaonse T is a permutation. [Mote that the notation con be
confusing: Hit jr¢ appears in bit pesition § if permotation @ is applied first, $hen 1]

{e] Given i # § we must prove that Aligyy & fied) 2 pli ek §). Case 1, i and § are
fived by both @ and o Then Aligyy & jeed) = Ak 5) 2 pli g §)- Case 2, i # i and
Fo = f: Then Migy @ jpw) = Miw® jw) = plis f). Case 3, iy # i and jo # j: Then
Al @ fioi) = Alig 8 jw). Let k = pli @ 7), and suppose Aliy & j¥) < k. Then
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imod 2% = j mod 2° and ép 3 & = vk Hence Hip, i, &) = U5, 3, &), and that line
carries both i and jab. But those two milues canoot be equal.

50, It is 2408 where Ma(a, b) is the mumber of crosshars that have both endpoints
in [@..4]. To count them, ket & = Madh), 2" = a mod 2%, and b = b mod 2%; notice that
b—a =2+ —a', and Myfa, b} = Mgp (e, 2° 48 Counting the crosshars in the top
half and bottom half, plus thoss that jump between halves, gives Megq(a’, 2% + 8 =
Mifa', 2 — 1) + M0, 8} 4+ [{§' +1) = a'). Finally, we have A (0,67 = 5% + 1}; and
Mo’ 25 — 1) = Mu{0,2* -1 —-a') = 5(2% —a') = k2" — ka’ + 5{a"), where S{n) is
cvitloated in exercise 42

B0. A cycle of length 3 corresponds to a pattern wp +— tg + 0 —F Uy H Ug — vz
trr o Upog —F Toi-1 +F dop, where uy = ug and 'u — v or ‘o — o means that the
permutation seods o to v, ‘T " means that z =y & L

We can generate a random permustation as follows: {Given wp, there are 2n choices
for v, then 2n — 1 chodees for uwy only one of which canses ua = yg, then 2n— 2 choices
for vz, then 2n — 3 choices bor ua only one of which closs a cyele, ete.

Consequently the generating function is G(z) = [17, ﬁi—"_’—f. The expected
number of cycles, &, s G'{1) = Ha, — %H’. = ;—I:n n+n2— EL.:,- + tn"). The mean
of 2% is ({2} = (2®nl3In) = Joam + O{n~"2); and the wariance is G4} — G{2)* =
(n+1 -2 = T + n).

82. The croessbar settings in £4{2*) can be stored in (2d—1)2°"" = Nd— 1N bits. To get
the inverse permutation proceed from right to left. [See Po Heckel and B Schroeppel,
Electronic Design 28,8 {12 Apdl 1880}, 148-152. Note that ony way to represent an
arhitrary permutation requires at least lg M! > Nd — N/In 2 hits of memaory; so this
represcntation is oearly optimum, spacewise. |

83%. {i) r =y {ii) z must be even. (When =z is odd we have {ziy) &2 ={p% [3/2])
{z 3 |=/2|]), even when 2 < 0.) {iii) This identity holds for all w, =, ¢, and 7 (and also
with any wther binary bitwise Hoolean operntar in place of &).

6. ({(= & po) + (2" | o)) & o) | (({= & fio) + (=" | o)) de fio). (See (B6).)

85. ru(z®) + vir®) = zulr)® + vz}’

88. {a) vlz) = {ulz)/{1+2"})) mod 2™; it's the unique polynomial of degres bess than n
such that {1+ =" jvix) = wir)] {(modulo =), {Equivalently, v is the unique n-hit integer
such that {v & (v < 8 mod 27 = u)

(b} We may as well asmume that n = 6dm, and that w = {Bm—r ... 81U ) s,
U = (Um-1...0i0n)gee. Set ¢ 0 then, using exercise 36, ==t vy +— w6 {—c) and
e aidtr j=0,1,...,m— 1L

{c] Set £+ vy + up; then vy — yy S eand e+, forj=1,2, ..., m— L

{d} Start with &« +— 0 and do the following for 5 =0, 1, ..., m— 1: Set ¢ — uy,
fa—fm{ta )t teb (a0 B, o el (E s 1), f — £ 6B (2 D), £ £ & (E 4 48],
g bibe, o (F 3 6]) 2 YOMOMMOE249249.

{e] Start with v+ . Then, for = 1.2, ....m— 1, set vy + w6 {vy—g 4 3) and
[I.FJ = m— 1] Biel = Wi ﬂ'.'l[ll_-]_: = El-:l
67. Lt n=2A-landm=n—2d If n < k< n we have ™ = 2™ + ' (moduolo
4™ -|-]]I where £ = 2k —n is odd. Consequently, it ¢ = I:'un_|_ . ..1.|-||.||;|:|g., the mumber

wo=ui(((uedduedde(eide ) -2

torns out o equal {vg_z.. . @ Ta—1 ... wuplz. For example, when { = 4 and d = 2,
the mpmrntﬂﬂu::‘ e up T +orig masdulo [1'?—.':'1' +1) is ngx + 1z’ + {nug Elu.q:l::" -
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{us Ii‘-_‘u.l,ﬂl:l:u + (e 5y Hﬁu.g':lr' + i + ug. To compute ©, we therefore do a perfect
shuffie, v = [w/2'| { (wmod 2°). The number w can be caloulated by methods like
thome of the previous ewercise.  [See I P. Brent, 5. Larvala, and % 2immermann,
Math. Comp. T2 (2003), 1443-1452; T4 {2005), 1001-1002.]

GE. SR t,x,delta; PUT oM, theta; MUY x,t,x

60. Motice that the provedure might fail if we attempt to do the 2% "<shift first instead
af last. The key to proving that a small-hift-first strategy works correctly i=s to watch
the spaces Sefween selected bits; we will prove that the lengths of these spaces are
multiples of 21 after the T -shifi.

Consider the infinite string s = ... 190 1902 1%20% 1907 1 which represents

EXe 1 repr

the situation where £ 2 0 items noed to move 20 places to the rght. A 25shift with
any mask of the form d = .. 0%® 1903 19 0% |payes 1 with the situation
represented by the string et = ... 1705 T 1705 T 17 where exactly T) = fx +
fusy ibems neod to move right 257 places. So the claim holds by induction on k.
TO. Let g = & B {0 < 1), so that i =1|bf' in the notation of execcise 36. IF we take
o = ' 12 i the previeus answer, we have Wy = § and ghesy = (e ) B 25
Therefore we can procesd as follows:

Set W +— ¥, K+ 0, and repeat the following steps while 1 3 (ke St + o, then
ri-zd{raifor0 << d then 8y +—x, g — (ke £} %25, and b+ &k + 1.

The computaticn ends with & = Arf = 1; the remaining masks 8, .., 8y, if
any, are gere and those steps can be omitted from {8e). Sometimes this procedone gives
nonzero masks B that actually do nothing useful, becase £ =3 =--- = 0. To avoid
such redundancy, change W +— ' to W — ok (x4 (o b o & (0 2 251000

[See compress in Ho 5. Warren, Jr., Hacker's Delight (Addisen-Wesley, 2002}, $7-4;
alsn G- L. Steele Jro, LU, Patent 6715068 {30 March 20047.]

TL. Start with z +— y. Do a {—2%)shift of z with mask 0, for k =d—1,..., 1, 0, using
the masks of exercise 70 Finally set 2 +— x {or z + by, i you want a “¢lean” result].

72 2 r 4y

T3. Equivalently, d sheep-and-goats operations must be able to transform the wqord
T" = (F[gd_yyp - - TreTor )z inbo (Tqd_, .. .21 T0)3, for any permotation = of {0,1,...,
2%—1}. And this can be domse by radix-2 socting {Algorithm 5.2.5/): First bring the
add mumbered bits to the |lef, then bring the bits § for odd |5/2] left, and so on.
For example, when d = 3 and z¥ = {r3z ToTrEsTTeT4 )z, the three operations yield
successively (T3 TrEsTorezaTale, (TaTrTaTer TaToza)z, (TrTezsTaTazamTole. [See
Z. Shi and I Lee, Proc. [EEE Conf. ASAPQD (1IEEE C8 Press, 2000), 158144

Historical nofer The BESM-6 compurter, designed in 1865, implemented half of
the sheepennd-goats operation: s ecbopene {"gather” or “pack™) command produced
{zd x4, and its «panbopeas command {“scatter” or “unpack”) went the other way
Td. IF | om —Ec;u_|| = A = 0, we must ob A from the rich half and give it to
the poor. There's a position { in the poor half with o = 0; oftherwise that half would
sum o at beast 2% A oyelic leshift that modifies positions | through {{ + £) mod 22
makes Sy = Glakr for 0 5 k<, gy = s — & Sgpe = 48, and gy = gy
for all other k; here § can be any desired wloe in the range 0 < § < oppeeq. [We've
treated all subscripts modulo 22 in thess formulas.) S0 we can use the smallest oven §
such that cij + ciza + -+ Cigeqr =+ Sz + - + Cipe + &+ & Bor lﬂTﬂEEE .

{The 1-=hift need not be cpclic, if we allow oomselves to shift left instead of right.
But the cyolic propery may be needed in subsequent steps. )
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T5. Equivalently, given indices 0 < ip < 6 = - £ Gymy < 6y = 2% and 0 = jy <
Fiw e % a1 % Ja = 2%, we want to map {Tgé_y ... Tzl = {Zy2e_1)y - - - TrgFog Ja,
where jo =i for jr 2 § < jrg1 and 0 < r < 5 [fd =1, 2 mapping madule does this.

When o > 1, we can set the keft-hand crossbars =o that they route input i to line
ir B {{ir +7) mad 2}. If 5 is even, we recursively ask one of the networks £4{24-1) in=ide
P[24] to snlve the problem for indices |{in. iz, ..., 6. 1/2| and | {0, f2, --- .3« }2], while
the other solves it for [{i, i, ..., 0e—1, 22}2] and [{i0.92.. -, 5= H2]. At the right of
P24, one can now check that when §r < § < jrs1, the mapping module for lines §
and j & 1 has input i, on line j if j = r (modole 21, ctherwise i is on line j & 1.
A similar proof works when s is odd.

Nofes: This network &= a slight improvement over a construction by Yoo P Ofman,
Trudy Mosk. Mat. (bshohestwa 14 {1865), 186188, We can implement the correspond-
ing metwork by substituting a “$-map” for a f-swap; instead of (G}, we wme two masks
and do seven operations instead of six: y +— o6 (x 28, o — @ {ph®) &yt ).
This extension of (71) therefore takes only o additional onits of time.

T8. When a mapping network realizes a permatation, all of its modules must act as
crosshars; bence in) > lgn!. (fman proved that G{n) < 2.5nlgn, and remarked in
a footnote that the constant 2.5 could be improved (without giving any details). We
have seen that in fact Gin) < Inlgn. Mote that G{3) = 3.

T7. Hepresent an n-network by {zz9_1 .. Ti30)z. where e = [the binary representa-
tion of k& is a pomible configuration of Os and 1s when the network has been applied to
all 2" sequences of Os and 1s], for 0 < & < 2" Thos the ecmpty network is represented
by 27" — 1, and a sorting network for mo= 3 is represented by (10001011)2. In general,
T represents a sorting network for nelements if and only if it represents an n-network
ander=n+1, fand only 2 =2"4+2' + 27 4+ 27 ... 4 23" —1,

If = represents o according to these conventions, the representation of ofizf)] is
(= y) | (w3 (2" —2"~F)), where y = & fin—5 & pin—i.

[See V. R. Pratt, M. 0. Hahin, and L. J. Stockmeyer, STOC 6 (1874), 122-126

TE. If & = lgim — 1} the test is valid, because we always have oy + 22 + - - + 2y 2
T | =2 | - | T, with equality if and only if the sets are disjoiot. Moreover, we hove
2+ 4 Eml = | | Zwd S m =12 4 1) € [m— 1)27% 2 2,

Comversely, if m = 2 £+ 3 and n > 2k, the tost is invalid. 'We might have, for
EKI.I.'I'IFll.El i+t Tm = [Et s I}EEH.—J: - :!n -2 — I.':I +3r|.—A -1 — En. +{?u—k - 2n—!t—1].

But if n < 2& the test is still valid when m = 2* + 2, because oar proof shows thit
ot T — (o |- | 2m) S (2% + 1TH2% — 1)) < 2" in that case.

T x = (x— 1} &y (And the formula x, = {{z —b— 1} & a) + b corresponds to (85).)
These recipes for z° and =, are part of Jirg Armdt's “hit wisardry™ rootines {20001);
thedr origin is unknown.
&0. Perhaps the nicest way is to start with © + ¥y — 1 a= a signed nomber; then while
x> i, =t x4 o hy, visit , and sek @ +— 3 — y. [The operation 2x — ¥ can in Eact
be performeed with a single MMIE instruction, *2AD0U x,x ,mdnuschi’.)

Fiut that trick fails if ¥ is =0 large as to be olready “negative.” A slightly sbower
but more general method starts with © + ¥ and does the following while © % 0: Set
fo-ale—x, visit y — ¢, and set T 1 — &

BL. [{z & x)— (2" & »]) & x- (One way to verify this formola i toowse (28]
B2, Yem, by letting z = 2" in (86): w | {z & %), where w = ({z & 2]+ (3 | )0 & .

recuaraivly
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83%. {The following iteration propagntes bits of y &0 the right, in the gaps of a scattered
accumulater £, Auxiliary variables u amd » respectively mark the left and right of each
gip; they double in sime until being wiped out by ) Seb £ ey, v+ (v 2 D& §,
v iy 1+ 1) e d wie Hubo), w+— Ju, v+ &e, and k + 1. Then, while
u F 0, do the following steps: ¢ +— & |[{{f bkl b~k L, u—ukw v v ks,
w (o {arlled) skt 1D —{(n&ivs 1) i) 3 b u+—u+ {(ulkd) &=k
v v+ ((vh ) & k). Finally retorn the answer ((f 2 1) & v | {2 & %)

Bd. ze—x=w— [zl y). where w = {{[z & v} = 1} + ¥} & y appears in answer 82,
z —yx is the gquantity { computed [with more difficulty) in the answer to exercise 83,

&85, {a) If x = LOC{ai, ,&]) is the drum lecation corresponding to interleaved bits as
stated, then LOCali + 1,5, 8]0 = sk {{z& (&) — x)) & x) and LOG(ali — 1,5, %] =
sE{{nE [z y) - 11 &y) where v = {11111}, by (84) and answer 7B, The formulas
for LOGCali, j & 1,&]) and LOGCal, j, k & 1]} arc similar, with masks 2y and 4y.

(b} For random access, let’s hope there is room for a table of length 32 giving

{On a vintage machine, bitwise computation of f would be much worse than tahle
lookup, because register operations used to be as slow as fetches from memory. )

{c} Let p be the location of the page currently in fast memory, and bet 2 = — 126
When acomsing location =, if ¢ & 2 # p it is pecessary to read 128 words from drum
location x & = (after saving the current data to drum location p if it hes changed);
then set p+— ol 2. [See J. Hoyal Stat. Soc. B=16 [1854), 53-55. This scheme of array
allocation for external storage was devised independently by 15, W, Dijkstra, circa 1960,
who called it the ®zip-fastener” method. [t has often been rediscovered, for example
in 106 by G. M. Morton and later by developers of quadtres; see Hanan Samict,
Applications of Spatial Data Strociurs {Addson-"Wesley, 1890). See also B Haman
and [} 5. Wise, IEEE Trans. ©8T (2008), to appear, for a contemporary perspectie.
Cieorg Cantor had considered interleaving the digits of decimal fractions in Crelile B4
[1ETE), 242258, §7; but he observed that this idea does nof lead to an easy one-to-one
correspondence begtween the unit interal [0__1] and the unit square [0. 1] = 1. .1].]

B If (p',q.7") bits of {i,§, k] are in the part of the address that does nod affect the
page number, the total number of page faults s 2( (27 — 129+ 4 (299 _ 1yo@tr o
(2= —1)2F*9). Hence we want to minimize 27F +279 4277 over theset 0 < p' < p,
g cqi<sr<r,p+q+r =5 Since 2 +2% P 4 2 when a and b are
integers with a > b+ 1, the minimom (for all 5) sooars when we select hits from right to
left gyclically until running out. For example, when {p, .7} = {2, 8, 3] the addressing
function would be (Jsjejzks jzkfiikojoin)z- In particular, Tocher's scheme is ptimal.

[Hut such a mapping is not necessarily best when the page size isn't 2 power of 2.
For example, consider a 168 » 18 matrix; the addressing function {faizdaizinjzjijo)s is
better than {fyizjziziiijoia)s for all page sizes from 17 to 82, except for s@me 32 when
they are equally good. |

BT. Sct x+ ol -~[{z i "02004088%) 3 1): cach byte (a7 ...ep)z is therehy changed to
[n:-rmg{n,_-. ﬂ.m.,]u... . -.ﬂ.n':lg. The same transformation works also on 30 additional letters
in the Latin-1 supplement to ABCIT {for example, @ —+ E); bot there's one glitch, 4 — £
[Bon Waoods used this trick in his original program for the game of Adventure
{1976), uppercasing the user’s input words before looking them up in a dictionary.

BR. Sct s+ {z B ghh b, then z +— ({x | B — {w & b)) b =
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i} keskra
wip-lslersr

T ordier, s zip
el izrtiom

e L
St

Rumam

W i

Cunkor

analyain of aly
v GplimTeakicn
Toazhier

Latim-1

Wooile

gama
Aadwvantors



a5 ANSWEHRS TO EXERCISES T.1.3

BB, © —x@l y oyl bt (O x| | (cky’), 2~ (ckflicbo) | (& pa). [From
the “nasty” test program for H. G. Diets and 1. J. Fisher’s SWARC compiler {19088).)
Bl. Insett 'z + z| ({zé ) &) either before or after 'z +— (shep) + 2", {The ordering
makes no difference, because o4y = oy (medulo 4] when 4y is even. Therebore HHIX
can round to odd at no additional cost, using W0 Hounding to even in the ambiguous
cases is more difficult, and with fixed point arithmetic it = not advwntageons.)

8L. If Lz, y] denotes the average as in (88), the desired result is obtained by repeating
the following operations seven times, then concluding with z + L[z, p] once more:

zl—%::,yl: b akeh, me(Eal)—(tBT),

si—imbz|(mkz), pg—im&z)|(m&y)l, ool

Although rounding errors accumuolate through eight levels, the resolting abselote ernor
never exoeeds 07 /255, Moreover, it is = 1.13 if we average over all 2567 cases, and
it = less than 2 with probability = 94.2%. [f we round to odd as in exercise 80, the
maximum and average error are redeced to 616,255 and 5= 0U58; the probability of eroor
< 2 rises to = 99 0%, Thercfore the tollowring HMIX oode uses such unbiased rownding:

r GREG [y GHREG ;= GREG IOR t.x.¥ MWIE m,ffhi alf
alf GREG ;m GREG ;t IS S2E6 MORE =,redd,.t PUT zM.m
fihi QREQ =1<<B8 repeat seven times: ¢ AHD ©,x,.y MI z,z.x
1 GEES #01010101010000101 ADDU =,z .t WY v,7.=

rodd GEES #4020100804020101 ELU alf,alf 1
after which the first four instroctions are repeated again, The tokal time for eight
a=hlends {#7v) is less than the cost of eight multiplications.
B2 We get =y = [{z; + #:),/2] for each 7. {This fact, ooticed by H. 5. Warren, Jr.,
follows from the identity x + 3= ((x | g} <€ 1) — {z & y). See also the next exercise.)
B r—y=(r&Ey)— ([£Ly)=1). {"Borrows" instend of “carries.™)
Bd. [z—1); = {z; — 1 - &) mod 354, where & is the “horrow” from fields to the right.
S0 & is nonmero if and only 3 {x;. . Toless < (1. 1)gse = {2567 — 1)/255. (The
answers to the stated questions are therefore “yes™ and Yne.")

In general if the constant | is allwed to have any wloe {ir... Lia)zze, opera-
tion [Eﬂl} makes fJ FD if mmd nnl].r 13 [I_1. -.Iu:lg“ i I:-I.F-- .fu]gsu FT | Ty < 128
B5. Use (po): Test if & & (#(x & {(x 3 8) + (x4 58)]) | t{x & ((r 3 16) + {x 4 48))] |
Hlrd{{zs M)+ iz 40)y) ez 532+ (x5 32)))) =0, where #{z) = (z —{) & £.
[These 28 steps reduwce to 30 if gyelic shift or MOR i available, or 15 with BDIF and MOB)
BE. Supprse 0 < z,y < 356, 3p = |3f128), 3 = T oeod 128, yu = |w/1258], W
ymod 128. Then [n<p] = (Fownz < wll: see exercise 7.0.1-100. And [x; < g
[ws + 127 — zy 2 128]. Hence [z y] = | {2y} /1238|, where =z = (& & 127) + (y & 127).

[t follows that ¢ = ki (fyz) has the desired properties, when z = (28h) + (y & &).
This formula can also be written £ = & & ~{x{i3}, where 2 = ~{(2 &R+ {g & k) =
(= | b) — {w & k) by {18).

To get a similar test function for [z < 3] = 1 < 53], we jost interchange =+ y
and take the complement: & +— & & ~{riz) = b & (£yf), where 2 = {x & &) + (i & &)
BY. St 2" — s Seweeee® o' oyt bl (| (= R =00 &0y | Oy’ | R =1,
m i+ (fa 1) -t T), £ + thel(x”|((="|R)—1)), 2 + (mic erreeene) [(mky). (20 steps.)
BE. Setu -+ by, 2 — (EhR)+(pieh]), £+ himsbiu|(zEz)), v+ {(E21)—{t3 Ty,
2+ z@w, w4+ y@Eu [This ldstep provedore invokes answer 96 to compute + =
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Fide {£gz), using the fostpring method of Section 7.1.2 to evaluate the median in only
three steps when z & y is koown.  OF course the MHIX solution is ouch quicker, if
available: BOIF t,x,y; ADDU =,y,t; SUBU 'u'.:l:,t.]

B8, In this pofpourri, each of the eight byies appears to be solving a different kind
of prohlem:; we must recast the conditions so that they fit ioto a common framewaork:
Jo=[z@" 'S0, fi =[m@ e >0, i =[rS A - 1], fa=[ma>'2'], fu =
[z4 = "2t — 1], fa = [zs b "0* 0], fa = [ze & 265 BE], fr = [z & P72 3], Aha! We
can use the formolas in answer 96, sdjesting d to switch betwern € and > as needed:
a= ("FHIG5) Qe Pl Py = TALLA0N000002a21 s b= b = TTETITETITITLTETE,
o= fhl~ (BN e — 1) 'z (A" — 1J00)35e = ¥ Tc2ETELFOEIETETE [the hardest one);
d = *A000a00000a00060; and £ = h = ¥ BIAGAOROACHIBHA0 .

10, W want Wy = Ij+]'_|'—|'.'_|'—]|:'ﬂj.|.|_ and By = Ij—]']'—b_|'+]|:'bj.|.|_: where 4 el ﬂJ ire
the "carry™ and *borrow” into digit position j. Set o' — (z+p+ (6...08)55) mod 2%
and v’ + [r — ylmod 2. Then we find u} = 7 + 9 + o5 + 8 — 18eygq and of =
T3 — @y — &y + 18by4q for 0 < § < 16, by induction on 5. Hence w and »' have the
same pattern of carries and borrows as if we were working in radix 10, and we have
u=u — M- .. 88w, v =& — s ..bab e The follwing computation schemes
therefore provide the desived results {10 operations for addition, B for subtraction):

W —y+i{6. . B6he, u T+,
£ {FFu'd b (B.. _BE)1a,
u+u — 4 (f % 2);

=T —y,
£ (Fypr’) kB, BR)qe,
v v —E 4 (f 5 2).

101. lor subtraction, sed 2 +— r—p; for addition, set 2 +— o+ 5+ *aflcdcdf c 18 where
this constant is boilt from 256 — 24 = ®af, 250 — 40 = "c4d, and G5536 — 1000 =
*#cifl. Horrows and carties will occur between fields as if mixed-radix subtraction or
addition were being performed. The remaining task is to correct for cases in which
baorrows ocourred or carries did not; we can do this sasily by inspecting individoal
digits, becamse the radices are bess than half of the ficld sises: Set ¢ +— 284 9 BOAGBIAE00
-t -t T)—{(f3 1514 1), z + = — {t & *afcdcdfcil]. [See Stephen Soule,
CACM 8 {1975), 344-348. We're lucky that the 'c” in *foif' is even.|

102, {a) We assome that ¥ = {z15... 2o and ¥ = (g5 -- . Yola, with 0 < =5, < 5;
the goal is to compute w0 = (uyg-..tglyg #nd v = {ve... 00, with components
1wy = {xy + gy ) mod § and vy = {x; — ) meoad 5. Here's howe:

u = I+,
£ {u+ 3 & A,
u u— (¢ — (¢35 3)) &5

v T—y+ 5,
v+ 3l & A,
v+ v — {{t— {5 3)) & 5.
Here [ =({1...10s = {2 = 1}/15, h = &l. {Addition in T eperations, subtraction in 8.)
(b} Mow & = {zza...70ls, etc., and we must be more carcful to confine carries:
t+— x4+ h,
= (& h) + (i k),
t—(plzlhetieh,
wa— o+ g — (E+ (E 5 2]
Here h = (4.. .40 = {2% — 4)/7. (Addition in 11 operations, subtraction in 10.)
Similar procedurres work, of courss, bor other modolis [o fact we can do moltibyte

arithmeetic on the coordinates of torses in geoeral, with different modoli in each
component {see 7.2, 1.3-(66)].

i (| ) —{pkh),
t+— (g Sl &2 i h,
v x— g+t 4 (2
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103, Let band ! be the constants in {87) and {88). Addition is easy: uw +— =|{ (=4 +y).
For subtraction, tnke awey 1 and add xpb(1—wy ) ¢+ (251, v+ 8 (k)]

104, Yes, in 18: Let a = ({{1901 @ 4) + 14 53+ 1, b = ({{2089 4 4 12) = 5) + 28
St mo— (x5 5) k¥ (the month), ¢ + *10 & ~{(x | {x 2 1)) 5 5} {the leap year
correction ), w +— b+ %8 & ({¥ Sbbhescc + ) 3 (m+m)) (the mozdoy adjiestment), and
fo{(rhad{z—al) | (rud (u— o)) & * 1000220 (the test for unwanted carries).
105, Ewxercise 88 explains bow to compute bytewise min and max; a simple moditication
will compute min in some byte postions and max in others. This we can “sort by
perfoct shufles" as in Section 5.3.4, Fig. 57, if we can permute bytes betwoern z and y
appropriately. And such permuytation is casy, by exercise 1. [OF course there are much
simpler and faster ways to sort 16 bytes. Dot see 5. Albers and T, Hagerop, Inf. and
Comprtation 138 (1897), 25-51, for asymptotic implications of this approach. ]

1. The n bits are reganded as g fields of g bits cach, First the noozero ficlds are
detected (£5), and we form o word y that has (y,—1 ... gz in each g-hit field, where
yi = [field j of x is nonzero]. Then we compare each field with the constants 2977,
eery 3% {42}, and form a mask m that ideotifies the most significant nonzero feld of T
After putting g copies of that field inte 2, we test 3 as we tested i (43). Finally an appro-
priate sideways addition of ¢z and t3 (g-bit-wise) yiclds A, {Try the case g = 4, n = 16.)
To compute 2% withoot shifting left, replace “#a 4 17 by 'tz + t2', and replace the
final line by w + {{{a- (3 & (£ 2 g])) mepd 2%) 25 {n— g)) - 15 then w ko m is 245

107. b GEEG sS000a000acdolian CEME x,q,= EED t.g.t
ms GREG #00£4£0£0£3TIIEEEE CEMZ lam,qg,.t R k. .t,7
1H AMDH g,x,mb M SU g,x,16 AND .tk
SBE0 z, x, 32 ADDU x,x,q BH SLO g,t,1B
CEKE x,q.z LU g,x,32 ADpl .t ,q
Z5HE lam.q, 32 ADDU x.x.q S0 q.t.30
ANDN q.x.md IH AKDH y.x.ns Anow t.t.q
SED =,.x,18 4 I0R t.x.¥ &1 5R0 q.t .60
ADD t,lam, 18 O g,v.h ADDU lam,lam.qg |

The todal time 250 (and no mems) should be increased by v for o fair comparison with
(58}, because {58) doesn't clobber o

108. For example, let & be minimum so that i< 2° - 2%, If 0 is a multiple of 2, we
can use 2° ficlds of size n/2%, with £ reductions in step Bl; otherwise we can use 2°
fields of size 2™ =*=1 with & + 1 reductions in step B1. In either case there are =
iterations in steps B2 and BS, so the total running time is (2] = ({log logn}.

1B, Start with = +— o & —7 and apply Algorithm B. {Step B4 of that algorithm can
b slightly simplified in this special case, using a constant § instead of o &y
110. Let s =29 where d = 2° — &, We will use sbit ficlds in nebit words.

K1. [Stretch = mod o] Set g+ zde(s— 1) Then set ¢ — ylec fi; and y +— gt &
(M is—1)1For e > § 2 0. Finally set y +— {psl—y. [fx = {xe=_1...20)z
we now have y = (yz=—1 ... Yolz+, where gy = (2" — V=[5 < ].]

K2. [Set up minterms.] Het y + ypblage—g ... 002, where oy = gy for 0 < §j <
and a; =3 — 1 for o < j = 2%,

K3. [Compress] Set g+ (y 3 2%s) for £ = § 2 0, then g+ y & (2* — 1). [Now
v = 1< (r mod 5). This is the key point that makes the algorithm work. )
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T.1.3 ANSWERS TO EXERCISES 24

Kd. [Finish] Set g+ y| (g 28 for 0 < § < 2. Finally sct g+ v & (pee y &
—z ) k1)) for d < § < 27

111. The n bits are divided ioto helds of s bits each, xlthough the leftmost ficld might
b shorter. First o is set €0 Hag the all-1 fields. Then £ = {. .. f1fa)2+ containg candidate
bits for g, including “falss drops™ for cortain patterns 01% with 5 < k< r. We always
have ety < 1, and £ # 0 implies £;_3 = (0. The bits of 0 and » subdivide ¢ into two
parts 5o that we can safely compute m = {235 1) | (235 2) | - -- | (¢ 3 ), before making
a final test to eliminate the falee drops.
112, Motice that if g = sk (z & 1) & - &2 {r — 1)) & ~{z < r) then we hove
shrtg=ghkizrs1)k--- &z {r-1}.

I[f we can solve the stated problem in €(1) steps, we can also extract the most
significant bit of an r-bit number in Q1) steps: Apply the case n = 2r to the number
22" — 1 —r. Conversely, a solution to the extraction problem can be shown to yield a so-
lntion to the 170 prohlem. Exercise 110 therefore implies a solution in Ofleg log r) steps.

113. Let @ = 0, af = xp, and constroct zj, = x; for 1 2 i < r as jollows: 1§
xp = @ op b oand oy ﬁ {+,—,¢}, et i = I:'i— 1]" + 1 and :|::r = nrn.;ll': wherte 2’ = 1';,
fa=z;jamda =adfa=ga. o =aseletd =i— 1)+ 2and {x,_ .25} =
(o & (| 277 =1 wh_y ). [y = at+b, let & = (i-1)"+6 and bet (), 1p40.---, T
compute ({a’ & h) + (8 L&) (o’ @bk h), where h=2""". And if z; =a— b, do
the similar computation {{a’ | &) — (& & R)) & {(a" = &) & &), Clearly r' < fir.

114. Simply b=t Xy = .IJ:.:. Oy ..-'1.'k|:1:| when = = Eyii) P Thiily A= 0oy ..-'1.';,:1:. when
Tp = & T Fiid] s and X; = .IJ:.:.-:u iy when o = il B €, where Oy = o when oy ® a
shift amount, otherwise & = (0. ool = (27" — 1a,/(2® — 1). This construction is
possible thanks to the fact that variable-length shifts are prohibited.

[Motice that if m = 2%, we can use this ides to simulate 27 instances of flz, wh
then (d) further operations allow “goantification ™)

118, {a) z + xlc (£ 1) & {z < 2), y+ i {z+ 2). [This problem was posed to the
anthor by Vaughan Pratt in 1977 ]

{b} First find =y + {z & 1) % # and x, + = & (& < 1}, the left and right ends
af 's blocks; and set 7 = o & (37, — 1). Then 7, — = & (=0 — (=2 & &) and
2o +— T & {=p — (z & o)) are the right ends that are followed by a kel end in even or
add position, respectively. The answer is g +— o (o4 (20 & fo) + {20 & po)); it con be
simplified to g+ o f (x4 (20 & {z & pa)d)

{c} This case = impossible, by Corollary 1.

116. The language L is well defined, by Lemma A (except that the presence or absence
af the empky string is irrelevant]. A language is regolar if and only if it can be defined by
a finite state antomaton, and a Z-adic integer i= rational if amd only 3 it can be detimed
by & finite state antomaton that ignores its inpots. The ddeotity function corresponds
to the language L = 10U 1)°, and & simple corstruction will define an automaton thist
corresponds to the sum, difference, or Boolean combination of the numbers dehined by
any twn given agtomata acting on the sequence Terzz ... . Hence L &= regular.

[n exercise 115, Lis (a) 117 {000% 100 L 1)° 000 ); {b) 11°{00000) " {0 1)" 0*).
117. Invcidemtally, the stated language L corresponds to an inverse Gray binary code:
[t defines & function with the property that f{2z) = ~f{2x + 1}, and g(f(2=}) =
gl f{2r + 1)) = =, where gi{z) = =z & {z 3% 1) (see Eq. 7.2.1.1-(g]}.
11B. If x = (Fn—1...:17a)z and 0 £ a; £ 2 for 0 £ j < n, we have T0 " lagm; =

?;r:'[n_,- = (F &P Take a; = [P to get x5 1.
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Conversely, the following argomeent: by M. 5. Paterson proves that monos muost be
used at least n— 1 times: Consider any chain for fiz) that wses addition, subtraction,
hitwise Booleans, and k ocourrences of the “underflow” operation yaz = (2% -1)[p< 2]
[f & < n—1 there must be two n-bit numbers o' and & =such that ' mod 2 = 2" mod 2 =
0 and suwch that all & of the 4's yield the same result for both =" and =¥, Then
Flr i med 2 = fir'") mod ¥ when § = gz’ & x”). 50 fix) & not the function = 5 1.

118, 2+ iy, f+ PPl ik {z- 1) (H3ee (ge))

120. Generalizing Corollary W, these are the fumctions such that fiz,...,7m) =
Flif1, ooyt ) {medulo 25 whenever 1 = gy (modube 25) for 1 < § < m, for00< & < n.
The least significant bit is a binary function of m vwariables, so it has 2% possibilities.
The next-to-least is a binary function of 2m variables, naomely the bits of {2 mod 4,

ey B mod 41, =0 it has 22°7; and so on. Thus the answer is 237 +3+-- .

121. {a) If f has a pericd of kength pg, where g = 1 is odd, its p-fold fteration f® has a
period of length g, say go — g — - - — ge = po where yyer = f7{g,) and g # go. But
then, by Corollary W, we must haove gg mod 27" = gy mod 2777 o5 -0 g mind 2077
in the corresponding {n — 1)bit chain. Consequently 1 = g {modulo 27", by
induction on n. Hence gy = po & 2%, and g2 = yo, ote., a contradiction.

{b} 1 = xo + =0, Tz = To S (p— 1), T3 = o1 | T2:; a period of length p starks with
the value xg = (14 2F + 2% 4+ .. | mod 2°.

122. Subtraction is analegous to addition; Boolean operations are even simpler: and
constants have only one bit pattern. The ooly remaining case i= 2, = 7y 2% 0, where we
have 5, = &; + ¢3 the shift goes |left when o < 0. Then Vo = Viptaiig+eyy, and

2o e |2° — 29| = [{my de [27F° — 0P ) e (2 - 1)

Henoe | Xpgr| < |I[F+=],:q_l..”| = H; = By by induction.

123. If x = {z5-1...%n)z, note first that £ = 297" (g ... op—1)or in {104); hence g =
(Z0...Tg-1}z as claimed. Theorem P ooow implies that [1lgg| broadword steps are
needed to multiply by ag40 and by ag—y. At least one of those multiplications most
require | 1lgg| or more steps
124. [nitially ¢ +— 0, zp = ¢, b = {1,2,.__,2% '}, amd 1" + 0. When adwmncing
£+ ¢+ 1, if the corrent instruction is ry + vy £ v we simply deline 2, = 20 £ 23 and
i' +— . The cases ry +— ry 0 rg and ry + o are similar.

If the corrent instroction branches when vy < 1y, delioe o = 132 and let V) =
Iz e Uecq | = = =p), Vo = Ly Vi, Let U be the larger of ¥y and Vi; branch if
Ly = Vi, Motice that [ > [Lf—1]/2 in this case.

[f the current instruction is vy +— ry ey, et W= {z & Uy | ok |25 F 2% 20
for some 5 € Sp ), and note that |W] < [Sg) lgn = 2277 Let W = {r e U\ W |
Ty =} for [& < n,and Ve = U VWAL L, Voo Lemma B tells us that at most

By +1 < 37 -1 41 of the sets Ve are nonempty. Lot £ be the largest; and if it is W,
define T = ¢ o, i +— b In this case [U] = (8] = 2 0e¥ -1 41
Similarly for ry +— Mry mod 2% or Mr; mod 27 — r, det B = {02 Dy |
ode |27 — 2| £ 0 for some s € S}, and Vo = {z e Loy W W | oye mod 2™ = 2
for 0 % 2 < 2™, By Lemma B, at most By < 2271 of the seks V. are nonempty; let
Iy = ¥, be the largest. To write vy in M[z], define 7 = mpq, 2" + i to read ry from
M| z], set i — £ and put ;= zow if 27 is defined, otherwise let 70 be the precomputed
constant M [z]. In both cases |U%] = (Do — 257"/ 22" -1 is sufficiently large.
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It t < f we canoot be sure that ry = px. The reason is that the sot B =
Iz e Uy | 2k |2%7Y — 2% # 0 for some 5 € 51} has size W] < |8 lgn < 20
and [[f 4 W] 2 2397251 _ gtteds o 0% 1 s |[p B | 2% — 1] | 3 € U\ W), Two
clements of Uy % W cannot have the same valoe of pr = o0 & [2¥™ - 1.

[The same lower bound appliss even if we allow the BAM to make arbitrary
22" wmy branches based om the contents of {ry,..., ") at time £]

125. Start as in amswer 124, bot with Uy = [0..2%). Simplifying that argument by
climinating the sets W will yicld seés such that [D] > 2%/ max(3™, 2n)"; for example,
at most 2n different shift instructions can eooar.

Supprse we can stop at time ¢ with ¢ < [Igih + 1)]. The proof of Theorem P
yields p and g with =™ & [2® — 29| independent of o k& [277* — 29%*|. Hence the hinted
extension of Lemma B shows that =™ takes on at most 221 < 2lh=11/2 fifferent valpes,
for every sctiing of the other bits {x & |28 — 26H¢| | 2 £ 5} Comssquently v, = =+
can be the correct value of 2% for at most 2500308 yqines of o Bug 200103 4e-k
is less than [[f], by {1oG).

126. M. 5. Paterson has proposed a related {but different] conjectore: For every 2adic
chain with k addition-subtraction operations, there is a {posibly hoge) integer x with
rx = k+ 1 such that the chain does not calcolate 24

127. Use exercise 110 to compurte [{1 2 (e2z}) & o #F0] for a switable constant o, {The
special case v = n may also nesd to be handled separately)

128. The weaker lower bound loglogn) follows from Theorem B, because pz =
vir' —1l)when ' =z x— 1.

128. Mote that the suffix parity function =¥ is considered in exercises 36 and 117.
130. It the answer is “nn,” the analogous question with variohis o suggests itself.

131. Thi= program does a typical “breadth-first search,” keeping LINK{g} = r. Hegis-
ter u is the vertex currently being examined; v is one of its spocessom.

OH LEOD r,g,link 1 <+ LINKig). ETOU w,q,link |Ff—|QY| LIKK(g} + w.
ZET a,r 1 uw+r ETOU r,v,link |H —|l.',j'| LINK(w} + x.

10 LAY a,u,arcs | 2+ ARES(a). EET q.v |-G g+ w
BZ @ dF | 1= S[u] =®*  3H PENZ a,28 5 Loop on a.

M Leal vea,tip & w4 TIP(a). 48 LDAOD o,u,link || n + LIKK(u).
LEOD a.a,mext & o+ HEIT{a). CMFD &,u,T || [su#z?
LOOU t,v,link § o+ LINE(v).  PBNZ t,18 [R]  Continue if so.
FENZ +,3F F Iswve Y 1

132. {a) We always have 7{[f] C &uger du = (L7). Amd equality holds if and only if
2% C plu') for all uwe IF and 2" £ U

(b} We've proved that T{UF) C {0 hence T C U, And ¢ & T we have 2° C gy
for all w & . Therefore o (T C [T

{c} Parts {a) and (b) prove that the elements of Oy represent the cliques.

{d} o Cvthen ulem © v pi and ulede © vodis so we can work entirely with
maximal entries. The following algorithm uses cache-friendly sequential {rather than
linked) allecation, in a manner analogous to radix exchange sort {Algorithm 5.2.2R).

Wi assume that wy .. .owe = o workspace of 5 unsigned words, boanded by wg =0
and wepq = 2" — 1. The clements of O, appear initially in pesitions wy .. . wy, and
aour gl is to replace them by the elements of O,

M1, [Initinlize] Terminate if g = 2° — 1. Otherwise set ¢+~ 25, 6+ 1, j +— m.
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2. [Partition on o] While ay &v =0, sek @+ @+ 1. While wy & v £ 0, sct
J+—j— 1 Thenif i > §, go to M3 ofbherwise swap wy +r wy, st i +— i+ 1,
3+ —1, and repeat this step.

3. [Split wy .| Bet | §.p+— s + 1. While i < m, do subroutine Q) with
wo=ay and ==t i +— 1+ 1.

l4. [Combine maximal elements.] Set m o+ L While p < 5, set m +— m+ 1,
W 4= 1, and p—p+ 1. |

Subroatine () uses global variables 7, &, i, p, and v. [t sssentially replasces the word o
by ' = ulc px and a" = wk i, retaining them if they are still maximal, 1f so, o' goes
into the upper workspace wg .. w, bot o™ stayes helow.

Q1. [Examine »'.] St w+ uls pp and g+ 5 If w = u, go to Q4.

Q2. [[s it comparable?] If g < p, go to Q3. Otherwise if w & wy, = w, go to Q7.
Crtherwise if wiow, = wy, go to Q4. Otherwise set g +— g— 1 and repeat 2

Q3. [Tentatively accept '] et p+— p— 1 and wy + w. Memory overflow oocars
it p < m+ 1. Utherwise go to (7.

Q. [Prepare for loop.] Set r+— poamd wp_y — L

Q. [Remove nonmaximals.] While a | wy # w, set g +— g— 1. While w | w, = 1w,
st v o= v+ 1. Then if 9§ < r, go to (M; otherwise sek w +— we, we +— 0,
gi+—qg—1,r+r—1, and repeat this step.

O [Reset p.] Set woy — w and p — g Terminate the subrontine if w = w

Q7T. [Examine u”.] Set w+— ubk 0. If w = wy for some g in the range 1 < g < 3,
do nothing. (Hherwise set { +— {4+ 1 and wp +—w. |

In practice this algorithm performs quite well; for example, when it is applied to the
8 % B queen graph (exercise 7-128), it finds the 310 maximal cliques after only 57283
mems of computation, using 387 words of workspace. 1t finds the 1188 maximial
indepemdent scés of that same graph after about 26 megamems, using 15080 wornds;
there are respectively {728, 6012, 2456, 82} such scts of sizes (5,8, T, 8), including the 832
famnus splutions to the eight quesns problem.

Hi=feremee: M. Jardine and K. Sibson, Mathematical Taxonomy (Wiley, 1971), Ap-
pendix 5. Many other algorithms for listing maximal cliques haove also been published.
Sep, for example, W. Knodel, Compnting 3 {1968), 236240, 4 (189, 75; . Hron
and J. Kerbosch, CACKM 16 (1973), 575-577; 5. Tsukiyama, M. Ide, H. Ariyoshi, and
[. Shirabevera, SIOOMP 8 (1677), 505-517; E. Loukekis, Computers and Math, with
Appl. 8 {1883), 583-589: [)_ 5. Jehnson, M. Yannakakis, and C. H. Papadimitrion, Inf.
Proc. Letters 2T (1988), 119-123. Spe also cxercise 5-23.

133. {a) An independent et is a clique of &7; so complement . (b} A vertex cover is
the complement of an independent sst; =0 complement O, then complement the sutputs.
134. a=+00, b —= 01, o — 11 = the tirst mapping of class 11

135. The unary operators are simple: {xz: ) = .8 olnr) = mexp; olzire ) = .
And e & uge = I:'.:; W :,-':II:'.:; A :,-':I, where 3 = 5 &y and 2, = T & -

136. {a) Classes I1, 111, [V,. and IV. all have the optimum cost 4. Curioosly the
functions z; = zeWgy vV ize Ape ), 2r = 20V e work for the mapping (@, b, <) — (00,01, 11)
of cliss [1 as well as for the mapping (g, &, <) % (00,01, 1s] of class [V, . [This cperation
is equivalent to satorated addition, when a =0, b = 1, and ¢ stands for “more than 1.7)

{b} The symmetry between a, b, amd ¢ implies that we need only try classes 1,
[%a, and Va; and those classes turn out to cost &, 7, and B, OUne winner bor class [, with
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T.1.3 ANSWERS TO EXERCISES a3

{a, b ) = (00,00, 00), is 2 = v A fle, 2e = v Adle, where we = o0 B, we = 20 S,
ur = Y B u, and ve = e :Enn exercise 7.1.2-60, which gives the same answer but
with z; ++ 2. The reason is that we have (z + y + 2) mod 3 = 0 in this problem but
[z+y— z) mod 3 =0 in that one; and =z + 2, is equivslent to negation. The binary
operation 2 = roy in this case can alse be characterizsd by the Eact that the elements
{z,1, z) are all the same or all different; thus it is familiar to people who play the game
af 3ET. It is the ooly binary operation on neclement sets that has n! antemorphisms
and differs from the trivial examples Toy =z or zoy =]

{c} Clost 3 is achieved only with class 1@ Let (e b —+ (00,01, 1) and 2y =
[Ig W :r:l A, I = T Ao
137. Infact, 2 = (x+ 1) &y when (a, b, 2) — (00,01, 10). [It's n contrived example. ]

138. The simplest case known to the author requires the calrolation of fwe binary
operations, such as
ad b 2 b a
(a b b and a b a )
o oa@ P

each has cost 2 in class Vo, but the costs are (3,2) and {2,3) in ¢lasses | and 11,

138. The calculation of =z is esseotially equivalent o exercise 1K b); =0 the natural
representation (111} wins, Fortunately this representation also is geod for =, with
i = T) Aoy e = T P

140. With representation {111), first wse full binary adders to compute (gian)z =
o +w+ = and (bols =T+ e + 2 In 5+ 5 = 10 steps. Now the “greedy footpring™
method shows how to compute the four desired functions of (a1, 20,80, %) in ecight
further stepes w = @ A bg, we = ap &by §1 = oy B b, £2 = ag B b, f = @ $ g,
bh=apipd, m=d A, v =8 Al [I'.I this method np'tinw.m':"]

141. Supprse we've compated bits @ = @p@ . . - @zm—1 and b= fpby .. - fom—1 such that

2y =[s=1or 8=2 or 5 is a sum of distinct Ulam mumbers < m in exactly one way|,

b, =[5 is & sum of distinct Ulam mumbers < m in more than one way |,

for some integer m = LUy 2 2. For example, when m = n = 2 we have @ = 0111 and
b=00M. Then {s| s <mand a, =11 = {lh,...,U}: and Loy = min{s | s > m
and a, = 1]-. I:'.'wlnt.i:r: that a; = 1 when 5 = L' -|-L"n.':l The following simple hitwise
operations preserve these conditions: m4-n + 1, m +— U, and

[ﬂm---ﬂim—l,hm---hm—l] — {[ﬂn...ﬂgm_1 Elﬂn...ﬂ'l_|.:|kbn...bgm_1..
[ﬂ-m.---ll':tru—:l kﬂﬂ---ﬂm—l':l I‘Em---b!m.—l.].

where @y = by, =0 for 2Ly < 5 < 2L, on the right side of this assignment.

[See M. . Wunderlich, BIT 11 (1871), 217-224; Compoters in Number Theory
{1971}, 248-257. These mysterious numbers, which were first defioed by 5. Ulam in
SIAM Review & (19064), 348, have bafted number theorists for many years. The ratio
Un_ll"n appears to converge to a constant, = 13.52; bor example, Uspoopeon = 270871127
and Lancopson = S40TH2E49. Purthermore, [ W, Wilson has obscrved empirically that
the mumbers form quasi-periodic “clisters” whose centers ditfer by multiples of another
constant, = 21604, Caleulations by Jud MeCranie and the author for U < 40000
indicate that the largest gap s — Lo o1 may ocour between Uaiareszs = 332250401 and
[zazmanzs = 3F2251032; the smallest gap Ly — a1 = 1 apparently occurs only when
I £ {283, 4,48}. Certain small gaps like 8, 11, 14, and 18 have never been observed. )
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04 ANSWEHRS TO EXERCISES T.1.3

143. Algorithm F in that coercise performs the fellowing operations on suboubees:
(i) Count the s in a given subcube oo (i) Given ¢ and o, test if ¢ C &, {iii) Given
cand ¢, compute o Uic' (if it exists). Ohperation (i) is simple with sidewsys addition;
let's see which of the nine classes of two-bit encodings {11g), {123), {124) works best
for {ii) and (iii}. Suppose a =0, b = 1, ¢ = #; the symmetry between 0 and 1 means
that we need only examime classes | 111 IV, IV, Ve, and V..

For the asterisks-amd-bits mapping {0,1,+) — {001, 10}, which belongs to
class 1, the truth table for o € ¢ s 010=100s 11054 in each component. {For example,
0C = and = @ 1. The == in this truth table are dont-cares for the unused codes 11.)
The methods of Section 7.1.2 tell us that the cheapest soch functions have cost 3;
for example, ¢ C &' if and only i {(b& &) | el &' = 0. Forthermore the comsensus
el e =& exists if and only if vz = 1, where z = (&) & ~{o & e). And in that
case, o = {o@bE Yk ~fada'), B = (b | &) &5 [The asterisk and bit codes were
used for this purpose by M. A Brever in Proc. ACM Nat. Conf. 23 (1008), 241-250.]

Buot ¢lass 111 works out better, with {0, 1, =) — (01, 10,00}, Then ¢ C o i med only
iF (8 den)| (6 &) =0 dle” = &7 exists ifand only if vz = 1 where z = xley, 7 = & | o,
y=&|c;and & =z 2, & =gz We save twn operations for each consensus,
with respect to class 1, compensating for an extra step when coonting asterisks.

Classes [Vy, Ve, and V. turn out to be far inferior. Class 1V has some merit,
bt class 111 is best.

143, flx) = ({zdm J1T) ({2017 )b ) | ({zdoma }15) | ({2315 ema ) | ({xdems b
0] | ({2 10) & ma) | ({x & ma) 2 8) | {{x 2 8] & oy ), where my = #TETETITETETE,
mg = "fefedefefefa, my = *HLALBIFLILIEAF my = *fefcfofefofafc. |5r:r:, for
example, Chess Skill in Man and Machine, edited by Peter W Frey (1977), page 58
Five steps suffice to compute flz) on MHIX (four HDR operations and one OR), since
firl=g -z ¢ | q - £+ g with g = T40a0E0201 4000602 and g° = T 201080844321 10804. ]
144. Mode j& (k< 1), where b= j &k —J.

145. [t names the ancestor of the leaf node § | 1 at height A

146. By [138) we want to show that Aj i —i) = pf when [ —2°' i< < 5 < [4+27,
The desired result follows from {35} becanse —{ < —i < —{ + 27,

4T, ()l my =8y =j,ay=1&pj, and rj = A, for 1 £ j < n.

(k] Suppose m = 2" + - +2" where e > - - = g = 0, and letng = 3+ . 420
for € k< ¢ Thenxwy = and Foy = oy = ng formg—y < J < ne. Alsoorne = un,
for 1 € &k < £, where vp = A; all obher 7 = A
148, Yes, it wgn = OINHMY, Ty = 010100, 732 = 010001, xze = 10110, mxy = 010111,
Axy = 010111, Sy = 010100, S = 011000, Sy = 010000, and Axy = 100N,

148. We assyme that CHILD{v) = S8IB{v) = PARENT (v) = A initially tor all wertices v
{including » = A}, and that there &= at least one nonoul] vertex.
51. [Make triply linked tree] For each of the noarcs u — v {perhaps v = A), ==t
SIB(u) +— CHILD {0}, CHILD(u) + u, PARENT (u) + v. (Sep exercise 2.3.3-6.)

52, [Begin first troversal.] Set po+— CHILDCAY, nw+ 0, and AQ + —1.

53, [Compute & in the casy case] Setm — n+ 1, ap &~ n, 7n +— A, and
Amo— L+ Almse 1), I CHILDEp) # A, sct p — CHILD(p) and repeat this step;
otherwise set Gp + n.

B4, [Compute 7, bottom-up.] Set 78p — FARENT(p). Then if SIB{p) £ A, =t
p+ SIB(p) and return to 53; otherwise sct p +— PARENT{p).
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T.1.3 ANSWERS TO EXERCISES a5

A5, [Compute 2 in the hard case.] If p # A, set &+ Aln & —wp), then Jp +—
{(m = h) | 114 h, and go back to 54,

58, [Begin second traversal | Set p +— CHILD{AD, AD +— An, A4 +— ad + 0.

ST, [Compute o, top-down.| Set ap + ofPFARENT(p)) | (8p & —&p). Then if
CHILD{p) == A, set p+— CHILD(p) amd repeat this step.

58, [Continue to traverse] 1 8IB(p) # A, set p + SIB(p) and go to 57.
(therwise set p +— PARENT(p), and repeat step SEifpE AL |

15#0: “We may assume that the clements Ay are distinct, by regarding them as ordered
pairs { Ay, 7). The hinted binary search tree, which is a special case of the SCartesian
trees” introdoced by Jean Vuillemin [CACAK 23 {19800, 226-2349), has the property that
Efi, j) is the nearest common ancestor of § and §. [ndeed, the ancestors of any given
nade §j are precisely the nodes & such that Ag is a right<tosleft minimum of Ay Ay
or Ag is a kft-to-right minimum of Ay ..o Ae.

The algorithm of the preceding answer does the desired preproomssing, except
that we need to et up a triply linked tree differently on the nodes {0, 1, .. n}. Start
as betore with CHILD(v) = SIE{p} = PARENT(r) =0 fcr 0 < v < n, and et A M.
Amsume that Ag < Ay for 1 < 7§ < n. Set ¢+ 0 and do the following steps for v = n,
n—1, ..., 1z B3t uw + (K theo while Ay < Ay set w +— £ and & +— PRRENT(E). [F a0,
sct BIR(p) + SIE(m), EIB(u) + (O, PARENTCu) « o, CHILD(r) + u; otherwise simply
sct SIB(v) + CHILD(£). Also sect CHILD(f) + v, PARBNT (v) + £, £ + 0.

Contimee with step 52 after the tree has been built. The running time is (n],
because the operation ¢ +— PAEENT () is performed at most once for each node £ [This
beautiful way to reduce the range minimom query problem to the nearest common
ancestor problem was discovered by B N, Gabow, J. Lo Bentley, and K. K. Tarjan,
STOC 16 {1884), 137138, who also suggested the following exercise.)

151. For oode v with & children ag, ..., #g, define the node sequence S{2) = o if
E=0; S{vl =oS(wmi it k= 1; amd S{e) = Slmlv. . eS{ug) if & > 1. {Consequently
v appears exactly max{k— 1, 1) times in S{w).) If there are & trees in the forest, rooted at
Uy, - -, Mg, write down the node sequence 8w JA L A8 ) = VL Ve (The length
of thiz sequence will satishy n < N < 2n.) Let A; be the depth of node V5, for 1 <
j = N, where A has depth 0. {For example, consider the forest {1.41), bat add ancther
child & — [} and an &=olated node £ Then V.. Vig = OFAGTDHDKATETAL
and A, ...4d;; = 231342323012301.) The nearest common ancestor of u and ©, when
u =V and ¢ = Vi, is then Vi o in the range minimum query problem. [Bee J. Fischer
and V. Hean, Lecture Notes in Comp. Sci. 4000 {2008}, 36-4E.]

152. Step V1 finds the bevel above which or and &g have bits that apply to both of
their ancestors. [Hee exercise 148.) Step V2 increnses b, if necessary, to the level where
they hawe a common ancestor, or to the top level An if they don®t (namely if & = 0).
It fz # Az, step V4 find=s the topmaost level among ='s ancestors that leads to bevel A;
herpe it knows the lowest ancestor T for which 38 = #z2 (or £ = A). Finally in V5,
preorder tells us which of © or § is an ancestor of the other.

153. That poioter has g bits, so 0t ends after gl + p2 +--- + g§ = j — 1) hits of the
packed string, by (1), [Here j is even. Navigation piles were introduced in Nordlic
Jourmnal of Computing 10 {2005), 2315262

154. The gray lines define 36°-36%-90° trinngles, ten of which make a pentagon with
T2 angles at each vertex, These pentagons tile the hyperbolic plane in such a way
that five of them meet at cach vertex.
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1558, Observe first that 0 < (a0)ye < 07" + 67 +675 4+ =1, sinve there are no
consecotive 1= Observe next that Fop¢ = ¢7™ {modulo 1), by exercise 12811, MNow
add Fy, ¢+ -+ Fy, . For eample, {48} mod 1 = g% +¢™%: (- 2¢) mod 1 = ¢~ +¢~".

This argument abso proves the interesting formudn | Mg | = — N {2
156. {a) Start with g + 0, and with k large enough that |z < Fy. Ifx <0, set
E+— (k-1 and while z + Fy > O set kb +— & — 2 then set y +— p+ {1 =& &),
x4 x+ Fieypo; repeat. Otherwise ifz % 1, set &+ kd -2 and while = — Fiy < 0 set
E+ k& — 2 thenset v +— y+ (1 k), z +— 7 — Fipq; repeat. (therwise st y+— p+ =
and terminate with v = {a)a.

{b} The operations = +— a1, 11 +— —@1, T +— Ye—1 &+ @k, Yk +— Tk-1 — Tk
compute T, = Mg, ... a, ) and g, = Wa;...0.0). [[Does svery broadword chain for
Nia) .. @) require (Hn) steps?|
157. The laws are obvious except for the two ceses involving {o—). For those we have
Ni{a=10% = N{al*} + F_y—z for all & > 0, because decrementation never "borrows”
at the right. {But the analogous formuala M{(a+)1 0% = N{a0®+ Fog—1 does nof bold.)

15B8. [mgrementation satisfies the rules (a0l)+ = o], (@ld)+ = (a+ W0, («l)+ =
{m+ L [f can be achieved with six 2-adic operations on the integer 2 = {a)z by setiing
-z |[{rEll.a+yk~y+l),r+—iz| 21+ 1L

Decrementation of & nonaero codewnrd is meore difficult. 1t satishies (21024)— =
all{101%, (allPE+)j— = a{D1)*+'; hence by Corollary [ it cannot be computed by a
2-adic chain. Yet six operations suffice, f we allow monus: p +— 2 — 1, 2 + y ik £,
wizhkpn, z+y—w+ (w={z—w)

158, Besides the Fibonaooi mumber system (148) and the negaFibonacci nomber sys-
tem {147), there's also an odd Fibonacei number spatem: Every positive integer @ can
be written wniquely in the form

=10y + Fey, -0 0, where 1y #He fp e oo ey = 0 and I is odd.

Given a negaFibonacci code o, the following 2kstep 2adic chain converts = = (a)z to
1y = {Flz to z = (¥)z, where # is the odd codeword with &) = F[(8) and ~ is the
standard codeword with &) = Fi+0h: ot —~ sk pn, o~ — szt d 2zt — 17
fo—d |zt b (fa Ly ()t B (s 2+ {p+ 1151,
w o 2 (dpel; £ wle so{w1); 24— s (& {28 (o4 1) 2 100

Corresponding negal'ibonacsd and odd representations satisfy the remarkable o

Frosm+ 4 Fepm =1-1™{Ft,cm++ Fro_m),  for all integers m.

For example, if M{a) < 0 the steps above will convert = = (a0)z to y = {F)a, where
Fi{f 3 20 = —N{a). Purthermore 3 is the odd code for negalFibonacei o if and only
if 2" is the pdd code for negaFibonacei 8%, when o] = 4] is odd and M) = 0

Mo tinite 2-adic chain will go the ether way, by Corollary [, because the Fibonacoi
code 10% corresponds to negaFibonacci 10%7" when & i odd, {100%71 when k is oven.
But if v is a standard Fibonacei codeword we can compute g = (J)z from z = ()2 by
seting g +— s L ¢+ yhe iy — 123:;1.1, gy y— b+ [EF0){(E— 1) & go). And then
the method above will compute & from 8%, The overall running time for conversion
to negalibonacc form will then be of order log ||, for two string reversals.

1&0. The text's rules are actually incomplete: They shoold alss define the orientation
af each neighbor, Let us stipulate that o = 05 Gen = o5 (0w = ol {gl)ee = @l;
(@i, = all, (el = all, {allee. = al; (6l = o, (@10l = olil,
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(@100 )ae = ali0l, {oli]) = 00l Then a cese analysis proves that all cells bipartits

within d steps of the starting cell have a consistent labeling and orientation, by induec- ﬂ’r".fufﬁr e
tion on the graph distance d_ [Note the identity o+ = {{o0)—) % 1.) Furthermore the uppoar hibfplae
labeling remains consistent when we attach y coordinates and move when necessary rufluctian

from ooe strip to ancther via the d-rules of [153). L’:TE;:"“""‘ wearch

181. Yes, it is bipartite, because all of its edges are dehoed by the set of boundary
lire=. {The hyperbolic cylinder cannot be bicolored; but fwo adjacent strips can.)

162. It's convenient to view the hyperbolic plane through anether lens, ..‘.ﬂ“'
by mapping its points to the upper halfplane 3¥z = . Then the Ystraight Sy A i
lime=™ hecome semicinels centered on the reaxis, together with vertical [ e
halflines as a limiting case. [n this representation, the edges [z —1| = ».-"F [ |
|z| = r, and Rz = 0 dehioe a 36°-457-90° triangle iFrt =g+ 1.-" Every ﬂaﬁ: — {E.r}
trimngle ABC has three neighbors CEA', ACH, and BAC, obtained .

by Freflecting” two of its edges about the third, where the rellection of a
|z=&|=¢ nbout |z— ¢l =r ®w|z— - ;—I:I: +x:]| = %  — x|,z = e k' =)

The mapping 2 — {2 — z0),/{7 — %) takes the upper halfplane into the unit circle;
when zp = (v — 1/@){1 + 5"*i) the central pentagon will be symmetric. Hepeated
reflections of the initial triangle, uwsing breadths-first search wntil reaching trianghes that
arg invisible, will lead to Fig. 14, To get just the pentagons (without the gray lines),
ane can begin with just the central cell and perform reflections aboot ifs edges, ete.

« | This igure can be drawn M in exers: inr' ]E? starting with wertices that project to
thr: th‘l’.‘-!" points ir, irw, and ire®, where £2 [] +vIHA— 7 — B and w = £V,
Lsing a notation devised by L. H-.-Jﬂﬂ.:l'll in ]EEEI it can be described as the infinite tiling
with parameters {3, 8}, meaning that cight triangles meet at every vertex; see Schlifli's
Cesammedic Mat hematische Abhandlungen 1 (18950), 212, Similarly, the peotagrid and
the tiling of exercise 154 have Schlifli symbols {5, 4} and {5,5}, respectively.)

1&4. The ariginal definition requires maore competation, sven thoogh it can be EBactored:
coster (X)) = X & ~{¥a &Y & ¥2), Y=Xwk A kX

But the main reason for preferring {157) is that #t produces a thinner, kingwise con-
nected border. The rookwise connected border that resalts from the 1957 definition is
les= attractive, hecause it's noticeably darker when the border travels diagonally than
when it travels horizontally or vertically, {Try some experiments and yoo’ll see.)

185. Thefirst image X1 is the "outer” border of the original black pixels. Fingerprint-
like whaorls are bormeed thereafter. For example, starting with Fig. 15{a) we get

in a 130 = 120 bitmap, eventially alternating endbssly between two bizarre patterns.
{(Dpes every monempty & = N bitmap lead to such a 2-oycle?)

186. [t X = custer|{ X'}, the sum of the clements of X+({ XA (X218 204X
is at most AMN = 20 = 2N, gince it s at most 4 o each cell of the rectangle and at
most 1 in the adjsoeot cells. This sum is alse bve times the oumber of black pixels.
Hence f{M,N) < JMN + 2M + 2N Cooverscly we gee f(M, N) > 3MN - 2 by
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lekting the pixel in row i and column § be blwk unless (04 25 mod 5 = 2 {This
problem is equivalent to finding & minimum dominating set of the M =< M grid.)

187, {a) With 17 steps we can construct a half adder and three full adders {see 7.1.2
(za)) so that {z122) = Tuw + Tw + Tew, {z324)2 = Ta +2p, (226 = Tun + 2= + Tox,
and {zrzalz = 2z + 24 + 2a. Then f= Sz, 23,2520 ) A (oY 2 ), where the symmetric
function fi necds seven operations by Fig 9 in Section 7.1.2. [This solution is based
on ens of W_ F. Mann and [3. Sleator )

(b} Given z~ = I}E“ = X_EE:', and zt = I_:;E“ compute a +— =~ k' {= ),
b{—z_E:l:"' f= .:..:I,ﬂ{—:ﬁh: el e | f= .Id:l.,ﬂ'i—l!iﬁil = zu':l,ci:— ciid, ¢+ ok d,
frbke fefloi=mlerbae(=ml,ctackbo+c|a b+—cxl{= 2],
crexl(=al,d—bhkoge+bleb—akf.f—al|f,f+—d|f,e+bt]|g
f+foec(=5{n,mmwlete|m fe fle

[For excellent summaries of the joys and passions of Life, including a proof that
any "Turing machine can be simuolated, see Martin Gardoer, Wheels, Life and Other
Mathematical Amuscments [1983), Chapters 20-22; E. R Berlekamp, J. H. Comany,
and K K. {Giuy, Winning Ways 4 (A. K. Peters, 2004, Chapter 25.]

AP lasd Ve pob what | wanted — an apparently wipredictable e of genefics.
... Dwarpopwation, ke pnderpomnation, tends to kil

A healthy sockely s naeither fop denss nor oo Sparse.

— HOHN H CONWAY, letter to Martin Gardner {March 1970)

188. The following algurithm, which uses four n-bit registers ==, 2, 27, and y, works
properly even when M =1 or & = 1. It needs only about two reads and two writes
per raster word to transform X' to XYY in {158):
Cl. [Loop on k) Dostep C2for k=1, 2, ..., N'; then go to O5.
3. [L|:||:||:| [=1H _;l] - A ..'1.[.-,4-_|:,|=1 =t — Agy, and A jgpe — =t . Then perform
steps Ul and Od for 5 =0,1, ..., M — 1.
€3, [Move down.] Set o~ o, o+ ot and 2« Apgoe. (Now © = Ay, and
£~ holds the former walue of Ap_qe.) Compute the bitwise function walues
p-flr Lo, sl ze Le,ral, o8 % Lot =t 10
Cd. [Update Ay ] Set x— + A=) b -3y gl {371 - 1), Ayrgyy
=+ (g {n -0}, Ap + p+ [z & (n—12)).
8. [Wrap arcund.] For 0 < j < M, st 3+ A ke -2 dppr = x4
(Mg e d), and Ay +— Ay +{zgd), where d = 14+ (W — 1 mod {n—2}. |
[An M = N torus is equivalent to an (M — 1) = (& — 1) armay surrounded by zeros,
in many cases like (157) and (15g9) and even (181). For exercise 173 we can clean an
(M —2) = (N —2) array that is bordered by two rows and columns of zeros. But Life
images {eeercise 107 ) can grow without bound; they can't safely be confined to a torus.
1&8. It quickly morphs into a rabbit, which proceeds to explode. Beginniong at time
278, all activity stabilimes to a two-cycle formed from a set of traffic lights and three
additional blinkers, together with three still lifes (tub, boat, and bee hive).

170 It M 2> 2 and & > 2, the first step blanks oot the top row and the rightmost
oodamn. Then if M > 3 and N > &, the next step blanks out the bottom row and the
leftmost column. 5o in general we'ne left after £ = min{ M, N — 1 steps with a single
row or oodomn of black pixels: The first [¢/2] rows, the last [£/2] columns, the last
| £/2] rowws, and the first |#/2 | columns have been set to zero. The avtomaton will stop
after making two more {nonproductive) cycles.
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171, Without (160} = + Tep & #n, T2 +— Tu & Fam, T3 + Tp & £, 374 +— oem & 23,
Ty + T3 | Tu, Ta + Tw ki Bn, Tr — T & Eup, T — T & Few, Za o~ Ze | Tow,
Tg + Il.l-il'h; Ty 4+ T |1':|; Tz +— zp 8Ty, Zia — 22 kIR, T4 + 11.1.3'-21'1'.';
T ¥ TR I!EIHE; Tyg + Tgw l-:Iw. Ty 4 Ty |IIH-|I:II = Iunl-:Isw. T 4+ Ty kI:II;
T +— Em | Tz, Tz + Zop | T3, Tz +— Tyw & T3, Tm +— I::tEI!IH-: Tpy £ Tpz | Faa,
g+ T | Taa. With (160}, set 7y +— Twr & £n and leave everything else the same.
172, The statement i=n't quite true; corsider the following eoamiples

Lo me=
— &
The *I" and ‘H* at the left show that pixels are someetimees left iotact where paths join,
and that rotating by 90° can make a difference. The next two examples illustrate
a quirky influence of left-right reflection. The diamond example demonstrates that
very thick images can be unthinnable; none of its black pixels can be removed without
changing the number of boles. The final examples, one of which was inspired by the

answer to exercise 160, were processed first without {160), in which case they are
unchanged by the transformation. But with {180} they're thinoed dramatically.

175, {a) f X and ¥ are closed, X & Y is clesed; if X and ¥ are open, X | Y is
open. The hinted statement follows. Furthermore XY = X%, becanse X' &= clossd;
similarly X ** = X*. (In fact we have X" = ~{~X 1", becanse the definitions are dual,
obtained by swapping black with white.) Mow X" C X", so X" C X"7 = X7,
Dually, X* C X" We conclude that there's no reason o laonder a clean picture:
XDLOL _ ¢y DLOL o yBL o oy B)LDL _ g DEDE

[h] We have x” = If.'{| xw I xuw IH]EI:E-II .‘{3 I an IE'J#[.I |.J|:'g| xsn A’;]k
[X|Xs| Xow | Xw). Furthermore, in analogy with arswer 167{b}, this function can be
compuated from 7, 2, and = in ten broadword steps: o+~ z|(z2 1) |z {27 %1004k
[zt | (=t = 10), F+ Fd(f < 1). [This answer incorporates ideas of 120 R, Fuchs.]

To get XY, just interchange | and & For further discussion, see O, Van Wyk
and [} E. Knuoth, Heport STAN-CS-70-707 (Stanford Univ., 1079}, 15-36.]
17d: Threc-dimensional digitel topology has been studied by B Malgoorres, Theornet-
icad Computer Science 18 (1897), 1-41.

1T5. There are 25 in the outline, 2 +3 in the eyes, 141 in the cars, 4 in the nose, and
1 in the smile, totalling 37. (Al white pixels are connected kingwise to the background. )

176, {a) If v isn't isclated, there are cight easy cases to consider, depending on what
kind of meighbor v has in G,

{b} There's a vertex w' & & pdjacent to each vertex of Ny U N {Four cases.)

{c} Yes. In fact, by definition {182], we always hove | §'(v')] = 2.

(d} Let N, = {r | 0" & N} [f v is the cast neighbor of of, eall it wy, cither
1w £ (7 or ug € {7 this element is adjscent to every wertex of N, U N, A similar
argument applies when o' = uy,. If v’ = g, there's no problem if o' € . Otherwise
tiy € 07, uh £ €7, amd either uly & & or uy £ & hence &), U N, is connected in €.
Finally if v' = ujyg, the proof is casy if uy £ &) otherwise w' € O and o' £ 0L

{e} Given a nontrivial compenent £ of 3, with v € O and &' £ S(v), let £ bhe the
component of (7 that contains ©'. This component. €7 is well defined, by {a) and {b).
Given a component O of G, with v’ £ O and v € 3¢}, let & be the component of
{7 that vontains v. This component © is nontrivial and well defined, by (c) and {d].
Finally, the correspondence €+ O is one-to-ome.
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177. MNow the vertices of O are the while pinels, adjsoeot when they are reak-neighbors.
Sa we define MNygy = {0074 (-1, {6, 41} }. Arguments bke those of answer 176,
bt simpler, establish a one-to-one correspondence betwern the nontrivial components
of (7 and the components of (7.

17T8. Ubscrve that in adjncent rows of A*, two pixels of the same value are kingwise
neighbors only it they are rookwise connected.

178, The pixels of each row =y .. ox can be “runbength eocoded™ as a sequenoes of
integers 0= <oy < -~ < Camp = N +2mothat oy =0 for § € [op--e)U[ez. .l Ul
ool [ozm - Czmar ) and 3y = 1 for 5 E Jor . e U - U [eamet - -C2m ). [ The number of
rumns per row tends o be reasonably small in most images. Notice that the background
condition zp = ry4r = 0 is implicitly assymed_)

The algorithm below uses a modified encoding with @y = 205 — {5 mod 2) for
0= j < dn+1. For example, the second row of the Cheshire cat has (01,02, 03,00, 82) =
(5,8, 23, 35, 32); we will use (ay, 02, 03,0425 ) = (9, 16, 45, 50, 83) instead. The reason is
that white runs of aljacent rows are rookwise adjacent if and ooly if the corresponding
intervals [@y..0;4) and [by . beys) overlap, and exactly the same condition charme-
terizes when black runs of adjacent rows are kingwise adjacent. Thus the modihed
encoding nicely unifies both cases (seo exercise 17E).

Wi construct a triply linked tree of components, where each node has soweral
fields: CHILD, SIB, and PARENT (tree links); DOBMANT (a circular list of all children that
aren’t connected to the current row ); HEIR {n nede that bas abserbed this one); ROW and
COL {location of the first pioel); and AREA (the tokal number of pixels in the component ).

The algorithm traverses the tree in donble erder (see exercise 2.3.1-18), osing
pairs of pointers (P, F}, whers P' = P when P is traversed the first time, P' = PARENT (F)
when P is traversed the second time. The successor of (P,F') is (Q.0') = next{E, F],
determined as follows: [fP = P and CHILDIP) 3= A, then § + OF + CHILD(F): otherwise
Q + F and F + PARENT(Q). If P & P and SIE(F} # A, then § + Q' + SIB{P};
abtherwiss § +— PARENT{P) wnd @' +— PARENT(J).

When there are m bladk runs, the tree will have m 4+ 1 moedes, not counting nodes
that are dormant or have been absorhed. Moreover, the primed pointers By, o P
af the double traversal {B1.P1), -.., {Fams1,Pimsa) are precisely the components of
the current Tow, in left<to-right order. For example, in {13) we have m = 5 and
(PY,. -, Pyy ) point respectively to @, @, T, @, &, @, ©, @, T, O, @-

I1. [Imitinlime.] Set ¢ + 1, ROOT + LOC(HADE{G) ), CHILDCROOT) + SIBCROOT) +«
FARENT (ROOT) +— DOBMANT{ROOT) + HEIR(ROOT) + A; also ROWROOT) +«
COL(RODT) +— 0}, AREA(RODTY +— N + 2, 5+ 0, ag + &y — 0, a1 + 2N + 3%

12. [Inpot a new row.] Terminate if 5 % M. (hherwise seb by +— g for k=1, 2,
« v -, antil by = EN4-3; then sek biey + bi asa Ystopper.™ Set s +— 241, If s >
M, met @q +— 208 + 35 otherwise let @y, ..., 83wy be the modified runlength
encoding of row & as discussed above. (This encoding can be obtained with
the help of the g function; see {43).) Set § + &+ 1 and P + P + RODT.

13. [(Gobble up short b8'5.] IF Beyr 2 ay, go to B, (Otherwise sot (0, 0') +
next(P, B, (R,R} + nexti{d, Q'), and do a four-way branch to (14, [5, 16, [7)
according as 29 # 0] + REEK] = (0,1, 2,3).

14, [Came 0] {Mow @ =3 &= a child of *', and B = B'is the first child of Q'. Noede
will remain a child of B', but it will be preceded by any children of L) Absorh
R into P {see below). Set CHILD(Q) — SIB(R) and @' + CHILB(R). 1§ @ # 4,

remlangth encoded
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sct B+ 0, amd while B # A set PARENT(R) +— F', B’ + B, R+ SIB(R); then
SIB(R) + 0, 3+ Q" Set CHILD{P) + 0 if P=F", SIB(F) + 0 i PFF'. Goto IR
[Come 1.] {MNow componeot @ = R is surrounded by P =R'.) If P = P', sct
CHILDGP) + SIB(D); stherwise set SIB(P) + SIBCQ). Het B+ DOBMANTIR').
Then if R = A, set DOBEMANT(R) + SIB(Q) « 0; otherwise STB(Q) +— SIB(R)
and SIB(R) + . Go to 18
18. [Came 2] (Mow §' is the parent of both P' and L Bither B = F is childless, or
P is the last child of P°.) Absorb B into B (sce helow). Set SIB(P') + SIB(R)
and B+ CHILD{RY. IfP = PF' sct CHILD{P) + R otherwise SIB(F) +— R
While B # A, =ct PARENT(R)} « F' and B + SIB(R}. (o to [8
IT. [Came 3] {Node P = Q is the last child of ¥ = B, which i= a child of R".)
Absorh F' into R (see below). B = P, set P +— B, Otherwise set P° +—
CHILLCP'), and while P' # A =ct PARENT(P') + R', P’ + EIB(F); also
set SIB(P) + EIB(KF) and SIB(Q') + CHILDCQ}. [f O = CHILDCR), ==t
CHILDCR) +— A (Hherwise sei B +— CHILDIR)}, then R +— SIB{R} until
EIB(R) =@, then EIB(R) +— A, Finally ==t P' +— B
I8. [Advance k] Set & +— £+ 2 and return to step 13
18, [Update the area | Set AREA(E') +— AREACE) + [a; /%] — [ay—1,/2]. Then go
bk to [20f oy =28 4+ 3.
110, [Gobble up short a | a2 be, goto 111, Otherwise sed § +— LOCCHODE(E) )
and £ + £+ 1. Set PARENT(Q) + P, DODRMANT(Q) +« HEIR{Q} + A; also
ROM (D) + =, COLLQY + [a; /%], BREL (D) + oy 2] — [ay /2. HP=F st
ETE(Q) + CHILD(F) and CHILD{P) + O: otherwise set SIB(]) + SIE(P} and
EIB(F) + Q. Finally set F + @, j +— 7+ 2, and return to [3.
1L, [Move on] Set 5 — 3+ 1, &k~ &+ 1, {E,F') + next(P,F'), and go to 13. |
To “absork P into O mears to do the following things: If [EEH{P},EEIL{F}I] in lees
than (ROWCQ),COLCQY), set (ROW(Q),COLID)Y +« (ROWCP), COL{P}). Set ABREALQ) +
AREACP) 4+ AREA(Q). If DORMANT(Q) = A, sct DDRMANT{J) -+ DORMANT(P); otherwise if
DORMART(E) # A, swap SIB{DORMANTCR) ) ++ STR{DORMANT(Q) ). Finally, set HEIR(F) +—
Q. (The HEIR links could be used on a seoond pass to identify the final component of
each pizel. Motice that the PABENT links of dormant nodes are not kept up to date.)
[ % similar algorithm was given by B. B Luts in Comp. J. 23 (1980), 262-258.)
180. Let Fiz,p) =2 -y + 13 and Nz p)=Flz-Ly—- L= -y —x+p+13.
Apply Algorithm T to digitize the byperbola from (£, 50 = (-8, 7) to (£, 57} = (0, \-"']E]I
heme 2 = —68, y =7, 2" =0, ' = 4. The resulting edges are (—8,7) — (—5.7) —
I_E: E.:' - [_'1': E.:I - I_'ll': ﬁ'-:l - I_E: ﬁ":l - {_3: '1':' - [D: '”' Then apply it again
with£=0,3=+13, £ =6, 7 =T, 2 =0, y=4, ¢ =8,  =T; the same edges are
found {in reverse order), but with negated ¢ coordinates.
181. Subdivide at points (£, ) where Fo(E, ] =0 or F,(£,7) = 0, namely at the real
roots of {Q(—{by + d}/(2a),n+ ) = 0, £ = —(by + d}/{2a} — 1} or the real roots of
QU+ 3, —(BE + 2)/(26)) = 0, g = —{B§ +£)/{2) — 3}, iF they exist.
182. By indoction on |2° — z| + |y — g|- Consider, for example, the case ' < =
and y' = g We know from (§ii} that (£, ) lies inthe box 2 — 1 € £ < x4+ 1 and
y—Lr<p<y+ i, and from (i) that the curve travels monotonically as it moves from
{£,m) to (£, 5'). It must therefore exit the box at the edge (z— 3, - 3} — (z— ;. u+3)
or (x— L,p+ Yl—ix+ 5,v+ i) The latter holds if and only if Fix— 5,0+ 1)< 0,
because the curve can't intersect that edge twice when 2’ < ¢, And Fiz - J,y+ ) is

15
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the valee Nz, + 1) that is tested in step T3, becamse of the initialzation in step T1.
[We assume that the curve doossn’t go exoclly through {z - %: W+ ;—]: by implicithy
adding a tiny positive amount to the function F hehind the scenes |

183. Consider, for example, the ellipse defined by Flz — Ly — L} =z, p) = 132" +
Tzy + y* — 2 = 0; this ellipse is a cigar-shaped curve that extends roughly between
(—2,58) and {1, —8). Suppose we want to digitize its upper right boondary. Hypotheses
[i)-{iv) of Algurithm T hold with

8 1 11 S o1 I 1
=ys o ’1=‘\E‘E- = Ymr "TVF @

r=1,y=—-6,0 = -2y =5 Step Tl sets § +— M1, —5) = 1, which causes step T4
to move left (L); in fact, the resulting path is LY, while the correct digitization
according to {184) & UILUPLUPLY. Failure occurred because Q{r, ) = 0 has two
roots on the edge {1, —5) — {2, —5). namely {(35 £ —+'28) /28, —5), causing Q{1, —5)
to have the same sign 2= {2, —5). {Ooe of those roots is on the beumdary we are nod
trying to draw, but it's still there.) Similar failore occurs with the parabols defined
by Qiz,y) = 9" +6zy +y" —p =0, £ = -5/12, 5y = —1/4, £ = —5/2, o = —19/2,
r=0,y=0,1 = -2 y =& Hyperholas can fail too {consider 62° + Szy +3° = 1)
Algorithms for discrete geometry are notoricusly delicate; unusoal cases tend to
drive them berserk. Algorithm T works properly for portions of any ellipss or parabaola
whome maximum curvature is less than 2. The maximom cuormture of an ellipse with
semiaxes o > & is of5% the cigarshaped example has maximum curvature = 4235
The maximum curvture of the parmbola y = ar® i o/2; the anomalous perabola nboer
has maximum cormture 2 5.27. "Heasonable™ cones don't make such sharp turns.
To make Algorithm T work correctly withowd hypothesis (v}, we need to slow it
down a kit, by changing the tests "G} < 07 to 'Q) < 0 or X', where X iz a test on the
sign of a deriwmtive. Namely, X i respectively 'S > o', 'R > a', '"H < —a', 'S < =", in
steps T2, T3, T4, Th
184, Let @'(x,v) = —1 — £z, ). The key point = that (= y) < 0 if and only if
O (=, p) = 0. {Curipusly the algorithm makes the same decisions, backwards, although
it probes the vahees of (1 and ) in different places. )
185. Find a prsitive integer & so that d = (5 — g')h and & = (£' — £)k are integers and
d+e is even. Then carcy out Algorithm Twithz = £+ L, v=n+il o = [£F+1],
v = |7 + 5], and Q{x,y} = d(z — 1) +ely — 1) + 7. where

F=nE—nik) - [d>0 and {7’ — £}k is an integer].

[The ‘d = ' term ensures that the opposite straight line, from (£, 5} back to {£, ), will
have precisely the same cdges; see exercise 183.) Steps T1 and T6-TH become much
simpler than they were in the general case, becagpse B = d and § = & ane constamt.

(F. . Stockton [CACM & {1963), 161, 450] amd J. E. Bresenham [[BM Systems
Journal 4 {19405], 25-30] gave similar algorithms, but with diagonal edges permitied. )
186. {a) Hle) = 20+ 2l — z0) + 00 Bl — e} = 20 — 262z — 2 ) + O]

(b} Every point of §(z2, 20, 22) is & convex combination of 20, 21, and 22

{c} Obviously true, since {1 —&° +2(1 — 84+ & = 1.

{d} The collinear condition follows from {b). Otherwise, by (<), we need only
consider the came zp = 0 and 22 — 22y = 1, where 20 = 1 +ign and 1y £ 0. In that
case all points lie on the parabels 4 = (yfm ) + ez e

(e} Mote that B{at) = (1 —u) 24 2ul —ul{{1—0)za+tz ) +u” B8 for 0 < w < 1.
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[S. M. Bernshtein introduced Ba{zo,21,....20:t) = 5, (511 — )" *t*z in
Soobshcheniia Khar kovskoe matematicheskoe obshchestvo (2) 13 {1912), 1-2

1&7. We can assume that @ = {zo, ), =1 = {Z.n), and 22 = (Fz. 42, where the
coordinates are {say ) fixed:point numbers represented as 1-hit integers divided by 32
It zn, =1, and 22 are collinear, use the method of exercise 185 to draw a straight
lime from zo to zz. (I 21 doossn’t lic betwoen zp amnd 22, the other edges will caneel ook,
because edges nre implicitly X0Red by a filing algorithm.) This case occurs if and
anly if L) = a3 + Tiga + Zalo — Tugn — Tz — Zoyz = 0.
(Mherwise the points {x, i) of {20, 21,22) sntisfy Fz, y) =0, where

Fiz,y) = ({x — zolyz — 2 + ) — (¥ — o){rz — 2m: + za))°
— ANz — zo){y — wo) — {; — )z — T0)}

and L is defined above. We multiply by 32* to obtain integer coctheicnts; then negate
this formula aod subtract 1, 3 [ < 0, to satisfy condition (iv) of Algorithm T and the
reverse-order condition. [See exercize 164.]

The monotonivity condition {ii} holds if and only if (£ — 2a){zz — =) = 0 and
(g2 — goliyz — pa) > O If necessary, we can use the recurrence of exercise 188(e)
to break 5(zp, 71, 22) inte at most three monotonic sobsquines; for example, s=tting
# = {zg — = )70 — 2m + 2] will achieve monctonicity in z. {A slight rounding ervor
may wocur during this fixed point arithmedic, but the recurcenoe can be performed in
such a way that the subsquines are definitely monotonic.)

Notes: When z2q, 2, and 2z are near each other, a simpler and faster method based
on exercise 186(c) with # = 1 is adequate for most practical purposes, if one doesn’t
care about making the exactly correct choice between local edge sequences like Yup-
then:left™ wersus “beft-then=up.” In the late 1980, Sampo Kaasila chose to use squines
as the basic method of shape specification in the TrueType font format, bocause they
can be digitized so rapidly. The METRFOMT system achiewes greater Hexibility with
cuhic Hégier splines [see [0 B Knuth, METBFONT: The Program {Addison—Wesley,
1888]], but at the cost of extra processing time. A fairly fast “six-register algorithm®
for the resulting cubic curves was, however, developed subsequently by John Hobby
[ACM Trars. on CGraphics 8 {19900, 282-277]. Yaughan Pratt introduced conic splines,
which are sort of midway between squines and Bésier cubios, in Computer (Graphics
8,3 (July 1985), 151-158. Conic spline segments can be elliptical and hyperbolic as
well as parabolic, hence they require fewer intermediate points and control points than
squines; furthermare, they can be handled by Algorighm T,

188. [f the rows of the bitmap are [Xo, Xy, ..., Xa), do the following cperations for
E=0,1,..., 5 For all i such that 0 < i < 64 and i & 2% =0, Iet 7 = i+ 2" and cither
{a) sot & — (X (X 5 250 ke pige, Xy — Xiebd, Xy — X 8 (F 2% or (b) st
£ .I;E:;.m...: u x,l.:p.”,, X+ [{.‘-ﬁ 'ﬂ:ﬂt':lln:r.l.ﬂk] | ., .IJ — {l:-.x.r} ]k}l.ult':l | t.
[The basic idea is to transform 2% « 2¥ submatrices for increasing k, as in exercise
5-12. Speedups are possible with MHIX, o=xing MOR ard MOT a5 in eeercise 208, and osing
LETU/STTY when k& = 5 See L. J. Guibas and J. Stoli, ACMW Transactions on Graphics
1 (1882), HM-207. [ocidemtally, Theorem P oand answer 54 show that {3{nlogn)
operations on n=bit nambers are needed to transpose an s n bit matriz. An application
that needs frequent transpositions might therefore be better off using a redundantd
representation, mainkaining its matrices in both normal and transposed form. )

1&8. The following big-cmdian program sssomes that n < T4880.

Barrmhiuin
favsd-poink
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LOC Data Segment LE0 k,Imitk
BITHAP LOC &+H«H/8 OH SET =, H/64
basa GHREG @ iH EET a.h A trick (e below)
GRAYMAP LOC @+M«K/ 84 EET r.B
GTAR BYTE 266,262,248, 246, 243 #H LEOU &, base,k
BYTE 0, 236 2358, 230, 227 HI&E n,cl,t
BYTE 224,221 217 214,211 S|l .t [Mypwise sums)
BYTE 208,304,301, 188, 164 MR no,.c?.t
BYTE 181,188 184,181,174 AKD t,t,oul
BYTE 174,171,167, 164, 180 ARDU t,t,nm [ Mybblewise sums)
BYTE 167,163,160, 146, 142 MR nm,c3,t
BYTE 139,135,131, 128, 124 AND t,t,oul
BYTE 120,116,112, 108,104 ADDU t,t,m { Bytewise sums)
BYTE 100,568,502 A8 Ad ADDD a,a,t
BYTE 78,.76,70,66 81 INCL k. K8 Move to newt row.
BYTE 56,652,468 ,41,386 W r.r.a
BYTE 30,24,18,10,0 FENZ r, 2B Hepeat 8 timees.
Inithk BCTA BITMAP-GRAYMAP 3H ESR0 t,a,B6
COTT GREG M= Loal t,gtab,t
ol GREG 4000100004000 100 S0 a,a,B
c2 GREG #2010000002010000 sl t,=,0
o3 GREG #08040201 00000000 INCL =,1
mul GREG #333333333538353 % FEN =a.3B [The trick)
mud GREG #0df 008 0 Of 0L QL 0L W k.k,corr
h GREG #8080808080808080 Zm s8,s,1
gtat GHREG GTAR-#00 FENE 5,18 Loop on eolumns.
Lac  g10d INCL k,.T#N/8  Loop on groups
Makaefray LD& =, GRAYMAF FEN [k, 0B of B rows. ||

[Inspired by Meil Hunt's DVTPAGE, the author used such graymaps extensively
when preparing new editions of The Art of Comprier Programming in 186219638,
180. {a] We must have a4 = flag) & ay— for 57 > 1, where ap = 0...0 and
flal == 1141, 1) & a & {c 3 1). The clements of the bottom row o satisfy
the parity condition if and only if this rule makes @my1 entively mero.

(b} True. The parity condition on matrix enbries g 15 Gy = ag-1y B -1 &
Bij41) B Bpppypy Where ay =0 i=0ori=m+lorj=00or j =n+1 Iftwo
matrices (@) and (i) satisfy this condition, so does (o) when ey = @ & by

{c} The upper lef submatrix consisting of all rows that precede the first allzero
row [if any) and all columns that precede the first all-mero column (i any) & perfoct.
And this submatrix determines the entire matrix, becagse the pattern on the other side
of a row or column of meros is the top/bottom or left fright reflection of its neighbor.
For example, if oy, sero, then o = o el €5 < m—m'.

{d} Starting with a given vector @ and using the rule in {a} will alweors lead to
a row with gmyer = 0., 0L Proofz We most have (o, a1 ) = (g, ogqer ) for some 0§ <
J< k= 2* by the pigeonhole principle. [F § > 0 we also bave {og_1, 05} = (o1, o,
because ay—1 = flog) & oge = flok) @ oesr = ey, Therefore the first repeated
pair begins with a row oy of zeros. FPurthermaore we have o = agy for < 8 < &
henoe the first nllzero row @mp ocours when mois b — 1 or &/2 — 1.

Hews i, - . ., oo will form a perbect pattern onbess there is 2 column of Os. There
are ¢ = 0 such oodumns if and only if £+ 1 is a divisor of n 4+ 1 and @ has the form
el ™0 .. O (F even) or 00 .. 0a™ (¢ odd), where ol + 1= {n+ 1/ + 10
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{e} This starting vector does not have the form forhidden in (d).
191. {a) The former is o, oa, .. if aod only if the latter is Do Oagt, Doaar, .. ..

{b} Let the binary string aga) - .- ax—1 correspond to the pelyeomial g + @z +
oot ayoazt ', and et y = x7'4+14z. Then ap = 0...0 correspords o Fa{yl;
oy = 10_..0 corresponds to Fy(y); and by induction oy corresponds to Fy(y), mod
¥+ 1 and mod 2. For example, when N = 8 we have og = 110001 + 1 4+ o+ z°
because 7' mod (2% + 1) = 2%, ete.

{c} Agmin, indoction on .

{d} The identity in the hint holds by indisction on m, becanse it is clearly true
when m = 1 and m = X Working mod 2, this ddeotity yields the simple equations

Faly) = wFein)®s  Faoaly) = (Fealy) + Fe(y))®.

Sa we can go from the pair Py = [Fe_{p) mod (™41, Fiiy) mod (z4+1)) to the pair
Pyt in O(n) steps, and to the pair P in &(n®) steps. We can therefore compute
Felp) mod (z™ + 1) after (§logj) iterations. Multiplying by falz) + falz™") and
reducing mad ¥+ 1 then allows us to read off the value of -

[nwidentally, Foyi{z) is the special case Ko(r,z, ..., 7] of a continuant palyno-
mial; see Eq 4.5.3-(4). We have F_ (7)) =5, “"‘E;:ﬂ-“ = i~®[ jiz/2}, where
[l is the classical Chebysher polynomial defined by LL cos i) = sin{{n + 14 fsind.
192. {a) By exercise 181{c), cfg) is the least § = 0 such that {z4+z 7"}z ""+14x) =0
[meedula ™ 4 1), wing polynomial arithmetic mod 2. Equivalently, it%s the smallest
positive § for which Fiiy) is a multiple of (™ + 132+ U ={1+=z+ -+ 277",
when y = ! +1+4x.

(b} Use the method of exercise 191{d) to evaluate {{z 4+~ V800 mod {2 4+ 1)
when § = M/p, for all prime divisors p of M. If the result is zero, set M +— M p and
repenat the process. IF no such result is zero, ofgh = M.

[c} We want to show that ofZ") is a divisor of 3- 77 but not of 3. 2% or
2°~'. The Iatter holds becanse Foe—sy) = =~V is relatively prime to 2277 + 1. The
former holds because

Foly) =47 Rl =y T4a)T =" T T

which is = 0 modulo 2 + 1 but not module 2% + 1.
(d} Fe g =30, yﬂ'-"'. Singe y = 71 [1+x4x"} is relatively prime to %41,
wr hawve y_" = mu+ﬂ.|:—---—|:,,_|_:'_" fmnduln 1 +'l':| for some cocthcients ay; bence

F-zl- - Ilch+'|1l.IEI. ____1_“'_':1*[.,_1: - +___+n'_11_51-—-[,_|:. EF-,H—.
{meedule 22 + 1) for 0 < & < &, and it follows that Foe._ {g) is a multiple of 229 + 1.

(e} In this case ofq) divides 4{2** — 1), Prook: Let =7 + 1= filz)feiz)... frlx)
where fiiz) = o+ 1, falx) = 2° +x + 1, and each fi{x) is irreducible mod 2. Since
g is odd, these fuctors ane distinct, Thercfore, in the finite ficld of polyoomiels mod
filx) for § > 3, we have y-2° = 12" as in (d). Consequently Fys. () is a multiple
of fa(z)... felx) = (¥ + 1)/{z* + 1). 8o Foge_py{w) = ¢ Fae_, (y)* = a moltiple of
(2% 4+ 1}/4z® + 1) as desired.

() IF Fepq (y) is a multiple of ™ +1, it's casy to see that o[ 2g) = Zefg). Otherwise
Facggy{w) is a multiple of Fy{y) = {1+ ¢)* = 271 + z)*; henee Fagq (p) is a multiple
af 249+ 1 and ={2q) divides dof{g). The latter case can happen only when g s odd.

Nofes: Parity patterns are related to o popular puzzle called “Lights Cut™
which was invented in the early 1980s by Dario Ui, also invented independeotly about
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the same time by Liszls Meemo and called KL 25, [See David Singmaster’s Cubic
Circnlar, issues TS (Summer 1885), 38-42; Dicter Gebbarde, Cubism For Fun 68
{(March 2008), 23-25] Klans Sutoer has porsued further aspects of this theery in
Theoretical Compueter Science 230 (3000, 49-T3,

183, Let Byzoizyy = @y Sim+uiizsy = @ & agesuy, bizgiz+y = @y & a4y, and
Biggzayzpery =0 for 0 <4 < moand 0 < j < n, where we regard ap = 0 when i =1
ari=m+lorj =00 j=mn+l Wedm't have {Il[;u:n,b.:g.:]g,...:&[H:.[1,+L]:| =
{o,0,...,00 because {am,... @) F 0,...,00 for 1 < 4 < m. And we don't haowe
[ﬁ[m+:|]| lb:g|_|:|1,. - lb:g|_|:[h+ L].:I = {“|ﬂ1-- - lﬂ} hecause I.I:]_]MTITI: TOWE {-I:I.|:| S ,l!.:u:l
and {@jer1p1,. - Ber i) always differ for 0 < § < m when m s odd.

184, Set & +— (1 (n—i)) | {1 = (i—1])) for 1 < i < m, where m = [n/2]. Alse ==t
o [k an) {6 kaal + - + {Gm & @i |, where ayy is the jth row of the parity
pattern that begins with 54 wector 3 records the diangonal clements of sich o matrix.
Then ==t r + h and apply subroutine N of answer 195 for i +— 1, 2, ..., m. The resulting
veckors &y, ..., @ are a basis for all nox noparity patterns with 8-fold symmetry.

To test it amy such pattern &= perfect, et the pattern starting with &; first be =eo
in row o, If any & = n + 1, the answer is yes. If kmfe,... 20 ) < n, the answer
is no. [ neither of these conditions decides the matter, we can resort to brote-tonee
examination of 2" — 1 nonzers linear combinations of the & vectors.

Iior example, when i = 9 we find v = 111101111, 2 = 3 = 010LILD, 14 =
OO0, ~, = 00101010, then v = 0, & = 011000110, &3 = O0O10ID, = = o3 = §.
S there is no perbect solution.

In the author's experiments for o< 3000, “brute force™ was needed only when
n =178, Then r = 21 and the wilues of o were all equal to 171 or 855 cxcept that
oy = 342, The solution & & fy wes foond immediately.

The answers for 1 < n < 383 are 4, 5, 11, 16, 23, 29, 30, 32, 47, 59, 42, 64, 65,
84, 85, 101, 1149, 125, 136, 1358, 131, 154, 184, 170, 185, 191, 303, 204, 2308, 351, 254,
25, 257, 263, 314, 339, 340, 341, 371, IR,

[#% fractal similar ¢ Fig. 20, called the “mikado pattern,” appears in o paper by
H. Erikson, K. Erileson, and J. $jostrand, Advances in Applied Math, 27 (2001), 365.
Ser alse 5. Wolfram, A New Kind of Scierce (2002}, role 1508 on page 438.)

185, 5=t 8, + 1% {m —i) and v, + o, for 1 < i < m; also set v +— (L Then perform
the following subroutine for i = 1,2, ..., me:
M1, [Extract low hit.] Set 2+ v e —p. W o =10, go to N4
M2 [Find j.] Find the smallest § > 1 soch that 3 & o # 0 and v &z — 13 =10.
M. [Deperdent?] 1f § < 4, set w0 — w08 3, B — S & 5y, and return to N1,
{'These operations preserve the matrix eqoation & = BA)) (kbherwise termi-
nate the subroatine {because 3y 35 lincarly independent from 1, oo, Fo—1 )
MNd. |]tn|:|:|n:| a mluhinn.] Het ri—r 41 and ¥ +— 5 1

At the conclusion, the m — r nonzero vectors  are a basis for the vector space of all
limear combinations of oy, ..., Gm; they're charncterized by their low bits.
186, {a) T0a:; "cead; "aTaed7; ¥ 100405681,
{b]} If Az = A", the result is clear becuese [ = . Otherwise we have o, < 3.
{c} Bet § + k; while cop 3 *80 < #40, set 7+ j— 1. Then alz¥) begins with oy.
187, {a) T0002; Y0%ad; ¥ 7bAT; ¥dliddddl.
{b} Lexwographic order is nod preserved when, sy, © = "4#££4 and &' = * 100060,
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{c} To answer this question properly one needs to know that the 2048 integers
in the range *dB00 < x < o000 are not legal codepoints of UC3; they are called
surrogates.  With this understanding, #(x'") beging at oy if o & *dodd > *0400,
atherwise it begins at o -

186, a = o060, b = 5, ¢ = *16. {We could let & = 0, bot then @ would be
huge. This trick was suggested by F. Haynaed-Richard in 1887, The stated constants,
suggested by B Poornader in 08, are the smallest prasible.)

190, We want aq = "cl; 2% + o < F2480; and cither (o & —an ) + o < 100 or
o + ez = T1TE. These conditions hold if and only if

(®ol — o )b (2P0 + e — #2480 & ({1 & —on ) +on — #200) | (#17£ — o0 —2)) < O

Markos Kuhn suggests adding the further class * & (%20 — (2% + a2) & Feda))”, to
cnsure that aymz doeso’t begin the encoding of & surrognte.

00, [ &0 = [r—.--...r;:l:n}g_-m then 3 = H;I:':;-,:l:;l:r;] = [r—.-l.::r.q] |[.1.';-&:.1.'1] |[.1.'4 Il:::;].
201. MOA x,c,xr, where ¢ = *FOEOFOLO0L QL 0L OF

202, MOH x,x,c, where c = ”cﬂcmmcﬂcma; then & x, monve, x. [Snr: ANEWET HE:I

203, a = TO0OBM00A00020001, b = 0H0EMOLOEOROE0E , ¢ = YOS0B0E0B0G0G080E
d = * 0000002 ToI000000, & = * ZaZalalatadalada. (The ASCI code for 0 is 6 + " 2a,
the ASCH code for a is §+ %22 + 10+ "'21'.}

204, p = TEO0A400420021001, g = TEOXOE02A0100401 {the transpoes of p), =
* OB 12004080102 {a symmetric matrix), and m = ¥aafEaabiaabiaabh.

205. Shuffle, but with p & g, r = 00040201 80403100, m = ¥ £04 0F 0L OOL0F O£ 04 .

208, Just change p to ¥ 0M80044002200110. (Incidentally, these shuffles can also be
defined as permutations on 2 = [.zu...zla:]: in another way: The outshutfle maps
2y Z{25) mod a3 while the inshutfle maps z2; — Z{23+1] mod “-]

207, ko MOR y.p.x; MOR y,.y.p; MORt,y.g; PUT rM.ml; MUX y,.y.t; MOR t.t.q:
PUT rM,n2; HUX 7,v,t. In both cases p = * 3004801002400001 ; for triplezip, g =
*A0B0100A0402018, m; = T49454948450948458 , my = "dbdbdbdbdbdbdbdb; for the
inverse, § = YO0402018040201008, my; = TOTOTOTATOTOTAY, mg = "ILRFALALRE0L 08

208. {Solution by H. 5. Warren, Jr.} The text's T-swap, 14-swap, 28-swap method can
b implemented with ondy 12 instrctionss

HDR t.x,cl; WOR t,cl.t; FUT rM,ml; MUK y.x.t|
HDR t.y.c2; MWOR £,c2,t; FUT =M.m2; MUK y.y.t|
HDR t.y.c3; MWOR £,c3.t; FUT rM.m3; MUK y.y.t|

here ¢l = ¥ 4080102004040102, c2 = ¥ X10040020100804 , c3 = ¥ OR0402018040 2010 ,
nl = *aabfanfbanbbanbh, n2 = ¥ oocodiidooocddl, ol = TEMOFOLO0LOEO£0E

Hrp. Fpur instrsctions suffice: MEOR y,p.x; MEIOR x,mone,x; MEORx,x,q; XORx,x,.¥%;
here p = *80cOeif0f8f faff, mona = —1, and g = §.

210. 5LV x,cne,x; MOR x,b,x; AND x,x,z; MOR x.x,8ff; heore register coe = 1.
211. In general, element i of the Boolean matrix product AX B is YWz | ou A G}
For this problem we chose a = [§C K] and by = [ 2 ]; the answer is ‘MOR €, £ .a;
MOR t,b,t" where 2 = *80c0a0f 0Bocaatd and b= *FEEESI110FOE0301 = a” .
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[Motice that this trick gives a simple test [ f = F] for monotonicity. Furthermore,
the fd-bit result [faz.. -hl-u}:t gives the coefficients of the muoltilioear representation
Fl=zr, . yme) = (tey + tazTa + - + T TeEamess + fom ToTazaTemg ) mod 3,
if we substitute MIOR for MOR, by the result of exercise 7.1.1-11.)
212. If- denotes MIDR ns in (185) and & = {8 . .. fu o) ase has bytes 3, we can evaluate
e=(a-Bg) & {(a48) (B +8 )) & ((a-€16)-{By +B1)) & - & (o £ 56)-{Br +-Be }),
where BY = (g8 kem, BY = (({g) < 8) + 4,0 &, g = "00B04020 10080402, and
m = #TEAf 1F0E0TOE0100. {Here g8 denotes erdinory multiplication of integers.)

213. In this big-emdian computation, register nn bolds —n, and register data points
to the octabote following the given bytes gnoy ... oqon in memory {with an_y first].
The constants aa = *A3IR1E0A0EMO2010 and bb = *338bof EEAO1AACOE cormespond to
matriees A and &, found by computing the remainders z* mod plx) for T2 < & < 8.

ZET ¢,0 e +— LU &, data,nm £+ next octa.
LEQU & ,data,nm £ + next octa. IDR u,u,c u— o
ADD nn,nm 8 nt+n—H S c,v, 56 o — o< B
BEZ nn, 2F [Jone ifE m =1L SAU  w, w8 v e R
i HI0R w.aa.t wa— - A IR uu,v A ud .
HIOR w,bb,t [ - IR t,t,n b
A0 nn.nn B n+—n— B FEN nn. 1B Hepeat it =0, |
A similar method finishes the job, with no aoxiliary table oeeded:
2 SET nn.8 n + 8. AU w,w, 8 v w R
30 AKD x,t ffooo <+ high byte. IDR t.,t,vw f+— it
HIORE u,zan,.x wi—x-A" S nn.nn,.l nd+—mn—1
HIOR w.bbb,.x rix- 8. FEF nn 2R Hepeat if m = 0.
S0 .t @ £t B IDR t,t,c f+—tha
IR t,t.,n i tihn SR crc,t 48  Hetorn £ 548 |

Here aaa = *ARE1A0A080804080, bbb = *0AA3cHEIAZILOLOE, and £fo0o = ¥ £100...00.
The Books of the Big-Endians hawe bean ong forbiaden.
— LEMLUEL GULLIVER, Travels Into Savaral Remots Mations of the Wartd [1726)

214. By considering the frreducible factors of the characteristic polyoomial of X,
we must have X™ = f where n = 2. 3% 5. 7. 17- 31 . 127 = 168661080, Meill
Clift has shown that {{n — 1) = 33 and found the Bollowing sequence of 33 HIOR
instructions to compote ¥ = X7 = X™7': MEOR t,x,x; MEOR $1,t,x; MIDR $2.t,%1;
MIOR $3.$2.42; MIDR t,$3,83; 5% MIOR t.t,$2; 5% MIOR$1.t.$1; MIOR t,$1,%3;
A, MEOR £,t.$1; 5; MEDR y,t,x; here § stands for “MEOR t,%,t°. To test if X is
nonsingular, do MEGA .7,z and compare t to the identity matrix * B04020 1000040201 .

215. SADD 20,x,0; SADD 1 ,x.a; HEG 30,32, 80; 24000 1,81, 80; SLU $0.10,%81; then
BN &0, ¥es; here @ = T oasssssassasssas and b = ¥ 2492492492492492
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Eile codes Eor subenbes, 18, 63,

Eit permatations, 13-17, 26, 50.

JLEH
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Bitmaps, 3%-44, Gd-68.
clenmning, G5
driowlng cn, 48,
filling comtours {m, 44-44, G6-6T.
rotatbon and transposition of, G7.
Hitwise mankpulations, 1-1048.
Rlack phacds, 4, 40, G7.
Halyai, Jinca, 35
Boplkoworm problem, 54
Bookean matrices, 50, 68, ace alio Bltmaps.
mlthpication of, 530, 6E, 107
Borkowakd, Lsdwik Stefan, 31.
Baorrows, BG-4T.
Boundary eurves, digitized, 44-44.
Bontom, Charles Taomard, 71.
Bramch {mstruceione, 10, 48-4%, G1.
Brusching functlons, 63, 56
Bramchless compatation, E3-06, 4844,
G, T
Braymore, Caraoline, 1.
Bresdth-firet search, 91, 97
Brent, Richard Preirce, B2
Bresenhwm, Jack Elton, 102
Breuce, Melvin Alkn, 94,
Brondword cholna, 33-37, G065, 5.
stroang, Gl
Brondword computatkmns, 71-27, G065,
Brodal, Gerth Stelting, 22.
Broduik, Andeej, 27
Bron, Coonrasd, 92,
Brooker, Ralph Anthony, 2.
Brown, David Trent, G1.
Brudn, Micolans Govert de, opcles, 10,
Bdichi, Julius Richard, Th.
Batterfly networka, b
Byte: Awm S-hit quanticy, &2,
Byte permutatkons, G0
Bytes, paralle operations om, sec Multibyte
proceaskng.

Cache memory, G, 30, 4%, 77, 91,

Cachp-oblivious array addressing, see Zlp.

Cahln, Leonard, 4k

Cancollntion low, T2

Cantor, Georg Ferdinnnd Ludwig
Philpp, 86.

Cardinnlity of o set, 11.

Carrics, 18-10, 25, 8647

Cartesinm foredinates, 44.

Carteainn troes, 79, 45,

Cellalar autamnta, 40-43, GGG,
Chebyshiv |- Teachebyneheff), Prfivatil
Lvorbch [Yethamen, TladuryTai
Jlunoan), polynombala, 106

Cheshlre cat, 4243, G5, 66, 100,
Chessbanrda, 32, 63,
Chung, His-an (fLH [0, 17, 68

Cigar-shaped curve, 102,
Circles, dightieed, 44, 47.

Cleeular lksta, 62, 10,
Cleaning lmages, &5, .
Clife, Melll hidhnel, 108
Cliqoes, maxbmal, G263
Closed bltmaps, G5,
Collagion of ki, 2.
Codman, George, the younger, 1.
Cromblnatbons, 7576
Commatative laws, 3, T1.
Comparison of bytes, 21, G
Complementatbon, 3, G2, 92
Complete binary troes, 33, 74,
infinlee, 53,
Composition of perowtntioes, 53, G6-0T.
Compression of seattered bets, 16, 57, 83
Conditbonal-sct mstroctlone, 9-10, 48,
Comle sectloma, digitizing, 44-48, G6-67.
Comle splines, 103.
Comjuection, in &waleed logle, 31.
Conmectivity stricture of o fmnge,
41-43, GG
Consond of awhoabes, &3,
Coatlouant polynembals, 106,
Coatrol polete, 44,
Coarvex optimization, 86
Cosroay, John Horton, 40, 73, 74, 94,
ticld, G2
CRC (eyclic redasdancy check], 51, TO.
Crossbinr modules, 14, 58,
CERE [oomditional act if noneers], 10,
4H-49, BE,
CEOD [oomditional act iF add), 75,
GEE [comditional set if zerc), %, 77, TH.
Cwrmture: Heciprocal of the radioe, 102
Custering, 3%, 44, G4-45.
Crwelen in m graph, 16.
Cyelic redandancy checking, 61, T,
Crwelic ahifts, 17, 66, 8.
Cyllmder, hyperhalke, 349, 7.

Diallos, Jéened, G

Diates, Y

de Bruljm, Miolias Govert, cycles, 14,

Depth of & Boolean fosction, 13.

Descartes, Rend, coordinates, 44,

Dictz, Henry Gordem, 19, 86

Dhglcteation of cowtowrs, 4448 G6-6T.

Dijkestra, Edager Wybe, B5.

[Hlated nambs=prs, soe Scattered
arkthmetic, Eip.

Dhrlchlet, Johann Peter Gustay Lejeune,
generating functhon, TH

Diserete logarkthm, see Blaary logarkt hm.

Diesfolmitierss tostimg, G8.

Disjumetlon, in 2-valwed logle, 31.

Distance hetween 2-adke integers, T4.

Distines bytes, testing foe, G

Distribution networks, aee Mapping
networke.

Distributioe laws, 3, T2.



Divide and comquer parndigm, 12, 16,
Divlmibility by 4, T
Division, Gd.
nvidding, 4, 54,
by 10, 24.
by porweras of 2, 3-4.
I Cooway's field, 52
off 2-bdt namnbegrs, 58,
Dpminating sets, minbmam, $#.
Diom't-cares, 18, 2030, §1, 94.
Dipt-mines eperation (z25y), v, 21,
24, 1, H, GG,
Tipable order for traversing teees, 100-101.
Diwetailing, 16, 538, see alvo Perfect
ahaffles, Tip.
Dirawing on a bltmap, 48
Duality between O amd 1, 249,
Duguid, Andrew Melbvllle, 12,
DVIFAGE program, 104,

Edges between pivels, 4438, GE-67.
EDEAL compater, 2, 11.
FEighe quecis probilom, 92
Ellipacs, 44-47, 102, 10K,
Encoding of termary data, 25-31, 63,
Ecfill [evenfodd filling], 47.
Equality of byrtes, 20, 54, G0
FEauivalenoe, in 3-valesd logle, G2
Eratoathenes of Cyrene [ "Epatoatleng
& Kopapaiog); sbive (xdaxivov], O, 5.
Erikmson, Henril, 106
Erikmsen, Kimmo, 1.
Escher, Glorgle Arnaldo (= George
Armald], 37
Escher, Maurits Cornelis, 37,
Faclid {Eisekatfivg), 26
Extracting bits, 2, 4, 8.
und compressing them, 16, 67, &3,
thi lenst slgmificant anly (202],
810, 18, 54,
the most glgoificant cnly (2475, 11,
G52, 85,

Fuat Fowrler trumsforma, O,
Ferrantl Mereury computer, 2.
Fihonpeel, Leonarda, of Pis |= Lesanrdo
filie Bonoacll Plawss), mumbers, 365,
Fihonpeel mumber systom, 36, 64; see also
NegaFiboaacel namber system,
o, TG
Fitcnpeol podynembsls, 6768,
Flebda, algebeale, b, 52, 106,
Flobds of date, aee Paokclng of data.
Filling & contoar In o bitmap, 43-48, 6667,
Fingerprings, 40.
Finlte fields, 50, 106,
Finlte state natomat m, 9.
Flacher, Johannes Chrlsthan, 96,
Fisher, Randall James, 19, 86.
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Fixed polnt arithmetic, 86, 103,
Flag: A 1-blt indicator, 5, 55, 60
Floating point arithmetic, 10, T4,
Floyd, Robert W, 58,
Footprimts, 8T, 43,
Froctale, &8, TH.
Fricthomal preceion, 4, 64,
Frogmested felds, 18, 58,
Fredman, Michael Lawrence, 22, 6.
Frood, Edwin Earl, 56.
, Pater Willlam, 94,

Fucha, Dhavhd Raymomd, S
Full ndders, $.

for bulanced termary mimbors, 63,

Cabam, Harold Moll, 95,
Clanws, 40, §2 G5 B5.
Gaps, between prime numbers, 77.
betwesn Ulam namb-rs, 53,
i & peattored sooammilntor, B5.
Garbage colkction, 27,
Gardner, Martin, 40, 08,
Gathering bits, 83
Canfl (o Gusss), Johans Friderlch Carl
[= Carl Friedrich], 36.
Cebhardt, Dicter, 106,

Genernting fanctione, 546, G7.
IriFichles, TH.

il Seamdey, 11.
Gilkies, Donald Brsee, 11.
Cladwin, Harmon Timothy, 8.
Gosper, Ralph Willkam, Je., w, 56, 70.
hack, 4, 54,
Graphs, 14-10.
algorithms on, 27-28, G2-63.
Gray, Framk, bnary code, T3, 5.
Cray levels in image data, G, GT.
Grocdy-footpriot hearlsthe, 57, 53
OREZ [ghobal regieter definition), 9, 12
Grid stroctaro, 26 4.
Croup of fanctlons, 63
Growpalde, maltiplieation tables for, 21, G3.
Grundy, Patrick Michael, 71.
Guibas, Leonldns John (Telpras, AsodBag
Lodwnu], v, 104,
Gulliver, Lenvuel, 108,
Guo, Elcheng Charles [?E'ﬂ, ['_‘,l 41, 65,
Guy, Rikchord Kemmeth, 73, 58,

Hacka, 1-108.
Hagerugp, Torben, 88,
HAKMEM, 26, 71, 70
Half adders, S8,

for halanced termary mumbers, 63,
Hall, Richard Wesbey, Jr., 41, 65,
Hambwrg, Michoel Abkwusder, Th
Hardy, Godiroy Harcld, T6.
Harel, Dov (2890 27), 33.

Heaps, 32
sldeways, 32, G344
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Hedol, Paul Charles, 82

Herrmann, Prancioe, 36.

Heum, Yollor, 4.

Hexndecdimal constamts, v.

Hesndecimal digita, G5

Hobby, John Douglas, 48, 103,

Haoles in images, 42-43.

Haollls, Jeffroy Johs, G2

Hudron, Flchard Howard, 77,

Hipnt., Medl, 104.

Hyperbolas, 44, 66, 75, 102, 103

Hyperbollc plans: geomsetry, 3535,
47, G4, 97,

Hyperfipor fuectlon (24, 60, T4.

Tde, Miklo {HF*4), w2

Tdentities for bitwise operations, 3, 52,
53, G5, T6, 77, HG.

Tdemtity matrix, 108,

TLLIAG | computer, 11.

Implication, In 3-valoed boghe, 31.

Tmplicie data stroctares, 3239, G364,

Independent sets, maximal, G2,

Infindte bimary trom, b3,

Infinite exclasihee or, T4,

Infimite- preciskon mumbers, 2, 4, 52,

Inorder of modes, 33,

TnshtBes, 63, S0k

Inslde of o curve, 44

Interchanging two bits, b6

Interchanging selected blts, T71.

Interbeaving bita, 16, 5%, see alse Perfect
ahaffies, Zip.

Intermet, b, Wl

Trverss of o bimary mateix, T,

Trvorse of o peremitatbon, Gk

Tammetrics, T4.

Jardine, Micholas, %2,

Johmsom, Dhavld Stifler, G2

Jordun, Marie Eanemond Cumblls,
curve theorem., 44,

Knaa, Robert, 32

Kaaslla, Saumpe Johawd, 103,

Kntajaknen, Jyrki Juhank, 356

Kerbosch, Joep AL G, M., 920

King-neighb=ors, 40k

Eingwise connected components,
4143, GGG,

Klrsch, Russell Andrew, 40, &5,

Knight moves, 63,

Kouth, Donald Ervin g {SH), L v, 22,
TT.TE, 04 59 103, 104, 106

Kuhn, Morkus Gilnther, 107,

Lakhezakin, Akhlesh (®aw F==fagr), 75

Laumport, Leali= B, 149, 350, btk

Lunder, Leon Joscph, 77.

Large megabytes, 77T,

Largest element of ooset, 11.

Larvala, Samuli Keistinn, 82

Latin-1 swpplemewt to ASCIL, 80

Liatee, Martin, 10,

Lowrie, Dhawcan Hamish, 81,

Le Corre, J., 13.

Lenp year, B4

Lnst commson ancestors, ace Menrest
COTHENH AEC s,

Lenst signiflcant 1 bit (255, 8%, 54.

Lee, Huby Hel-Lob [ F0%), B2

Left-to-right miniemim, 95

Lftnsost hits, 10-11, 22, &5,

Lehmer, Deerick Henry, 4.

Lelserson, Charks Erle, 10, 6G.

Lendfant, Jacquws, B0,

Lenatra, Homdrik Willom, Jr., 52, 73, T4,

Levialdl CGhiron, Stefano, 42-43.

Libeographle arder, 18, G5

lg, avce Blnnry logarithm,

Life guene, 40, 5.

Lights Chat puzzle, 106,

Linbked albocntion, 41

Little-emdbon convention, -8, 12, 20,
24, T, TV.

Littlewend, John Edensce, T4,

Lohachevsky, Kikalal Tvanowich
[FTotaremcsia, Humoank
HeamonrTs), 35

Loubmkls, Emmanoe] [Aousebseng,
Mg, 92,

Lwwer bounds, 2327, G1-62, 103

Lowercas: letters, 55,

Lvwest commmon aneestor, see Neanest
COTHEHG AR ELOr.

Ly, Samuel, 77.

Euknsbewicz, Jun, 21, G4

Lutz, Rbdiger Karl (= Rudi], 101.

Lynch, Willium Charbes, 11.

Magle masks (e and jeg o], 912, 16,
22, 37, 64, T1, 75, 76, TH-EO, B3,
84, B4, UG, 10K

Majority functhon, 27, see also Medlan
famticn.

Mlalgouyres, Rdamy, 99,

Melancheater Mark T compater, 2.

Mfann, Willkam Fredrick, $8.

Mapping modulba, b8, 81,

Mapping networks, 58, 81.

Mlapping theo: tems iwto two-bit codes,
2431, G2,

Mlappings of bits, 17, 08, 81.

Margenstern, Muarkee, 36,

Welark TI compater | Manchester / Ferranth), 2



Martin, Mooros: Harmlsh, 14,
Maak: A bit pattern with 1s bn key
positions, 9, 16-18, 30, 4%, 50, G5,
Masked integers, ser Scattered arithmethe
Masking: ANDIng with a mask, 31.
Matrices of (8 amd 18, 6770, see also
Bt aps.
emiltiphication of, 30-51, 56.
transposing, 16, 56, 67, G, 80,
trinnpalarizing, 4.
Mutrix nubtiplication, 30-51, b
Matrlx transposition, 15, 56, 67, 69, S0
ma [ maximum] functkomn, 2, 31, G
Maximal cllgques, G2
Maximal indeposdont setn, 92
Maximal proper subacts, 58,
Miagyhaz, 31.
MeCranks, Judson Shasta, 53,
Meoding fasction, v, 21, 86, BT,
Meerih, Liszld, 1046,
Mome: hMemory sboomssm.
Merge sarting, 4%,
METRAFDNT, 1.
mex [minlmal exclodant) famction, 52.
Milzdo pattern, 106,
Miller, Jeffrey Charbs Percy, 11.
Miltersen, Peter Bro, 27.
i [mledmum) fosction, 2, 31, 6.
Minkmal excludant, 52
Minkmom element in subarray, 64
Minsky, Marvin Les, GG
Mimwed-radix reprosentation, GO
BMIE, il fv, 5, T-001, 1%, 1%, 30, 28 48-51,
54, 65, 6T, 59, GO, G2, 6T, 68, 70,
Ta, T, 84, 86 BT
mod [rempinder] funetbon, 4.
Fod-5 arlthmeties:, G
Modal logle, 31, 63,
mate, Th, #or =1,
Mionoton: Boolomn fomctlons, T
Monotonle portions of carves, 4647, GG,
Momim operntion (2], v, 20, 24,
61, BE, 9.
Muoody, John Kenneth RMontagor
Ken], G2
MOR (multiple or), 12, 19, 50-51, GG, G874,
B, W, LR, 107108,
Muorton, Guy Mecdonald, 86
Most signifleans 1 bie [25=), 2, 11, 6062, B,
MP3 (MPEG-1 Audio Lager TIT), 51.
Mulber, David Eugess, 11.
Multibyte encoding, G864,
Multibyte processing, 1924, 39-61.
ncldithom, 1%, @0, 7.
comparksen, 20-21.
mnx and min, G, 85,
mpclalo 5, Gk
potpouerl, ST
sobtraction, B9, G, &7.
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Kluktitimear representation of o Booleas
famction, 104,
Kluktiple-preciskon arithmoetbe, 6.
hlubtlplication, 4, 1011, &2, 61, T4,
wvolding, 21, 22, 549, T8
by powers of 2, 3, T4,
I Comwgy's flodd, 52,
in growpolda, 31, G2
bower hound foe, 22, 36, G2
of (-1 matrices, 56; see alvo MOR and MEDOR
of polymnmials med 2, T0.
of shgweed bita, 209-30.
Mefumre, Jumes Ten., 27.
MUX [mmktiplex), G0, 83, 86, 103, 107.
MIDE [mltiple wor), S0-51, O, G970,
Tl T3, 107104,
Myeroft, Alan, 5.

Mavigaticn piles, 36, G4.
Menrest commson ancestors, 33-30, Gd.
Mecemsity, in 3-valwed logic, G2
NEG [negatlon], 44, 76, 108,
Megabinary number syatem, 52
Megadecimal nember system:, 37.
MegaFihonaccl number spstom, D6-34, 64.
Megation, 3, 52, G3.
Mested parentheses, H4.
Mowlime symabal, 350,
Micely, Themas Fuay, 77.
M, 2, B2,
addition, I, 52,
divigion, G2
multiplieation, 62, T3,
sicond-order, G2,
Moksy data, 5.
Mom-Enclidean gesmetry, 3636, 47,
Mongere bytes, teating Sor, 20-21.
NOT | btwise complementation), 2.
Motatbomal comvenithona, w, 81.
jepe] (median of thres), v.
u=k* g |trunskthee closees), 97,
£ ar ~z [bltwise complament ), 3.
22 (aufflx parity), 56.
2 & y [bitwkse AND], 3.
# | y [bitwise OR), 3.
2z @ y [bivwise XOR], 3.
2 { (bitwise loft ahift], 2.
2 F y (bivwise right shift], 3.
2§y [elpper famction), s Zip
2 =y [(maxiz=y, 0], v, 20, 24, 1, &2, 4G,
E XE T Ej -+ T (max), GO, G2
& o x [sheep-end-goats), 17, 57,
MP-hard problems, 5T.
Mall apsstes, G8.
MIDE [not wor], T4
Mybhle: A 4-bit guantity, 12, &2,
Myp A 2-bit gquantity, 12, G4,
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Objects dn lmage, 42

Oetatete or octe A G4-blt quantity, G

Oidd Fibonacel sumber syatem, 6.

Ofmman, Yord Petrovich [Cdsram, Fpai
Terpoam ), 84,

Omege network for rowting, 56-57.

Cliwp-to-muany mapping, 17, 30,

O coumting, see Sldeways additbon.

Onlime algorithnes, 42-43, 66,

Open bltmaps, G5,

Optheal charseter recognitbon, 20, &5,

O | bitwlse disjuneeion), 2-3.

Oirdinal numsher, T2,

Oriented forests and troes, 33, 42

Oriented patha, 27.

Outehuffles, 66, G,

Owtsdde of o curee, 44.

Crverfipwing memory, 92

Packed dota, operatiog on, 4, 19-21,
&1, GE-G0, G, G5,
Packing of data, 4-6, 16, 31, 64, 69, 83,
Page faults, G
Pabey, Raymond Edward Alan Chrelstopher,
54, Th.
Papadimbitrios, Christos Harllnos

[Mamabsprredon, Xplove XKepddou), 92

Papert, Scymour Awbeey, Gl
Paraboles, 44, 66, 102,
Puralkd processing of sabworda, 15-34,
-Gl
Prrcuithesils trices., 54,
Purity functhom, 27, 62, T3, Tk
waffie, OO, B8, W1,
Purity patterns, G764
Parkin, Themas Rundall, 77
Putesta, T4, &3,
Puterson, Michas] Stewart, 22, 00, 91,
Pattern recognitkon, 4.
Patterns, scarching for, 2022, 61
Pentagrid, 3629, 4.
Perex, Aram, 51.
Perfect hnsh functlons, T8
Perfct pority putterna, G768,
Perfeer shuffies, 16, 50, 56, 6T, i, 80, B8
Aoy, Gilk, M6,
Perlod kngth, G2
Permstation matrieca, G
Permwtation networks, 13-15, G7-58, B1.
Prerowt ations.,
Induced by indew digits, 546
off bits withim a word, 13-17, 25, G
off tertes within i woed, 5.
off the Z-pdke imtegers, O
Crmegn-roatable, BMi-5T.
Perpendicalar Unes, 346.
Peterson, William Wealey, §1.
Phl {g), 64.
P [w), as “rendem” conph:, 17

Fickover, Chiffoed Alam, Th.
Figesnhale priecdple, 104.
Fipelined maching, 4848
Pittewny, Michas] Lloyd Victos, 45
Fiwed algebrn, v, 40,
il patterns, 4, 53.
Pixoks, 3648, G468,

gragy, O, &7,
Palya, Gyiegy (= George), 75
Polynomink moduls 2, 57.

multipllertion of, T

wdera of, 57, G5,
Polynominks moduls &, 60,
Popalation couwnt, 11, s Skdowiys sddition.
Portabdlizy, 7.
Prasibility, in 2-walued logle, 63,
Pournpder, Raceheh | ol s 4], 107
Fratt, Vaughan Ronald, 64, 58, 81,
84, 59, 104,

Preflx problem, see Sufflx parkty funetlon.
Prearder of modes, 33935,
Prosuns:, Livingstomn: leving, 56.
Prime implicanta, G2,
Primie namb=crs, 5, bd.
Primting, 38
Priority qucacs, 36,
Pricchard, Pasl Andrew, T7.
Prodinges, Helmst, TH.
Program counter, 26,
Prajoction fusctiona, B
Pro&op, Harald, 10, 56.

Grundratle forme, 46-47, GE-6T.
Jundteoes, 86
Grunntificarions, T4, 45,

Jueen graph, 92
Gruleke, Jomnthan Horatho, G2, G8.

Quilt, 4.

Hahin, Michae] Oser [jr3% 905 o), B4

Radix -2 &2

Fndlx comversion, G,

Hadlx exchange sort, 91.

HAM (random-access maching), 26-27,
il 91.

Fuiuman, RHajesy, 85,

Ramshaw, Lyl Harcld, 21.

Aandall, Keith Harold, 10, 55.

Handomlzed data steuctures, TH.

Range cheddcng, G0,

Fnge minbmaom query problem, 64.

Fank of o bimary mateix, G4,

Hasters, 34, see Hitmapa.

Hatiennd 2-pdbe mpmbers, 61,

Ry, Lonks Charles, 40

Rgmand-Fichard, Pleree, 107,

Reachabblity problem, 2728, 23,

Hearrangeable networks, see Permutation
networke.

Hecurrence relations, &, 10, 37, 51, Ob, 67,



Hecarsive processes, 16, 17, 32, 52, T2, 84,
Hedundant representatbons, 108,
Reflection of bits, 12-13, 25, 56, 66, 96, 97,
Hegular languages, G1.
Aedtwdesner, George Wilter, 55,
Hemalnder mod 201, 11
Hemadoder mod 27, 4.
Fermonval of hits, 8.
Replicatbon of bits, 17, 58, B&.
Reprosent ation,
of graphs, 27, G2,
of permutations, 67
off gt as intogers, 11, 18, 3758,
58, G263, T6.
off three states with two bite, 28-31, 63.
Reversal of hits, 12-14, 26, 65, 56, 6, 97.
Right-to-beft mbnbinvm, %5
Fightmest bits, 8-10, 54,
Hochdale, Sknson, 1.
Rolddd, Tomns Gerbard, v, 56, T8
Hook-nekghbors, 40,
Raookwise conmpited oompomsents,
41-43, GGG,
Rosenfeld, Azriel {72205 Sarny), 41.
Haotatlon of sgunre blemaps, 67.
Hate, Gimter (= Hothe, Ginther Alfeed
Hednrich), GG
Hounding, 23, 86,
to wn edd nmbecr, 2 59, BEG,
Huler famction [pe), & 20, 21, 26, 206, 28,
2, 53, 56, B0, G4, TH, 100,
mammed, 95
Humnlengeh eneoding, 100, see alia Edgos
hetwesn plxcks.
HRuns of 1s, 8, 11, 22-23, 55, 61.
Rutovitz, Dends, 440,

&, the lotter, 48.
515, T4-T5.
Suecherd, Glovuonnd Girolamo, 36,
SADD {aldeways addition), B, 28, 76,
TH, T, 104
Samet, Hunnn (085 £0), 86,
Saturated sddition, 92,
Saturated swhirncthon, ace Momas.
Seatterod nrithmoths, 18, GE.
ndditkom, 18, 57.
shilfting, GH.
sabiraction, GE.
Seattering bits, 83
Schivher, Barach hlenmchsm
[+ mres 7)), A3
Hchlhifl, Ludwlg, 97.
Scheoopped, Rbchard Crabtees, 26, b2, 52
Heal, David, 10,
Socowd-order boghs, T4-T5.
Hecurity hobs, G5,
Segmented broadensting, see Stretchdng bits.
Segmented sheves, 7.
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Soquential allocation, #1.
SET, the gans:, 93.
Sota, represewted s intogers, 11, 18,
1724, 68, G2-GY, T5.
maximal proper sabsets of, 58,
Shades of gray, GT.
Shallit, Jeffroy Owtlaw, T4,
Sheep-and-goats operation, 17-18, 57
Ehi, Zhi-Jie Jeery (5275, 83
Zhife instractlons, 3, 19, 52, 61,
slgoed, 48, T8,
table lookup vin, 5, 24, 60, 85, S8
Shift sets, 24-25.
Shibrabovem, Tane (1,1 477], 92
Shrinking of images, 42-43, GG,
Shuffe network for rowtlng, 56.
Sibling Hnke, 32, 62
Sibson, Fobing 92,
Sideways nddithon, 2, 11-12, 62, T8, 94,
bytewkae, 11, 88,
fumncthon sex, 11, 2T, b6, TH.
s, GE, 82
Sideways heapa, 32-30, G364
Sieve of Eratosthems, G, 54.
Sipned bita, ropresentathon of, 29 65
Sigmed right ahifte, 49, T8,
STMD [shngle instractbon, mmltiple data]
architecturs, 1%,
Smiply conmcted comapoieata, A3,
Simgmunster, David Breyer, 106
Siw-register algorithm, 109,
Sjtetrand, Jonas Frik, 106
Slamlnn, Matten, T4.
Slentor, Dankel Deminie Kaplan, 4, 98
Slepian, Davld, 13
Smalbst olemsent of ooset, 11.
Smearlng bits to the right, & 11, 74
Sorted datn, 54,
Sorting, G, Th.
nirtwaorks for, 58,
Soile, Stephen Parke, 87.
Sprague, Holand Perchval, T1.
Squaring a polynemial, 5T
Sqquliers, 48, GG, 104,
AR (shift right, preserving the sign),
1, 48, TG, TH.
A0 [shift right analgned), 5, T8
Stanford CraphBnse, i, Hi
Steode, Cay Lewis, Jr., v, 16, 67, 80, B2
Sterme, Lowreneo, Kl
Stackmeyer, Larry Joseph, 21, 84,
Stockeon, Fred G, 102,
Stalfi, Jorge, v, 108,
Storage allocation, 16, 22, 54, 50,
Strachey, Christopher, 12,
Strubght lmes, digitizing, G6.
Stretching hite, 54, BE
Strings, searching for special bytes im, 200
Stromg broadword chalns, G1.
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Sabrubes, 18, G3.
Subsets, 11, 2728, G263, 76,
pemkrating all, 15,
maximal proper, GE.
Sabtraction, 3, 52, 68,
byt ewrlse, Gtk BT,
mpclalo 5, Gk
saturated, see Moma.
enttered, 54,
umary, Hl.
Suffix Fn.r:ll::.r fumcthon, Oh, G2, 1.
Sam of bits, seeSkdewors additlon.
wedghted, 56,
Sareagntes, 107.
Sarroundedness tree, 43, Gh.
Satmer, Klans, 106
Swnppleg bits, 12-146, 6506, 107
betweon varkables, 71.
SWAR I'|1|:|'.'|1|:|-|:|FII 15823, G841,
SWARC compller, 85
Swift, Jemnthan, 108,

Sylowr, Petor Ludvig Me|dell, 2-snbgroup, 74.

Symnetres functions, Beolean, §2.
Symnsctres group, T4,
Symnetris oeder of nodes, 33,

Table leokap, %, 10, 85,

by shifting, &5, 23, G4, HE.
Turjun, Robert Endre, 33, 95
Termary wators, 31.
Tesscllntion, 36, 47, G4
Tetraterte or tetrm: A 23-bit quanticy, 68,
Thinnlng an lmage, 40-41, G5
Thompson, Kemneth Lane, G35,
Thece-reghster algorithm, 4548, 66,
Theeo-state memdings, 28-31, G,
Theee-valned logie, 31, G3.
Tiling, 36, 47T, 4.
Time, mixed-radiv representatbon of, G0,
Tocher, Keith Domglas, &, 59, 85,
Tornses, 66, 87.
Trailing zeros, 8, ser Huler famsetion.
Tran tomais methods, ser Brondwoed

compatatons.

Transithee closwre, 27, 33,
Transpesing & 0-1 matrix, 15, O, 67, 643, S0.
Transposed allocatbon, TT.
Traveranl in postoeder, 96, 100-101.
Traweraal in preseder, B4, 100-101.
Treape, TH
Triangulartcing & 0-1 matrix, G4.
Tricks versas technbgwes, 2, 104,
Trinominks, 7.
Triph: zipper fowction, 639, 85,
Triphy linked trecs, 84, 45, 100
TrueType, 103,
Trath tobles, @, T
Tauklynma, Shujl (R ), 52,
Turing, Alan Mathisom, 2.

machimes, 95,

Ton's complement notation, 2, 36, T1.
Typesetiing, 38

UCS [Universal Character Set), 59,
Uharm, Stumlslow KMarcin, 53,
mumbers, G4

Uhtraparalle] Hoes, 26,

Danry notation, GO

Dobdased rounding, O, 86,

Unpompressing hita, 57.

Dnderflow mask, S,

Dager, Stoephen Herbere, 15

Dalcode, G5,

Dnlwveranl Charscter Sct, 45,

Dopadcing of data, 2, 4-G, 57, B4

Unshgned 2-adlc integers, T1.

Dosolvable problens, 75,

Upper halfplans, 97.

Dppercasn lotters, B9,

Urban, Genevie Haowldns, 40,

Urd, Drario, 106

UTF-8: &bt UCS Transformat jos
Formimt, Gk

UTF-16: 16-bit UCS Tramsformation
Format, ik

van Fmde Boas, Poter, 32,

Van Wylk, Christopher Jobin, 940

Varlance, 6T.

Veblen, Oawald, 44.

Vertor space, basla for, T4, 106

Vertew oovers, mindmal, G3.

Wiahkin, Uzi Yehashua [P v wi), 53,
Vitnke, Fablo, 35.

ulllemin., Jean Etbenms, 95,

Wadn, Elitl (VCI5 ). 76,

Warren, Henry Standey, Jr, v, 8, 11, 12,
25, 51, B, T1, T4, B3, &6, 107,

Wegner, Peter (= Welden, Puttilo Leonowich

Begmen, Myrraae Jeoaoar), &, 12,

Weighted sum of bits, H6.

Welter, Cormells T, T4, Th.

Weate, Nell Harry Enrle, 44.

Wheeler, David Johm, 11.

White pleels, 4, 40, §7.

Wilkees, Manrlon WVinoent, 11,

Willard, Dan Edward, 22, 6.

Willson, David Whitaker, 3.

Witse, Diovid Stephen, 856.

Walfram, Stephen, 106,

Wong, Chak-Fwen (579457, 17, 58,

Woodrum, Luther Jay, 77

Waoods, Donald Roy, 86

Wraparound parity patterns, 67,

Wunderlkoh, Chorles Barvin, 93,

Wade: A 16-hit quanticy, G2,



KLEY gume, 106,
XNOR (bitwise exclushe or), 2

Identithes involving, 3, 53, 65, 76

Yanmokulkls, Mihalls [Twoveaedengs,
Mugdkng], 92,

& arder, see Eip.
Toro-byte test, 20-21.
ero-nns principle, 54
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Lrrpeor-get Instructions, 9, 10, 85
Fotn fumctlon, TH.
Eljlstra, Erik, 32
Zlmmermann, Paal Vincewt Marle, 82,
Zlge The wlpper famction, 16, bl 57,
G, TT, B, 83, &5

triple [throcway], 68, &5,
Zlp-fastemer method, 856.
ZARE [mero or st i momacrn), 10, S5
ZBT (mero or set i mero), 9.



ABCIT CHARACTERS

=g | Wy | "3 x| Wy | ®g | Wy | ®p | ¥g g | Py | Wy | W | Wy | W, | Wy
3z 1 - ' [ x E ' { ¥ * . - = [ *2ix
wir o 1 2 1 4 B ] T ] g : £ - ® T g
L o & n [ ] E r £ H ] 1 | 4 L H 0 ] L™
Ty P i i B T [} v 'l I ¥ 7 [ B, ] - _ Ty
Fax ! u b e d " £ K h & i & 1 @ n o Pz
L] P q T m t = v ¥ x 7 x { i 1 - i Lo
=g | *1 | *2 'z | ®y | *5 | "8 | *7 | *a 2 | ®*u | ®*n | T | *d | *a | *r
MMIE CPERATION CODES
g Lt | 3 "3 "y 5 bt o7
TLAP 51 FONP i 4 FEOL FADE dx FIT i FEM a0 FITD 4
iz oy
FLOT[] i FLATU[I] % SFLATIL] 4 SFLATI[I] de
. FHIL e FOHPE i THE « FHJLE 4+ FOIW a0 FEULT dis FREN s FINT 4 .
1 1
¥ MUL[E] i HILU[T] i OEVIL] e DEVI[1] e *
ADD[1] = ADOU[T] = SMmI] « SI[I] =
1z 2
WB0I[1] - FADOU[T] = EADBULT] 4 1BABOI[ 1] =
CHP[1] = CRPULT] = BEG[T] WEGI[I] =
*ir L]
EL[1] SLULT] = BALL] 4 ENI[1]
HE[E] w+s HI[H] s+& EP[E] s BOD[E] w+w
gy #hy
HUE[E] w+u EHI[H] s+w WPH] o+s BEY[H] w+w
PEE[B] Ge—e PHI[R]) Su—a PRP[R] &i-s PROG[E] 5u—s
- Fag
PRUN[E] &u—s PEMEI[H] u—a PEP[H] Gi-s PRET[B] 5u—=
=[] = Lt A BEPI] BSOn[1] =
Pax iy
oxuE[1] « EEHE[T] - EERP[L] o MET[1] =
EN[1] = MI[1]) =EPI] =an[1] =
iz L
TE[i] = TEHI[T] = Imrfi] mMET[1] =
LnE[I] i+ LOHU[T] atus LEML] stu LEA[ 1] i
*ax FEx
LOT[1] i+ LETU[T] atus LEALL] wtu LErA[ 1] it
LBEF 5] ji+a LDHT[I] asu CEUAPIT] e+ iw [ 5 o o [
#gx i
ERWTE[E] = FROLD[1] - FEGafL] . Gal1]) &=
- STE[1] s+ STHULT] atis STH[I] stu STWI[I] e -
Ax Ax
STT[1] ji+ STTULT] atis STU[L] stu ST 1] e
STEF[I] u+se ETHT[I] asu ETCOLL] su ETURC[I] e
L4 £ * B
ETNED[E] = PRESTI] - SENCEDNL] « FUSGA[T] &
L[] « GRELT] = ML) « T[1] «
oy #Og
AMD[1] « ANTIE[I] = NANO[I] + MEIL[I] =
BOIF[1] WOIF[I] = TOEF[I] + mIr[1] w
o Iy
HUE[T] = SR00[1] = HONL] HEOL[I] =
SETH SETHH BETHL u SETL w THCH + INCHE = INCHL &« THCL o
dEx L =
ORE « ORH ML = ORL = NHDHH 1 KM o KMDMNL o ANDHL o
IHP[E] = PUSHI[E] = GETA[H] PUT[I]
*rr *rx
i TCSUNE. §: [L] SAVE s SYNE o BT [~ = % TP &
| L - Lt | n L' *n s 3 =p

== 2u if itk brseck in tnloe, v = 0 il the hmnch = nok 2alem



